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ABSTRACT

This year marks the 100" anniversary of the birth of Yakov Zel’dovich. Amongst his many
legacies is the Zel’dovich approximation for the growth of large-scale structure, which re-
mains one of the most successful and insightful analytic models of structure formation. We
use the Zel’dovich approximation to compute the two-point function of the matter and biased
tracers, and compare to the results of N-body simulations and other Lagrangian perturbation
theories. We show that Lagrangian perturbation theories converge well and that the Zel’dovich
approximation provides a good fit to the N-body results except for the quadrupole moment of
the halo correlation function. We extend the calculation of halo bias to 3' order and also con-
sider non-local biasing schemes, none of which remove the discrepancy. We argue that a part
of the discrepancy owes to an incorrect prediction of inter-halo velocity correlations. We use
the Zel’dovich approximation to compute the ingredients of the Gaussian streaming model
and show that this hybrid method provides a good fit to clustering of halos in redshift space
down to scales of tens of Mpc.
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1 INTRODUCTION

This year marks the 100" anniversary of the birth of Yakov
Zel’dovich, who was a pioneer in the study of large-scale struc-
ture and introduced the approximate dynamics that bears his name
(Zel’dovich||1970). The Zel’dovich approximation provides an in-
tuitive way to understand the emergence of the beaded filamentary
structure which has become known as the cosmic web and a fully
realized (though approximate) model of non-linear structure for-
mation (Peebles| 1980; |Coles & Lucchin|1995} |Peacock|1999). The
Zel’dovich approximation predicts the rich structure of voids, clus-
ters, sheets and filaments observed in the Universe (Doroshkevich;
et al.[[1980; [Pauls & Melott||1995)), and indeed it provides a rea-
sonably good match to N-body simulations on large scales (Coles,
Melott & Shandarin||{1993; [Tassev & Zaldarriagal|2012alc). For a
discussion of why the Zel’dovich approximation works so well, see
Buchert (1989); |Pauls & Melott| (1995); |Yoshisato et al.| (2006);
Tassev| (20144a). For reviews of the Zel’dovich approximation, see
the textbooks referenced above and|Shandarin & Zeldovich!(1989);
Sahni & Coles|(1995);|Coles & Sahni|(1996)); Gurbatov, Saichev &
Shandarin| (2012); Hidding, Shandarin & van de Weygaert| (2014).

The last few years have seen a resurgence of interest in the
Zel’dovich approximation. It has been applied to understanding the
effects of non-linear structure formation on the baryon acoustic os-
cillation feature in the correlation function (Padmanabhan & White
2009; McCullagh & Szalay|2012}Tassev & Zaldarriagaj2012a)) and
to understanding how “reconstruction” (Eisenstein, et al.|2007) re-
moves those non-linearities (Padmanabhan, White & Cohn|[2009;
Noh, White & Padmanabhan|[2009; [Tassev & Zaldarriaga2012b).
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It has been used as the basis for an effective field theory of large-
scale structure (Porto, Senatore & Zaldarriagal2014). It has been
compared to “standard” perturbation theory (Tassev|2014a), ex-
tended to higher orders in Lagrangian perturbation theory (Matsub-
aral2008alb; |(Okamura, Taruya, & Matsubaral2011} (Carlson, Reid
& White||2013) and to higher order statistics (Tassev|[2014b). De-
spite the more than 40 years since it was introduced, the Zel’dovich
approximation still provides one of our most accurate models for
the distribution of cosmological objects.

In this paper we investigate to what extent the Zel’dovich ap-
proximation can be used as a quantitatively accurate model of the
low-order clustering of objects in cosmology. The outline is as fol-
lows. After some background and review to establish notation in
Section 2] we present a derivation of the 2-point function within the
Zel’dovich approximation (see also |Carlson, Reid & White|2013;
Tassev|[2014alb) both for matter (Section |3)) and for biased tracers
(Section [). In these sections we show that the principle ingredi-
ent to the calculation, the Lagrangian correlator, can be inverted
analytically and thus the correlation function expressed as a sim-
ple quadrature. All of the ingredients to the Zel’dovich approxi-
mation involve only one dimensional integrals of the linear theory
power spectrum, and these can be efficiently precomputed and tab-
ulated, making numerical evaluation fast and efficient. We compare
the Zel’dovich calculation to some other Lagrangian perturbation
theory schemes, and to the results of N-body simulations, in Sec-
tion [5} We extend previous calculations of the effects of bias to
higher order and include non-local, Lagrangian bias in Section [§]
Finally we introduce the Zel’dovich Streaming Model (ZSM) as a
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hybrid method for accurately computing the redshift-space correla-
tion function of biased tracers in Section [7] and end with a discus-
sion of our results in Section[§]

For plots and numerical comparisons we assume a ACDM
cosmology with Q,, = 0.274, Q5 = 0.726, h = 0.7, n = 0.95,
and og = 0.8. Our simulation data are derived from a suite
of 20 N-body simulations run with the TreePM code described
in [White| (2002). Each simulation employed 1500° equal mass
(m, ~ 7.6 x 10'° i~' M) particles in a periodic cube of side length
1.5h! Gpc as described in (Reid & White|2011;White et al.|[2011).
Halos are found using the friends-of-friends method, with a linking
length of 0.168 times the mean inter-particle spacing.

2 BACKGROUND AND REVIEW

In this section we provide a brief review of cosmological pertur-
bation theory, focusing on the Lagrangian formulatiorﬂ (Buchert
1989} [Moutarde et al.|[1991}; Hivon et al.||1995}; [Taylor & Hamilton
1996). This material should be sufficient to remind the reader of
some essential terminology, and to establish our notational conven-
tions. Our notation and formalism follows closely that in [Matsub-
aral(2008alb); Carlson, Reid & White|(2013)); Wang, Reid & White
(2013) to which we refer the reader for further details.

