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Abstract

We introduce numerical algorithms for initializing mulitidensional simulations of stellar ex-
plosions with 1D stellar evolution models. The initial mapgpfrom 1D profiles onto multi-
dimensional grids can generate severe numerical artifaots of the most severe of which is
the violation of conservation laws for physical quantitiéd/e introduce a numerical scheme
for mapping 1D spherically-symmetric data onto multidirsienal meshes so that these physi-
cal quantities are conserved. We verify our scheme by ppdirealistic 1D Lagrangian stellar
profile to the new multidimensional Eulerian hydro caSTRO. Our results show that all im-
portant features in the profiles are reproduced on the nedvagrl that conservation laws are
enforced at all resolutions after mapping. We also intredacumerical scheme for initializ-
ing multidimensional supernova simulations with reatigterturbations predicted by 1D stellar
evolution models. Instead of seeding 3D stellar profilebwdindom perturbations, we imprint
them with velocity perturbations that reproduce the Kolwmmy energy spectrum expected for
highly turbulent convective regions in stars. Our modetammeKolmogorov energy spectra and
vortex structures like those in turbulent flows before thedesobecome nonlinear. Finally, we
describe approaches to determining the resolution forlsitions required to capture fluid in-
stabilities and nuclear burning. Our algorithms are ajglie to multidimensional simulations
besides stellar explosions that range from astrophysicggmology.
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1. Introduction

Multidimensional simulations shed light on how fluid instdles arising in supernovae
(SNe) mix ejectalll,12,/3, 4]. Unfortunately, computing yudlelf-consistent 3D stellar evolu-
tion models, from their formation to collapse, for the exgim setup is still beyond the realm
of contemporary computational power. One alternative ifirsd evolve the main sequence star
in a 1D stellar evolution code in which the equations of motuen energy and mass are solved
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on a spherically-symmetric grid, suchKBPLER [5] or MESA [6]. Once the star reaches the pre-
supernova phase, its 1D profiles can then be mapped intodimuéthsional hydro codes such as
CASTRO [[7,18] or FLASH [9] and continue to be evolved until the star explodes.

Differences between codes in dimensionality and coordinaté cees lead to numerical
issues such as violation of conservation of mass and endngy profiles are mapped from one
code to another. A first, simple approach could be to int&lnultidimensional grids by linear
interpolation from corresponding mesh points on the 1D [afiHowever, linear interpolation
becomes invalid when the new grid fails to resolve critiedtfires in the original profile such as
the inner core of a star. This is especially true when popiradiles from 1D Lagrangian codes,
which can easily resolve very small spatial features in ncasgdinate, to a fixed or adaptive
Eulerian grid. In addition to conservation laws, some ptgigdrocesses such as nuclear burning
are very sensitive to temperature, so errors in mappingeaah o very dferent outcomes for
the simulations such as altering the nucleosynthesis aedjetics of SNe. None address the
conservation of physical quantities by such procedureseXgemine these issues and introduce
a new scheme for mapping 1D data sets to multidimensiondd gri

Seeding the pre-supernova profile of the star with realfgidurbations is important to il-
luminate how fluid instabilities later erupt and mix the sdaring the explosion. Massive stars
usually develop convective zones prior to exploding as $SNel11]. Multidimensional stel-
lar evolution models suggest that the fluid inside the cotwecegions can be highly turbulent
[12,/13]. However, in lieu of the 3D stellar evolution calatibns necessary to produce such
perturbations from first principles, multidimensional siations are usually just seeded with
random perturbations. In reality, if the star is convectine the fluid in those zones is turbulent
[14], a better approach is to imprint the multidimensionadfiles with velocity perturbations
with a Kolmogorov energy spectrum [15].

In addition to implementing realistic initial conditionsare must be taken to determine
the resolution that multidimensional simulations requoeesolve the most important physi-
cal scales and yield consistent results given the compuiatresources that are available. We
provide a systematic approach for finding this resolutiomfaltidimensional stellar explosions.
The structure of the paper is as follows;§ff] we describe the key features of thEPLER and
CASTRO codes. We describe our initial mapping scheme and demaadtigy porting a massive
star model fronKEPLER to CASTRO in § [3. We review our scheme for seeding 2D and 3D stel-
lar profiles with turbulent perturbations and present hggimamic simulations done with these
profiles inCASTRO in §[4. We provide a strategy for finding the proper resolutionrfadtidi-
mensional simulations with multiscale processes such dsldynamics and nuclear burning in
§ B and conclude the results $id.