In terms of the fractional density perturbation, ¢, we can write
the 2-point correlation function,

&(r) = (6(x)6(x + 1)), M
and its Fourier transform, the power spectrum P(k), as
(6(R)5(K")) = 27’ 6p(k + K )P(K). @3]

Here 6p denotes the 3-dimensional Dirac delta function, and we use
the Fourier transform convention

_ d3k ikx
F(x) = f Gy Pl 3)

Angle brackets around a cosmological field, e.g. (F), signify an en-
semble average of that quantity over all possible realizations of our
universe; in most cases of interest, ergodicity allows us to replace
these ensemble averages with spatial averages over a sufficiently
large cosmic volume.

In the Lagrangian approach to cosmological fluid dynamics,
one traces the trajectory of an individual fluid element through
space and time. For a fluid element located at position q at some
initial time 7y, its position at subsequent times can be written in
terms of the Lagrangian displacement field 'V,

x(q,?) = q + ¥(q, 1), 4

where ¥(q, 7p) = 0. Every element of the fluid is uniquely labeled
by its Lagrangian coordinate q and the displacement field ¥(q, 1)
fully specifies the motion of the cosmological fluid. Lagrangian
Perturbation Theory (LPT) finds a perturbative solution for the dis-
placement field,

Y(q,) =Yg, 0 +¥?q,1)+¥) Q0+ . ®)

The first order solution is the Zel’dovich approximation (Zel’dovich

' See [Bernardeau et al| (2002) for a comprehensive (though somewhat
dated) review of Eulerian perturbation theory.

1970), which shall be the focus of this paper. Henceforth we shall
denote ¥V simply as ¥:

[Pk ik
‘I’((l)—f(zﬂ)3 e qﬁ&(k), (6)

This formalism makes it particularly easy to include red-
shift space distortions. In this work we adopt the standard “plane-
parallel” or “distant-observer” approximation, in which the line-of-
sight direction to each object is taken to be the fixed direction Z.
This has been shown to be a good approximation at the level of
current observational error bars (e.g., Figure 10 of [Samushia, Per-
cival, & Raccanelli|2012|or Figure 8 of Yoo & Seljak|[2014). Under
this assumption, the position of an object located at true comoving
position x, will be mis-identified due to its peculiar velocity along
the line-of-sight, as

Z-v(x),
aH

S=X+

@)

Thus including redshift-space distortions requires only a simple ad-
ditive offset of the displacement field. The peculiar velocity of a
fluid element, labeled by its Lagrangian coordinate q, is v(q) =
a¥(q) so in redshift space the apparent displacement of the fluid
element is

24
H

[

Y=Y+ 2. 8)
To a good approximation the time dependence of the nth order term
in Eq. (5) is given by ¥® o D". Therefore ¥ = nH f¥®™, where
f = dlog D/dloga is the growth rate, often approximated as f =~
Q055 Thus, within the Zel’dovich approximation, the mapping to
redshift space is achieved via the matrix

Y = W] = (0, + fu2)¥Y, )

which simply multiplies the z-component of the vector by 1 + f.

Finally we must consider biased tracers of the density field.
We begin by considering a local Lagrangian bias model, which
posits that the locations of discrete tracers at some late time are
determined by the overdensities in the initial matter density field,
specifically:

Px(@) = pxFlor(@)]. 10)

Here py is the mean comoving number density of our tracer X and
the function F(9) is called the Lagrangian bias function. Matsubara
(2011) provides an extensive discussion of non-local Lagrangian
bias.

The correlation function within the Zel’dovich approxima-
tion then follows by elementary manipulations (Bond & Couchman
1988; [Fisher & Nusser | 1996; Matsubaral2008alb; |Carlson, Reid &
White|2013; [Wang, Reid & White|2013} | Tassev|2014b). We begin
by writing

1+ 6x(x) = deq Flor(@)lop [x —q - ¥(q)] . an

We now replace the delta function with its Fourier representation,
and also introduce the Fourielﬂ transform F(A) of F(9), so the ex-

2 An alternative route to the same final expressions is to expand F(dg) in
powers of 0r and use the properties of Gaussian integrals. We will use the
Fourier methodology since it was also used inMatsubaral (2008b); |Carlson,
Reid & White| (2013);Wang, Reid & White|(2013).
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Figure 1. The 2-point functions (Eqs. 23|26) which enter into the com-
putations. The upper panel shows the dispersions, 0'2l = 2(0'% —n.) and
a'ﬁ = 2(0',27 — 1), as a function of ¢ while the lower panel shows the mean
velocity, —U(g).

pression for 1 + 6x becomes

3
1+ 6x(x) = f d’q Fl6r(qQ)] f % el (12)

ZFQ)e i{A0R(Q)+k-[x—q— ‘l’<q)])
(277)3 f

(13)
(0x(x1)0x(x3)) for the bi-

The 2-point correlation function &x(r) =
ased tracer X is then given by

&k &k,
(2n)* (2n)?

ik -(x1-q) pika (X2 -q2)

1 +&x(@r) = fd3q1d3q2

dA, dy

2 21
where 6, = 0r(q,), ¥, = ¥(q,), and r = X, — X;. By statistical
homogeneity, the expectation value above depends only on the dif-
ference in Lagrangian coordinates, q = q, — q;. The change of
variables {q;, q>} q,Q = (q; + q2)/2} then leads to

dA; da
e = [ d'q f S [ SESE R Kk LA
(15)

F(/l])F(/lz)< il1101+202 -k ¥, kz‘l’zJ)14)

where we have defined
K(q.k, A1, 1) = <ei(/l]6]+/1262+k.A)>, (16)

and A = ¥, — ¥,. This expression, derived in [Carlson, Reid &
White| (2013), is the exact configuration space analog of Eq. (9) in
Matsubaral (2008b) and is analogous to the power spectrum derived
in|Fisher & Nusser] (1996).

We can expand the expectation value in Eq. (T6) in terms of
cumulants. Since dx(q) and ¥ are Gaussian only the second cumu-
lant is non-zero
((115] + 1,6, + k- A)2>. = (B + D)o+ Aykik;

+ 2/11/12‘2:1? + 2(11 + /lz)U,'ki, (17)

where we have defined
0% = (0] = (62,
Aij(@) = (AiA)).,

&r(q) = (6162)c, (18)
Ui(q) = (01Ai)c = (024).. (19)
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Eq. (I6) then evaluates to

K= exp [—%(/l% + /1%)0’1% - %A,]klkj - /l]/lsz - (}.1 + ﬂz)Uik,':| .
(20)
This expression is exact, within the Zel’dovich approximation. The
quantity o is simply the variance of the smoothed linear density
field, while £x(q) = (Or(q1)0r(q2)) is the corresponding smoothed

linear correlation function. The matrix A;; may be decomposed as

2|02 = n.@)] 6 + 2 [n.(9) - m(@) did» @

a6y + ot - o] i (22)

Aij(q)

where 0'2 =1 (|‘I’| ) is the 1-D dispersion of the displacement field,
and 7 and 7, are the transverse and longitudinal components of the
Lagrangian 2-point function, 7;;(q) = <‘I’,-(q1)‘l’ j(q2)>. The vector
Ui(q) = U(q) g; is the cross-correlation between the linear density
field and the Lagrangian displacement field. In the Zel’dovich ap-
proximation these quantities are given by

e
or = p f dk P (k), (23)
1 k
0@ =5 [ ki 222, (24
e
ma) = 5 f dk Py (k) [jo(kq)—2¥], (25)
7 Jo q
1 00
V@) = -5 fo dk kP, (K) ji(kg). (26)

and shown in Fig. [T} Up to factors of 2 and f, these expressions
are identical to the Eulerian velocity correlators in linear theory
(e.g.|Gorskil|1988;; [Fisher||1995} |[Reid & White|[2011)), which is not
surprising since v, = f¥ in the Zel’dovich approximation. It is
also useful to define o7, = 2[o; — p’ny — (1 — ). ], the pairwise
velocity dispersion at an angle u to the line-of-sight with the line-
of-sight and perpendicular components o-ﬁ and o2

3 CORRELATION FUNCTION - MATTER

For the unbiased case (i.e. the matter field) we can write our expres-
sion for £ in closed form by carrying out the Gaussian integral

&Pk
1+£%9(r) = f d’q f o @D o= 3 Aijkik 27)

dq -le-gTA  r-g)
:f oA @

Further discussion of this expression, and the approach to linear
theory, can be found in|Carlson, Reid & White|(2013)).

Evaluation of £#4) involves a numerical integral of a Gaussian
function. The inversion of A;; which is required can be done ana-
lytically by use of the Sherman-Morrison formula which states that
for matrices M and vectors b and c,

N MM
(M + bc ) =M - m . (29)
Writing A;; = F6;; + G §;q; (see Eq.[22) we have
o G4
Al = o Y 30
i F FF+0) 30)
&  oL-o)
= Py i G
ot oot

o2 and the combination F + G = ¢?

where F = 07, G = o - i
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To compute the determinant we make use of det(cM) = c*detM for
scalar ¢ and 3 x 3 matrix M and that det( + uv") = 1 + u”v. Then

detA = (O’iO’“)2 (32)

as expected. The integrand can thus be expressed analytically in
terms of the 2-point functions defined previously and evaluated by
simple quadraturesﬂ in X = q — r. The integral is dominated by
q ~ r. By tabulating the functions 7;(g) and U(g) in advance these
integrals can be performed very quickly. In redshift space we re-
place

Ui — Uj = (6;; + f22pU;, (33)
Aij = A} = On + 226 + f2i20)Au- 34

This corresponds simply to dividing the z-components of the in-
verse of A by 1 + f and multiplying U, by 1 + f.

4 PERTURBATIVE EXPANSION FOR BIASED TRACERS

Returning to the case of biased tracers, consider again Eq. (20). In
the unbiased case the k integration in Eq. (T3) took the form of a
Gaussian integral, which we carried out analytically. In the biased
case, we can achieve the same thing if we first partially expand Eq.
(20) as

L2422y o2 1y T
K = e 3UiBogeikiak

1= (A + L)Uiki — 4126

1 1
+ -(/1. + 0)2UU jhikj + A1 5 + )épUik; + E/ﬁ/l%gﬁ

/13/1* 1 5
- A28 - S0k + LP UKk
1 A+ )
- zmgul + ) Uikl — %Uiujvnkikjkn
A0
o A (35)

We may justify this choice of expansion by noting that both &z(q)
and U;(q) vanish in the large-scale limit |q] — oo, while o-i and
A;j(q) approach non-zero values. At this stage we note one dif-
ference between doing this expansion within Lagrangian perturba-
tion theory (e.g.|Matsubara|2008b; (Okamura, Taruya, & Matsubara
2011} |Carlson, Reid & White|[2013)) and performing it within the
context of the Zel’dovich expansion. In the Zel’dovich approxima-
tion all the terms are just multiples of 2-point functions and we can
go to arbitrarily high order without the need to evaluate any high di-
mensional mode coupling integrals or numerically difficult terms.
Here we have gone to cubic order in the 2-point function and in-
dicated how the quartic terms appear. We shall show later that the
expansion seems to be converging quickly.