2. Stellar Model

We model the evolution of main sequence stars WitPLER [5], a 1D Lagrangian stellar evo-
lution code.KEPLER solves the evolution equations for mass, momentum, andygriecluding
relevant physical processes such as nuclear burning aridgwxe to convection. When the star
reaches the pre-supernova phase (hundreds of second®gaonching the SN shock), we map
its 1D profiles onto a multidimensional grid @STRO. When the star explodes, its initial spheri-
cal symmetry is broken by fluid instabilities formed durihg explosion that cannot be modeled
by 1D calculations. Hence, we follow the evolution of the #eCASTRO until it explodes.

Here our thermonuclear supernovae refer to those from vagsive stars. They are totally
different from the Type-la explosions. Very massive stars wittial masses of 156 260 M,
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develop oxygen cores gf 50 M,, after central carbon burninﬂﬂa 11]. At this point, theecor
reaches sfliciently high temperatures-(10° K) and at relatively low densities-(10° g cn3) to
favor the creation of electron-positron pairs (high-epyrbot plasma). The pressure-supporting
photons turn into the rest masses for pairs and soften ttadbaiiti indexy of the gas below a
critical value ofg‘, which causes a dynamical instability and triggers rapittiaetion of the core.
During contraction, core temperatures and densities Igwifte, and oxygen and silicon ignite,
burning rapidly. This reverses the preceding contract@mo(gh entropy is generated so the
equation of state leaves the regime of pair instabilityyl ashock forms at the outer edge of the
core. This thermonuclear explosion, known as a pair-ii#fasupernova (PSN), completely
disrupts the star with explosion energies of up t63H0g, leaving no compact remnant and
producing up to 50 M%6Ni. Figure[l illustrates the stellar structure of pre-psd és explosion.

Figure 1: After central helium burning, the helium core ofyvenassive star becomes highly convective (wavy mesh)
and radiation energy is converted into electron and posipars at its oxygen core; This results in an implosion that
ignites the oxygen and silicon explosively. The energyasdel from burning eventually blows up the star.

CASTRO [Iﬂ ] is a massively parallel, multidimensional Euleriadaptive mesh refinement
(AMR) radiation-hydrodynamics code for astrophysicallaggtions. Its time integration of the
hydrodynamics equations is based on a higher-order, ui@&pdiunov scheme. Block-structured
AMR with subcycling in time applies high spatial resolutimrwhere it is needed most. We use
the Helmholtz equation of state [17] with density, tempematand elemental abundances; it in-
cludes contributions by non-degenerate and degenerat&igtic and non-relativistic electrons,
electron-positron pair production, ions and radiatione §navitational field is calculated with a
monopole approximation derived from a radial average ofdimasity on the multidimensional
grid. We have implemented several reaction networks (7,183sotopes) [5, 18] irCASTRO
for calculating nucleosynthesis and energetics in thetnl@ar SNe. The most comprehensive
network includes alpha-chain reactions, heavy-ion reasti hydrogen burning cycles, photo-
disintegration of heavy elements, and energy loss by meagri

3. Conservative Mapping

Since the star is very nearly in hydrostatic equilibrium aredwant to conserve total energy,
care must be taken when mapping its profile from the uniforgraagian grid in mass coordinate
3
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Figure 2: (a) The in-falling velocities of collapsing coregin at about 200 km set. After the explosion occurs, a strong
shock is launched and will propagate until it breaks out fthenstellar surface. (b) The fluid instabilities generatednd)
the explosion evolve into a large spatial scale and gerteeagégnificant mixing.

to the new Eulerian spatial grid. Zingale et al./[19], Mogtlal. [20] have also studied mapping
1D initial conditions onto multidimensional grids. fBerent from our scheme, they focus on
maintaining the hydrostatic equilibrium setup, becausdrdstatic equilibrium is required for
their simulations such as modelling X-ray bursts on theaaafof neutron stars. If their initial
conditions do not maintain the hydrostatic equilibriung 8trong gravity of neutron stars can
rapidly pull down the burning layers and cause artificial trgawhich leads to problematic
results. To construct a hydrostatic equilibrium profileithmapping can not conserve physical
guantities such as mass or internal energy. Instead, oblgmms start with initial conditions that
are not at the hydrostatic equilibrium and the burning tirales is significantly less than the
dynamic time scale of the star. The proper temperature ansitgieorofiles are more important
for our problems. Our method preserves the conservationaftities such as mass and energy
on the new mesh that are analytically conserved in the evol@quations. Figurg 2{a) shows
the radial velocity evolution of an example of PSN simulasioWhert = 0, V, is nonzero which
indicates the initial condition is not hydrostatic equilibm. Figurg 2(H) shows a PSN explosion
right before the shock breaks out of the stellar surface.

Although this reconstruction does not guarantee that #venstl be hydrostatic, it is a phys-
ically motivated constraint and fiicient for our simulations. The algorithm we describe is
specific to our models but can be easily generalized to mgppif other 1D data to higher
dimensional grids.

3.1. Method

First, we construct a continuous {Cfunction that conserves the physical quantity upon
mapping onto the new grid. An ideal choice for interpolatisthe volume coordinat¥, the
volume enclosed by a given radius from the center of the Jthen, integrating a densifyx
(which can represent mass or internal energy density) vegipect to the volume coordinate
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Figure 3: Constructing a piecewise-linear conservatiwilpr The rectangular bins represent the original 1D profile
The areas of dierent colors represent conserved quantities such as mddstamal energy. The conservative pro-
file connects adjacent bins and makesa = %Hx min(A,B), c = ¢/, and b= b’. Note that uniform zones in mass
(Lagrangian coordinate) lead to nonuniform bins in voluroerdinate, as shown above.

Next, we define a piecewise linear function in voluméhat represents the conserved quan-
tity px, preserves its monotonicity (no new artificial extremay anbounded by the extrema of
the original data. The segments are constructed in two Stadgest, we extend a line across the
interface between adjacent zones that either ends or batgins center of the smaller of the two
zones, as shown in Figuré 3 (note that uniform zones in masslicate do not result in uniform
zones inV). The slope of the segment is chosen such that the area tdrfrora one zone by the
segment (a and b) is equal to the area added under the segntieatieighboring bin (&a and
b’=b).

If the two segments bounding a arfdand b and bare joined together by a third in the center
zone in Figuré 13, two “kinks”, or changes in slope, can anisthe interpolated quantity there;
plus, the slope of the flat central segment is usually a pgmmeqimation of the average gradient
in that interval. We therefore construct two new segmerasspan the entire central zone and
connect with the two original segments where they crossiigsfiaces, as shown in Figure 3. The
new segments join each other at the position in the centnakbere the areas c antlenclosed
by the two segments are equal (note that they typically héfferdnt slopes). After repeating
this procedure everywhere on the grid, each bin will be spdriyy two linear segments that
represent the interpolated quantity at anyV within the bin and have no more than one kink
in px across the zone. Our scheme introduces some smearing (ottsny) of the data, but
it is limited to at most the width of one zone on the originablgrOther approaches might be
the use of a parabolic reconstruction, such as that deschpehe PPM|[21], ENOL[Z22], and
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WENO [23] schemes. However, these schemes aim mainly fdxigmts with piecewise smooth
solutions containing discontinuities. Most models of 18llat evolution before their supernova
explosions do not contain the discontinuities in the prefilephysical quantities such as density
and temperature. Hence our schenfiers a simpler and morefective implementation for the
conservative profile reconstruction.

The result of our interpolation scheme is a piecewise lineewnstruction ity of the original
profile in mass coordinate for which the quangifycan be determined at aWy not just the radii
associated with the zone boundaries in the Lagrangian gvelshow this profile as a function
of the radius associated with the volume coordinafer a zero-metallicity 200 M star withr
~ 2 x 10" cm fromKEPLER [11,24].
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Figure 4: Volume subsampling: We first use the center of veletement (4) to obtain its densityo from the conser-
vative profile and then calculate its masg M Vo x po. We then partition the original volume element as shown and
calculate the mass of each subvolume in the same mannep.a¥Wl obtain M by summing over eight subvolumes
Ma,Mp,Mg,...,Mnh. We then compare Mand M; if their relative error is greater than some predetermitodelance the
process is recursively repeated uf(fili-M;_1)/M;| is less than 10*.