The A, and A, integrations give (—i)" <F (")>, the expectation
value of the nth derivative of the Lagrangian bias function F(¢)
(Matsubara/2008b)). In order to make the expressions more readable

3 We use the midpoint rule in |q—r| and Gauss-Legendre integration in -7

we shall write b, = <F (")>. Then

L(q,k)

f SR R K@ K A 1) (36)

- 3 Aijkik;

1+ biég + 2ib Uik + bgR

= e

- (b2 + b%)U,U]k,k, + 2ib|b2§RUiki
b2
+ 3—3!5,1 = (bibs + b)UU jkikjéx
1
+ ibybs Ulk,flze —i(bby + §b3)UinUnkikjk”

+ -] 37)

The k integration reduces to a series of multi-variate Gaussian in-
tegrals which can be done with the formulae in |Carlson, Reid &
White| (2013). In the end we obtain

M(r.q) = f L g (38)
’ 2m)3 ’
1 1 T A-1
_ -5 (@-q)" A7 (r-q) 2
- (27T)3/2|A|1/2 e 2t 4 [1 +b1§R
_ o L NIUGo
2blUlgl+ 2b2§R (b2+bl)UlUlej
b3 s
- 2b1by&RUgi + yfk (bibs + b3)G,; U U ég
1
—  bbsUigiéx + (biby + §b3)ri_jnU[U_jUn
+ -], (39)
where
g = (A_I)ij(q_ r)j
G, = AYj-gg
T = A gr+ (A Hug + (A g — gigig (40)
so that
LuUiU;Uy = 3(UiGyU;) (Uag,) + 2 (Uigs)? (1)

Our final expression for the correlation function is

1+ &(r) = f d*q M(r,q). (42)

The remaining integration over q must be performed numerically
as before.

One can treat the b, as fitting parameters, or attempt to
compute them from a bias model. One such model is the peak-
background split, which begins with the unconditional multiplicity
function

M dn
dv=— —dM 43
vf(v)dv % dM (43)

1 av? 12 av?
(avz)v)(T) P (‘7) @

where a = 1, p = 0 gives the Press-Schecter mass function (Press &
Schechter|1974), while a = 0.707, p = 0.3 yields the Sheth-Tormen
mass function (Sheth & Tormen||1999). Within the assumption of
the peak-background split, the conditional multiplicity function is
given by the substitution,

which can be fit with

vi(y) o (1 +

v—>v(l—£) R 45)

© 0000 RAS, MNRAS 000,
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Figure 2. A comparison of different Lagrangian perturbative schemes to N-body results for the 2-point function, &, in real- and redshift-space. The results
are for the cosmology used in |Carlson, Reid & White (2013), which has Q,, = 0.274, at z = 0.55. The points show the average over 20 realizations of
the N-body simulation while the lines show the analytic approximations: linear theory (cyan); convolution Lagrangian perturbation theory (CLPT; Carlson,
Reid & White|2013| blue); integrated perturbation theory (iPT;Matsubaral2008b), red); the Zel’dovich approximation (magenta) and the Zel’dovich streaming
model (ZSM; dotted magenta). The upper row is for the matter, while the lower row is for biased tracers with b ~ 1.6 (friends-of-friends halos with 12.785 <
logyg M}, J(h""Mg) < 13.085). From left to right the columns are the real-space correlation function, the redshift-space monopole and the redshift-space
quadrupole, all multiplied by 2 to allow a linear y-axis. Note that the Zel’dovich approximation provides a good fit to the N-body data on large scales for all
but the quadrupole moment of the redshift-space halo correlation function (lower right panel). The fact that the iPT, CLPT and Zel’dovich lines are almost
indistinguishable on large scales shows the good convergence of Lagrangian perturbation theory schemes.

where § is the background density and 6. =~ 1.686 is the criti- b, = —0.45 and b; = —1.63 from the Sheth-Tormen mass func-

cal overdensity for collapse. The Lagrangian bias parameters then
follow from Taylor expanding the (appropriately normalized) con-
ditional multiplicity function as a function of §, yielding b, =

vfO)I'd" [ds"[vf(»)] or

_ 1 2 2p
bi(v) = 3. [av 1+ s (avz)l’] N (46)
1|54 , 2pQav*+2p-1)
= — - e T F 4
by (v) 5 [a vt =3av” + T+ @y R A7
and
1
by(v) = 5 [a3v6 — 64>V + 3av*+
2p(3a*v* + 6av (p— 1) +4p> - 1) . 48)
1+ (av?)?

For the halo sample shown in Fig.[2] we have v ~ 1.6, b; = 0.64,

© 0000 RAS, MNRAS 000, [THTT]

tion and we have used these values in the relevant figures. There
is some evidence (Baldauf et al.[[2012)) that simplistic bias models
such as the above are not quantitatively accurate when compared
to N-body simulations. On large scales the level of agreement is
quite insensitive to the value assumed for b,s, as long as |b,s;|
is not much larger than b, because the terms involving b,s, are
numerically small compared to the b, terms. Thus assuming the
peak-background split value for b,, is perfectly adequate and in
matching the Zel’dovich theory to observations there is only one
free parameter (v or b;). This is very well constrained by the over-
all amplitude of ¢.