LLE §
EEEEEEN
K'Y

*
*
‘0
EEEEE EE
*
*

=

N

We populate the new multidimensional grid with conservegitities from the reconstructed
stellar profiles as follows. First, the distance of the sel@eesh point from the center of the new
grid is calculated. We then use this radius to obtaiVite reference the corresponding density
in the piecewise linear profile of the star. The density assigto the zone is then determined
from adaptive iterative subsampling. This is done by firshpating the total mass of the zone
by multiplying its volume by the interpolated density. Weidivide the zone into equal subvol-
umes whose sides are half the length of the original zone.\Wawve computed for the radii to the
center of each of these subvolumes and their densities afe sgad in from the reconstructed
profile. The mass of each subvolume is then calculated byiphyiitg its interpolated density
by its volume element (see Figulre 4). These masses are themesiand compared to the mass
previously calculated for the entire cell. If the relativeo between the two masses is larger
than the desired tolerance, each subvolume is again digsléefore, masses are computed for
all the constituents comprising the original zone, and #reythen summed and compared to the
zone mass from the previous iteration. This process coagingcursively until the relative error
in mass between the two most recent consecutive iteratidissfithin an acceptable value, typ-
ically 1074, The density we assign to the zone is just this converged didgised by the volume
of the entire cell. This method is used to map internal endegsity and the partial densities of

6



the chemical species to every zone on the new grid. The tetaity is then obtained from the
sum of the partial densities; pressure, and temperaturgtiraire determined from the equation
of state. This method is easily applied to hierarchy geoyrddtthe target grid.

3.2. Results

We port a 1D stellar model froEPLER into CASTRO to verify that our mapping is conser-
vative. As an example, we use a 20Q kero-metalicity pre-supernova star.
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Figure 5: Inner density and temperature profiles of a 2Q0pvesupernova: Our piecewise linear profiles (green lines)
fit their original KEPLER model (red crosses) very well. Since we map internal enexgpfserved quantity) rather than
temperature, we calcula®efrom the equation of state using the density, element almgejand internal energy.

As we show in Figur€]5, our piecewise linear fits to ®EPLER data reproducing the orig-
inal stellar profile. Because our fits smoothly interpoldte block histogram structure of the
KEPLER bins (especially at larger radii), they reduce the numbemphysical sound waves that
would have been introduced @ STRO by the discontinuous interfaces between these bins in the
original datd. The density profile is key to the hydrodynamic and graatadi evolution of the
explosion, and the temperature profile is crucial to theeardburning that powers the explosion.

We first map the profile onto a 1D grid @STRO and plot the mass of the star as a function of
grid resolution in Figurgl6. The mass is independent of te&wl for our conservative mapping
because we subsample the quantity in each cell prior talizitig it, as described above. In
contrast, the total mass from linear interpolation is venysitive to the number of grid points but
does eventually converge when the number of zonesfig®nt to resolve the core of the star,
in which most of its mass resides.

We next map th&EPLER profile onto a 2D cylindrical gridr(2) and a 3D cartesian grid
(X,y,2) in CASTRO. The only diterence between mapping to 1D, 2D, and 3D is the form of the
volume elements used to subsample each cell, whichared 2rrdrdz, dxdydz, respectively.
We show the mass of the star as a function of resolution inrE[@(@&). Conservative mapping
again preserves its mass at all grid resolutions. In 2D, mones are required for linear inter-
polation to converge to the mass of the star. To further yenifr conservative scheme, we map

11D data usually provides zone-averaged values, hence mgouns and conservative profile needs to be recon-
structed from zone-averaged values.
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Figure 6: Total mass of the star on the CBSTRO grid as a function of number of zones: Conservative mappihge]
preserves the mass of the star at all resolutions, whilaidiirgerpolation (orange) converges to 20@ Bt a resolution
of ~ a few x10*, when the grid begins to resolve the core of the stafl(° cm). Even at very high resolutions, the
results of linear interpolation are stilffdoy a few percent from the targeted mass and start to be saduat 10° zones
because the linear interpolation profile is not a consesvatne.

just the helium core of the stax (100 M, with r ~ 10'° cm) onto the 2D grid. The helium core
is crucial to modeling thermonuclear supernovae becausenhere explosive burning begins.
We show its mass as a function of resolution in Figure|7(b).2g&n recover all the mass of the
core at all resolutions because linear interpolation térates the mass by at leasi %, even
with large numbers of zones.

Because of the property of reconstruction, conservativeping is still valid in 3D but re-
quires much more computational time to subsample eachacethrtvergence. Furthermore, an
impractical number of zones is needed for linear interpatato reproduce the original mass
of the star. So we do not show the comparison of 3D models. We that our method also
works with AMR grids because bot and the interpolated quantities can be determined, and
subsampling can be performed on every grid in the hierarebythe given domain, the results
of conservative mapping are independent of the levels of AMR

4, Initial Perturbation

Seeding the pre-supernova profile of the star with realiturbations may be important to
understanding how fluid instabilities later erupt and mie #ftar during the explosion. Massive
stars usually develop convective zones prior to explodm@ie [10] 11]. Multidimensional
stellar evolution models suggest that the fluid inside theseotive regions can be highly turbu-
lent [12, 13]. However, in lieu of the 3D stellar evolution@aations necessary to produce such
perturbations from first principles, multidimensional siations are usually just seeded with
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Figure 7: (a) Total mass of the star on the new @EZTRO grid as a function of number of zones in battand z
Conservative mapping (blue) recovers the mass of the s#dirrasolutions and linear interpolation (orange) appheac
200 M, at a resolution of- 204&. (b) Total mass of the He core on the 2ZBSTRO grid as a function of number of
zones in bothr andz Conservative mapping (blue) preserves its original mbaal gesolutions while linear interpolation
(orange) begins to converge to 10Q, Mt a resolution of 64 but it is still off by ~ 1% even as the resolution approaches
~ 2048 because the linear interpolation profile is, by nature, noservative.

random perturbations. In reality, if the star is convectine the fluid in those zones is turbulent
[14], a better approach is to imprint the multidimensionadfifes with velocity perturbations
with a Kolmogorov energy spectrum [15].

Next we describe our scheme for seeding 2D and 3D stelladgsafith turbulent perturba-
tions and present stellar evolution simulations Witl$TRO with these profiles. In our setup, the
perturbations have the following properties:

1. The perturbations are imprinted in the gas velocity, &ed het momentum flux must be
zero. Because the initial perturbations only play as seedariy fluid instabilities and
we want to minimize the overall impact of perturbed vel@stio the dynamics of star.
V - (ov) = 0 may not be fulfilled locally. So strictly speaking, the pebted velocity field
is not solenoidal.

2. They are seeded in convectively unstable regions withacitg spectrumv(k) ~ k=6,
wherek is the wave number and the power indeX/6 is for a Kolmogorov spectrum with
an assumption of constant density. We assume a low Mach nucobgection, which
implies that the fluid can be approximated as incompressitiéch leads to the density
contrast of convective bubbles being small. The 1D MLT of madels also suggest that
convective velocities are subsonic.

4.1. 2D Perturbation

We first consider the mapping onto a polar coordinate gridémd6. To enforce zero net
momentum and the boundary conditions in the simulation, eimd a new variablg = 1+ cosé
instead of using. The momentum flux of a densityand velocityy; is then

T 2
f 21r%pv; singdg = f 2nr?pv; dx = 0 (2)
0 0
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if v; has the form cosg@x), wheren is an integer. Whe = 0, = (the boundaries of a 2D
grid), x = 2, 0 yields the maximum values feoy that satisfy the boundary conditions in 2D
cylindrical coordinates itASTRO. There are two physical scales that constrain the waveiengt
of the perturbation im. Based on the mixing length theory [25], the eddy size ofuiethce is

@ X Hp; a is the mixing length parameter, aht} is the pressure scale height. Here, weaset
1.0. Since the perturbation is only seeded in the conveztiwes, it is confined inside domain
D¢ = ry - 1y, wherer, andry, are its upper and lower boundaries. The maximum wavelength
of the perturbation must be smaller thBig andHp,. Inside a convective zone, we define a new
variabley = frz H:[r). We also define two oscillatory functions xandy to generate the circular
patterns that mimic the vortices of a turbulent fluid. Sirfeefluid inside the convective zone is
turbulent, its energy spectrum k) ~ k>3, Assuming a constant density, the corresponding
velocity spectrum i8/(k) ~ k6. The perturbed velocity then has the form,