5 RESULTS

Figs.[2]and[3]compare the predictions of the Zel’dovich approxima-
tion to a number of other Lagrangian perturbation theory schemes
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Figure 3. As for Fig.2]except for a different halo mass range. The panels and line types are the same as the lower three panels of Fig. [2]but for friends-of-friends

halos with 12.182 < log, My /(h™' M) < 12.483 with large-scale bias b ~ 1.3.

and to the clustering of halos in an N-body simulation. The agree-
ment between the predictions of the Zel’dovich approximation and
N-body simulations is very good on large scales. For the real-space
correlation function and the redshift-space monopole the agreement
extends down to 10 — 20 2~'Mpc for both the matter and halos.
However, the theory does much less well for the halo quadrupole
(a problem shared with all of the local Lagrangian bias schemes
shown in Fig.2). One major difference between the halo calcula-
tion and the matter calculation is the Taylor series expansion of the
bias terms.

While the perturbative schemes plotted in Fig. stop at O(P?),
we have extended the Zel’dovich calculation one additional order
to see if the higher order terms could contribute to the quadrupole
on intermediate and small scales. We find that the terms cubic in &g
and U contribute negligibly to the real-space correlation function
and the monopole and quadrupole moments of the redshift-space
correlation function for r > 10A~'Mpc. Since the O(P}) terms do
not contribute significantly to any of the statistics for this halo sam-
ple it appears that the Taylor series expansion is not the source of
the discrepancy. This also suggests that truncating the expansion at
O(P?) is a good approximation and that the expansion is converg-
ing. Henceforth we shall drop the O(P3) terms.

The contribution to the correlation functions is not shared
equally among the terms. Working above r = 104~ 'Mpc we find
that the real-space correlation function is dominated by the U,g;,
“1” and & terms in the square brackets of Eq. (39). The redshift-
space monopole is dominated by the same three terms. Fig. [ shows
how the different terms contribute to the final peak in szfg(s) near
110 ~~'Mpc and to the quadrupole. Above 50 4#~'Mpc the terms “1”
and U,g; in the square brackets in Eq. contribute the vast ma-
jority of the total quadrupole signal, with approximately equal con-
tributions. By 2042~ 'Mpc the other terms contribute about 10 per
cent of the total, with the U;U;G;;, U,;g:¢r and & terms contribut-
ing the remainder in decreasing order of importance (the £3 term
provides a negligible contribution).

Fig. E] shows the degree to which the b; and b, terms de-
pend on scale differently than the matter terms. In all cases, above
10 ~~'Mpc the level of scale-dependence is quite small. The ac-
tual shape of the real-space correlation function and the redshift-
space monopole correlation function differ at the ten per cent level
near the peak, but this difference is due to the impact of redshift
space distortions on the correlation function and not due to scale-

dependent bias in the sense that we mean it here. Note that this
relative scale-independence does not need to hold in Fourier space.
As a trivial example, P(k) = b*>P; (k)+N(k) has a scale-independent
configuration-space bias if the transform of N(k) is arbitrarily small
on the scales of interest. Taking N(k) = ™!, N(k) « exp[-k>R?]
or the convolution of two halo profiles can satisfy this criterion.
Depending on the size of N(k)/P.(k) this could lead to a large
(but smoothly varying) scale-dependent bias in Fourier space (see
e.g. the discussion in|Schulz & White[[2006). Conversely, one finds
that the Fourier transform of the Zel’dovich correlation function has
almost no power beyond k ~ 0',71. To use the Zel’dovich approxi-
mation in Fourier space requires the addition of other terms which
provide the missing power but affect the correlation function only
at small scales.

Interestingly, the Zel’dovich approximation predicts that ha-
los which are locally biased in Lagrangian space will have approx-
imately the same small-scale quadrupole to large-scale quadrupole
ratio as the matter, while the halos in N-body simulations display a
significantly larger small-scale quadrupole when scaled to the same
large-scale quadrupole. The term involving b, gives the desired in-
crease in small-scale quadrupole, though at too small an amplitude.
Making b, large and positive helps slightly, but the quadrupole still
has the wrong overall shape.

Some authors (e.g. [Melott, Pellman & Shandarin|{1994) have
suggested that the Zel’dovich approximation performs better when
small-scale power is filtered out of the linear theory power spec-
trum. We have tested this by Gaussian filtering the input P (k) on
scales 1 — 5 h~"Mpc. We find that none of these scales improves
the agreement of the quadrupole of the redshift-space correlation
function on smaller scales.

At this point it is unclear whether the discrepancy above is
due to our assumption of local Lagrangian bias or the Zel’dovich
dynamics predicting the wrong velocity field for halos. To explore
this issue further, we have run another set of 8 simulations with
a simplified set-up. Each simulation started with initial conditions
generated with the Zel’dovich approximation at z;, = 67 (where
the rms displacement was about 10 per cent of the inter-particle
spacing). To ensure numerical convergence we smoothed the linear
power spectrum with a Gaussian of 14 'Mpc. Again 15007 parti-
cles in a 1.5 h~'Gpc box were employed and for each particle, the
value of the initial density, evaluated on the 15003 grid, was stored.
The particles were integrated to z =~ 0.55 either using a particle-
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Figure 4. (Top) The peak in szfg(s) near 110 2~ '"Mpc and the contributions
from the various terms. The black line shows the full Zel’dovich prediction,
which is is indistinguishable from the prediction with b, = 0. The magenta
line shows the contribution from the “1” term in Eq. @) The cyan line
shows the contribution from the term linear in b; and the blue line the term
quadratic in by. (Bottom) The same for the quadrupole, —szfg(s).

mesh (PM) code (with a 1500° mesh) or the Zel’dovich approxi-
mation. Particles were then selected if their density field in the ini-
tial conditions (extrapolated to z = 0 using linear theory) exceeded
some threshold. In this manner the simulations mimic the analytic
calculation closely.