Vperar(XY) = = 2 % Vp - cos(Zax) - cos(Zby + axv),
a
Vperbo(X, ) = % Zb: Vp - sin(2rax) - cos(zZby + ay), )
a
Vp = Vy(r)b>/8,

whereVyernyr andVperny are the perturbed velocities in theand 6 directions, andh andb are
angular and radial wavenumbers. 1D models provide only if@mation of convective ve-
locities, V4(r) along the radial direction, which can be treated as avevalgeities of angular
directions, so we scale the amplitude of the perturbed itglbased on the radial wavenumber
b. Besides, we use the oscillatory functions for constrgctive eddy-like pattern of perturbed
velocity field which provides an alternative way to angulatistribute our perturbation. This is
based on a physically motivated way, which is more realibtén purely random perturbations.
In a realistic turbulent followy,, of eddies should depend only on the scale of physical length
without preferred direction. In our setup, we simplify tmeplementation by constraining the
length scale only in the radial direction. Our oscillatomp€tions then decompo$ginr, 8, and

¢ directions. We also use a random phasggto smooth out numerical discontinuities caused by
the perturbed modes while summing. Equati¢is (3) by coctbtrusatisfyVpeme(r, 6) = 0 when

6 = 0 andr, the boundary conditions i¢on the 2D grid. The assumption of no overshooting
makesVperyy = 0 at the boundaries of convective zones, so w&/sg, = 0 at boundaries. The
ultimate wavenumbers @ andb are also limited byD¢, Hp, and the resolution of simulation,
Hres

4.2. 3D Perturbation

In 3D, we use spherical coordinatesf, and¢. Similar to 2D, we construct an oscillatory
function for @, ¢) by using spherical harmonic¥,m(6, ¢), wherel andm are the wavenumbers
in 6 andg. If the velocities are in the form of| (6, ¢), they automatically conserve momentum
flux while summing all the modedsm. In the radial direction, we use cag], wherec is the
wavenumber in the radial direction ands as defined in 2D. The perturbation then has the
following form:

Voerx(r, 6, ¢) = VpenSin(@) cosg),
Vperhy(r, 6, ¢) = VperbSin(G) Sin(¢),
Vperhz(T, 0, ¢) = VpernCOSE), 4)
Vperb = % Z|: anl Vp “Yim(0 + wim, ¢ + wim) - COS(2rcy + Ac),
Vp = Vg(r)c>/8,
10



whereVpermx, Vperhy, Vperhz @re the perturbed velocities in the y, andz directions. We sum
over the modes, applying random phasgg and A to smooth out numerical discontinuities
caused by dierent perturbed modes. Similar to 22, is only scaled by radial wavenumber
Because there are no reflective boundary conditions for 3Domly take care of the boundary
conditions in radial direction. We again assume there isvershooting outside the boundaries
of convective zones, so we enforég., to zero at boundaries.

4.3. Results

We first initialize perturbations on a 2D grid with a profilatlis derived from a 1IEPLER
stellar evolution calculation. The perturbations are cwedito regions that are convectively
unstablel[26]. The magnitudg(r) of the perturbed velocity adopts thetdision velocity, which
is usually~ 1 — 10% of the local sound speed. We again consider a zero-weigt200 M,
star in the pre-supernova phase. This star develops a laryection zone that extends out to
the hydrogen envelope. We show the magnitude of the pedurblecity generated by the two
oscillatory functions discussed above on our 2D grid in Fé(a). The velocity field satisfies
the reflecting boundary conditions on the 2D griddat 0 andx. In the right panel we show
velocity vectors in the selected subregion on the left (bketangle). A clear vortex pattern
that mimics a turbulent fluid is clearly visible. Next we aalfgte energy spectrum of perturbed
velocity field. We first randomly pick a radial direction ( stantd in 2D) or (constant and
¢)in 3D) inside the convective zone, perform Fourier transfeV, along the radial direction,
then calculate its power spctrum. We repeat the same proeedsnes, our final spectrum is
obtained by averaging all spectra previously calcugked Hp/l, whereH, is the pressure scale
height and is the physical scale in direction. Figurg 8(l) shows the energy spectrum of the
fluid, which is basically a Kolmogorov spectrui(k) ~ k>3 except for fluctuations in part
caused by the random phases in the sum over modesamdVy(r) is not a constant across the
convective region that produces affiset in the smallek region. The energies would converge to
the Kolmogorov spectrum in the limit of larde but the maximunk of our simulation is limited
to the resolution of the grid.