In the analytic calculation we also used a linear theory power
spectrum smoothed with a 1 A~'Mpc Gaussian, and we set b, as-
suming F(6) o« ®( — 6,), i.e.

2 o, c
\/t [0' erfc( O )] e 0t 6_2 49)
b V2o o

3 -1 2
by %[‘T_ erfc(i)] 921207 5_¢ (50)
7| 6 V2o ot

(Szalay|1988; Matsubaraj201 1)) where the limits shown are for 6. >
1 and can be compared to the leading order behavior in Egs. (6]
@ with v = 6. /0. We have chosen ¢, such that the large-scale bias
is approximately 1.6, as for the halo sample in Fig.[2]

Fig. |§| shows the real-space correlation function and the
monopole and quadrupole moments of the redshift-space correla-
tion function for all three methods, focusing on intermediate scales.

b,
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Figure 5. The fractional difference between the full Zel’dovich calculation
for the halo real-space correlation function (blue), redshift-space monopole
(red) and quadrupole (magenta) and the ‘constant bias’ approximations: (1+
b2E™, (L+b1)*(1+[2/318+[1/518)/(1+[2/31f +[115/ )&y and [b/3 +
fI7/11/3+ f]71&)}. Here B = f/(1+by) and f ~ 0.744 for this cosmology
and redshift. The solid lines include all of the terms, while the dotted lines
show the computation with b, = 0.

The lower curves/points show the results for the matter field while
the upper curves/points show the results for all particles with ini-
tial ¢ above a threshold. Note that there are no free parameters in
this comparison! The agreement between the N-body results, the
Zel’dovich simulations and the theory is excellent for the real-space
correlation function and the monopole of the redshift-space correla-
tion function. The agreement remains good (though not perfect) for
the quadrupole of the matter field, but is less good for particles se-
lected by initial density. In particular the PM results show the same
qualitative difference from the Zel’dovich results as was found in
the TreePM runs with halos. This suggests that the mismatch in the
halo quadrupole that we are seeing in Figs.[2]and[3]is at least partly
due to inadequacies in the Zel’dovich prediction for the inter-halo
relative velocities (see also|Seto & Yokoyama||1998| [Tassev & Zal-
darriagal 2012blc), though some may be due to our assumption of
local Lagrangian bias. We discuss non-local bias next.

6 BEYOND LOCAL BIAS

The failure of our model to match the quadrupole moment on small
and intermediate scales may be due in part to our assumption of
local Lagrangian bias. While this approximation has received sup-
port from N-body simulations (Roth & Porciani|[2011}; |Baldauf et
al.|2012} (Chan, Scoccimarro, & Sheth|2012;|Wang & Szalay|2012)
it must break down at some level.

Perhaps the simplest modification to our formalism would be
to allow a g-dependence to the bias coefficients, b,. For example
we could consider b; — bi[1 + ¢2/¢*]. For suitably chosen ¢,
such a modification can improve the agreement of the quadrupole
at intermediate scales (s ~ 50 ="' Mpc) but it changes the monopole
in a manner qualitatively similar to the overshoot seen in iPT in
Fig. 2] In general a large enough modification to create agreement
for the quadrupole removes the good agreement with the monopole.
However it is possible to adjust g, so that the disagreement for the
monopole is on small scales (s < 30 A~'Mpc) while the agreement
for the quadrupole is improved non-negligbly over the range 30 <
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Figure 6. The real-space correlation function (top) and the monopole (mid-
dle) and quadrupole (bottom) moments of the redshift-space correlation
function for our simulations based on thresholding. In each panel the lines
represent the analytic model, the squares the results of the Zel’dovich sim-
ulations and the diamonds the results of the PM simulations. The upper
curves/points are for points with dj;, above a threshold while the lower
curves/points are for all dj;,. There are no free parameters in this compar-
ison! Note that the quadrupole moment is more sensitive to the full non-
linear evolution than either the monopole or real-space correlation function.

s < 75 h~'Mpc. Indeed, by “softening” the bias using a form like
by — bi[1+4>%/(g*+£%)] both the monopole and quadrupole can be
made to agree with the N-body results to better than 5 per cent for
s > 30 h~'Mpc, though the theory rapidly departs from the N-body
results for smaller scales.

We also expect that terms involving e.g. the tidal tensor, can
become important for high mass halos (Sheth, Chan & Scoccimarro
2012). Such terms are naturally quadrupolar in nature and may af-
fect the predictions. While shear terms are naturally induced by
gravitational evolution, here we are interested in any dependence
in the initial conditions.

Suppose we extend F(5) to also include a tidal-shear depen-
dence, F(6, s?), as discussed for example by McDonald & Roy
(2009)? We can Fourier transform on s? as well, generating a term
expli¢s*]. Since s* = s;;s;;, with

sij(k) = (@ - l6) o(k) (51)
ij 2 39
is already quadratic in ¢, in the exponential it appearﬂ only multi-
plied by other expectation values. Throughout we shall subtract the
mean, (s°) = (2/3)(6%), from s*. Working to lowest order in £ the
additional terms to be added inside the [- - -] in Eq. @ go as

() . (2% . (So¥) . (S¥) (52
since the other terms involve the expectation value of an

odd number of Gaussian fields. The relevant formulae can be
found in the appendix. The terms are shear-density correlations:
—i[{l/l§+{2/l?] <s,-j(q1)6(q2)>2; shear-shear terms: —({12+{§)(52> and
~{145(s15,)%; shear-displacement terms: (£ +5)(sii(qu Ve P, (q))?
and cross-terms —2i({1 4y + £A0){sij(q1)6(q2))(si;(q)kn' Y n(q2))-
These last terms include contributions with k - § and (k - §)*
into Eq. (37) and appear to be the best bet for influencing the
quadrupole.

The terms involving s? are very small, as expected since they
are higher order in P,. Even allowing for arbitrary prefactors in
front of the terms, the halo quadrupole cannot be matched without
spoiling the agreement with the redshift-space monopole and real-
space correlation function. This is because the terms which enter
contribute approximately the same amount to the monopole as to
the quadrupole (as was the case with the non-shear terms). It thus
appears that the lack of shear terms in the bias function is not the
reason for the discrepancy seen in Fig. 2]

One may take a more general approach. Within the context
of the Zel’dovich approximation, the terms appearing in the square
brackets in Eq. will be functions of ¢ and will be contracted
with various factors of k. There will be scalars, like &, vectors,
like U, and tensors of various ranks. The vectors must be propor-
tional to g;. The rank-2 tensors must go as a sum of terms like
60;j and §;q;, and similarly for higher rank objects. The most gen-
eral biasing scheme would therefore consist of all such terms, with
general dependence on g. We have not undertaken an exploration
of this large parameter space, but our experience above suggests
that any such terms will contribute approximately equally to the
monopole and the quadrupole moment, making it difficult to sub-
stantially adjust the quadrupole on small scales without spoiling
the agreement seen for the monopole. As we saw above when we
modified b; — b;(1 + ¢2/¢%), it is possible to improve the level of
agreement in some cases, though we do not posses a theory which
predicts the required functional form at present.

4 When using the cumulant theorem, bear in mind that 52 is not Gaussian.
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On the basis of these investigations it appears that the dis-
agreement between the Zel’dovich prediction for the quadrupole
moment of the redshift-space, halo correlation function and that
measured in N-body simulations may be due to simplifications in-
herent in the Zel’dovich approximation itself. Perhaps the relative
velocities predicted from the lowest order displacement field are
not as accurate for larger §;. Consistent with this view, we note
that CLPT (which goes to next order in Lagrangian perturbation
theory) does perform (very slightly) better than the Zel’dovich ap-
proximation in the range 40 < s < 70 A~'Mpc. Higher order LPT
calculations are also known to give more accurate values for the
moments (e.g. Munshi, Sahni & Starobinsky|1994). However, the
convergence appears to be very slow at best.

7 ZEL’DOVICH STREAMING MODEL (ZSM)

If the pure Zel’dovich calculation cannot match the small-scale
quadrupole moment of the halo correlation function, can it be part
of an extended model which can? The tests above suggest that the
failure of the Zel’dovich approximation lies in the pairwise velocity
distribution predicted by the model. |[Reid & White|(2011) showed
that the halo pairwise velocity distribution was quite well approxi-
mated by a Gaussian. What if we enforce this functional form (the
“Gaussian streaming model”), using the Zel’dovich approximation
to compute the ingredients: the real-space clustering of biased trac-
ers, the mean infall velocity and the velocity dispersion? Specifi-
cally we assume

s =y — pvip]?
1+ &5, ) = f uyrff—/y%ru[] + &) exp {_%} .
(53)
with &(r), v, and 071, from the analytic theory. This expression sim-
ply enforces pair counting, assuming that the functional form of the
velocity distribution is Gaussian, centered at uv,; the mean LOS
velocity between a pair of tracers as a function of their real space
separation. We have just shown that the Zel’dovich approximation
works well for the real-space correlation function of biased tracers,
such as halos. The scale-dependence of the velocity dispersionsﬂis
well predicted by linear theory (Reid & White| 2011} Wang, Reid
& White2013). Thus the only missing ingredient is the mean infall
velocity.

We can use the method described in [Wang, Reid & White
(2013) to compute v, within the Zel’dovich approximation. One
simply adds a term J - A to the exponent in Eq. and computes
derivatives with respect to J, This is a subset of the calculation pre-
sented inWang, Reid & White| (2013):

vip =[1 +§]71 fd37 M(r,q) 54

5 If our goal is to model the clustering of galaxies, then we must include
a phenomenological model for the finger-of-god effect. Reid et al.[ (2012)
showed that a single extra parameter — an isotropic velocity dispersion —
sufficed to model fingers-of-god on large scales.
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Figure 7. The quadrupole moment of the halo correlation function, multi-
plied by s%. This is the same as the lower right panel of Fig.

with?]
= f —(1/2)(qi-r)AT (g j-r))
x { = 8ikin + 201 [U” - UiGijA.fn] - 2by8:U;U,

— b [26UU, + &18iAi] + 2b1b2§LUn} , (55)

Note that we are interested in the line-of-sight velocity, so we re-
quire only the component of M along r.

The predictions of the Zel’dovich streaming model (ZSM) are
shown in Fig. [J] as the dotted magenta lines. They are indistin-
guishable from the Zel’dovich model above except for the lower
right panel (halo quadrupole). We reproduce the quadrupole results
in Fig. [7/| where we see the model improves upon the Zel’dovich
calculation significantly at small separation, even though it only in-
volves simple, one-dimensional integrals of the linear theory power
spectrum. Above 15 h~'Mpc the ZSM prediction for the quadrupole
is within 10 per cent of the N-body result. Above 30 2 'Mpc it is
within 5 per cent of the N-body result and above 50 h~'Mpc it is
within 1 per cent of the N-body result. For the halo sample shown
in Fig. 3] the corresponding numbers are 4 per cent, 1 per cent and
1 per cent.

8 DISCUSSION

The Zel’dovich approximation (Zel’dovich|[1970) remains one of
our most powerful analytic models of large-scale structure. We
have presented a derivation of correlation function, in real- and
redshift-space, within the Zel’dovich approximation including an
analytic inversion of the Lagrangian correlator which appears as the
fundamental ingredient of the model. The resulting integral expres-
sion is exact within the context of the Zel’dovich approximation
and can be rapidly evaluated using quadratures. We have compared
the Zel’dovich calculation to higher-order Lagrangian schemes and

6 There is a typographical error in the subscripts in Egs. (31, 32) of Wang,
Reid & White| (2013) that is corrected here. The combination kik_jU[A[n
should have been k;k ;U A jnand G;;U :Ain should have been G; ;U A jn- None
of the results in|Wang, Reid & White|(2013) were affected.
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shown that the perturbation theory appears to be converging quickly
(see also [Tassev|[2014a). All of the Lagrangian perturbation theo-
ries provide a good match to the N-body results on scales above
20 h~'Mpc.

The calculation has been extended to include biased tracers
of the density field, including terms which are third order in the
linear theory power spectrum. We have also considered non-local
bias terms such as a dependence on tidal shear in the initial field.
We find that these higher order terms are generally very small. The
Zel’dovich approximation provides a very good fit to the real-space
correlation function of halos found in N-body simulations, and to
the monopole of the redshift-space correlation function. However,
it does not match the quadrupole moment below 75 A~'Mpc. Modi-
fications to the bias terms which introduce a scale-dependence can
improve the agreement with the N-body results, but usually at the
expense of worsening the agreement in the monopole. We have ar-
gued that at least some of this disagreement is an issue with the
approximation itself, and that it predicts the wrong pairwise veloc-
ity distribution for biased tracers.

Finally we have used the Zel’dovich approximation to com-
pute the ingredients of the Gaussian streaming model of Reid &
White| (2011). We find that this hybrid model, which we refer to as
the Zel’dovich streaming model and which involves only simple in-
tegrals of the linear theory power spectrum, provides a good match
to the N-body measurements down to tens of Mpc.

M.W. would like to thank Matt McQuinn for numerous helpful
conversations about this work and the referee, Adrian Melott, for
comments which improved the draft. M.W. is supported by NASA.
This work made extensive use of the NASA Astrophysics Data Sys-
tem and of the ast ro—ph preprint archive at arXiv.org. The
analysis made use of the computing resources of the National En-
ergy Research Scientific Computing Center.
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APPENDIX A: THE SHEAR TERMS

In order to compute the contributions from any s> terms to the
correlation function(s) we need to evaluate several two-point func-
tions. The simplest expectation value is (s?(q)) = (2/3)(d?), inde-
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pendent of position. The next simplest is
(sij(ano(@n)) = (%6,, - %)J}(q) (A1)
where q = q — q; and J; is defined below. Then, for example,
<Sij(CI1)5(Q2)> <Si,‘((I1)5(Q2)> = (2/3)J%(q). By similar logic
(5@ (@) = 60T +|8indi + 61| T + 81014 Ts (A2)
with
(5@ (@) {5:/(@)Pa(€2)) = 236 + Gl X
[293 + 293 + T3 + 3925 + 29294 + 49574 (A3)
and
(5:i(@)8(q2)) (5@ P (@) = —%@m JIRT;+Tal . (A4)
Also
<Sij((I1)Smn(QZ)> 0ij0mmTs + [5im5jn + 5in5jm] N
+ [&jflm@n + 5mn51i6?j] NE

+ [Ounsn + Gindljim + O i + S jndidin | T
+ 4iqjGndnTo (A5)
and thus the contraction

(8i7(A) Smn(A2)X5:(A1) Smn(Q2)) =

9T +249¢ + 877 + 2495 + o

129596 + 129597 + 8T 5Ts + 2T59

8J6T7 +3296Js +4T6To

169798 + 2919 + 8T (A6)

The terms J; all have argument ¢ and are simple integrals over the
linear theory power spectrum,

g = | Lyt nthe) (A7)
Tag) = f S Pt [%jl(kq)—éjs(kq)] (A8)
@) = f S puah [—éjl(kq)—%jz(kq)] (A9)
g = f S b ke (A10)
Js) = fk;ikPL(k)_14j°_32155h+24j4 (Al1)
T = S5 R (A12)
sa@ = [ A pupy s b (A13)
Js(g) = f k;:zk PL(k>_2j221_ 24 (Al4)
o) = f k;:f Py =L ;20"4 (Al3)

where we have suppressed the kq argument of the spherical Bessel
functions in the last few equations. Note that J5 and J¢ have non-
zero limits as ¢ — 0 but all of the other terms vanish in this limit.
It is easy to show that J5 — —(2/45)(6?) and Js — (1/15){6?) so
that

(s 0sm©) 2 1
T - _E(Sijdmn + E [6im6jn + 6in6jm] (A16)
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as ¢ — 0 and therefore

2
(5:j(0)s35(0)) — §<62> (A17)

which agrees with our earlier result.

Numerically the largest contributions on scales above
20 h~'Mpc are from J3 and J4. The next largest (in absolute
magnitude) are 1, J> and Jy and then Js. All terms are very
smoothly varying functions of g, like their counterparts o>(¢) and
U(g) shown in Fig.[T]

Erratum:

The coefficients given in the integrals J5 — J are incorrect.
They should read

i@ = f k;ik Pu(ly 200 _3‘1(;j2+9j“ (AI8)
Jsl@) = f k;;’f PL(k)7j°+11%];+3j4 (A19)
Jig) = f k;’f PL(k>4j22_13j4 (A20)
@) = f A g 230 (A21)
o) = f "22—;12" P (A22)

The conclusions are unchanged.
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