We next port our 1CXEPLER model to a 3D grid. In Figurg 9(a), we show a slice of the
magnitude of the perturbed velocity, which again exhildies tlear cell pattern reminiscent of
the vortices of a turbulent fluid. The velocity pattern in 3Dnnore irregular than in 2D. We
show the energy spectrum of the velocity field in Figure]9@)ich is similar to that of our 2D
spectrum but with larger fluctuations that are again dueg¢ad@ndom phases we assign to each
spherical harmonic, and th&(r) is not a constant across the convective region that praatce
offset in the smallek region. We also check the values of perturbed velocitieshdrghey are
consistentto th¥/y(r) or not. We calculate the variance of radial velociti®g; = (V(r)—(V(r))).
Figure[I0 shows the comparison betwedh andVy as a function of radius. The values of
6V, are consistent to the origingl. The oscillatory pattern ofV, comes from our formalism
Equations[(#4). Above examples demonstrate that our sch&ewiecly generates turbulent fluid
perturbations analog to those found in the convective regad massive stars, with the desired
velocity patterns and energy power spectra.

We do not claim the models here can fully reproduce the tmmitance found in simulations
or laboratories. Unlike previous multidimensional simidas of this kind, whose initial pertur-
bations were seeded by numerical noises or random periombatThe scheme here is the first
attempt to model the initial perturbations based on a maakst& setup, where the convective
zones of a star play an ideal role for generating perturbatioThese kinetic energy of these
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perturbations is very small compared with the internal gpef the gas, thus it does not inter-
fere with the overall dynamics of the simulations or triggerartificial ignition. We seed initial
perturbations to trigger the fluid instabilities on multidinsional simulations so we can study
how they evolve with their surroundings as shown in Figufg|.2{Vhen the fluid instabilities
start to evolve nonlinearly, the initial imprint of pertation would be smeared out. The random
perturbations and turbulent perturbations then give abast results. Depending on the nature
of problems, the random perturbations might take a longee tio evolve the fluid instabilities
into turbulence because more relaxation time is required.
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Figure 8: (a) 2D perturbed velocity in the interior of thersia physical scales 102 cm: The closeup is the velocity
vector field corresponding to the blue rectangle and exhibitortex pattern similar to that of a turbulent fluid. (b)
Normalized kinetic energy power spectrum of a 2D perturbeld:fiThe dotted red line is the Kolmogorov spectrum,
E(k) ~ k5/3. The peak of the Kolmogorov spectrum is adjusted to fit the.dBhe scale oH is equaled tk = 1. The
suppressed power at lowkiis because of the inhomogeneousvg(r) at larger scales. The decay trend follokvs/3,
and the fluctuations are caused by the radial oscillatorgtfom with random phases.

5. Resolving the Early Stages of the Explosion

In addition to implementing realistic initial conditiona@relevant physics faFASTRO, care
must be taken to determine the resolution of multidimeradisimulations required to resolve the
most important physical scales and yield consistent rgsgiten the computational resources
that are available. We provide a systematic approach foirfinthis resolution for multidimen-
sional stellar explosions.

Simulations that include nuclear burning, which governsl@osynthesis and the energetics
of the explosion, are very fierent from purely hydrodynamical models because of the more
stringent resolution required to resolve the scales ofeardburning and the onset of fluid insta-
bilities in the simulations. Because energy generatiogsrdtie to burning are very sensitive to
temperature, errors in these rates as well as in nucleossisttan arise in zones that are not fully
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Figure 9: (a) 3D perturbed velocity field: The iso-surfackeve the magnitude of the perturbed velocity on physical
scales of 1& cm. (b) Corresponding energy power spectrum: The dottedimedshows the Kolmogorov spectrum,
E(k) ~ k™53, The peak of the Kolmogorov spectrum is adjusted to fit the.d@he scale oH, is equaled tk = 1.
Similar to 2D, the decay trend followls >3, and the fluctuations are caused by the radial oscillatongtfon with
random phases.

resolved. We determine the optimal resolution with a grid Dfmodels inCASTRO. Beginning
with a crude resolution, we evolve the pre-supernova stdritarexplosion until all burning is
complete and then calculate the total energy of the suparmavich is the sum of the gravita-
tional energy, internal energy, and kinetic energy. We tlegreat the calculation with the same
setup but with a finer resolution and again calculate the ¢tergy of the explosion. We repeat
this process until the total energy is converged. As shovifignre 11, our example of a 200M
presupernova converges when the resolution of the gricbaghes 1®cm.

The time scales of burning g and hydrodynamics {g) can be very disparate, so we adopt
time steps ofmin(dty, dt,) in our simulations, wheretg = %; dx is the grid resolutiongg
is the local sound speed,is the fluid velocity, and the time scale for burning ig,dvhich is
determined by both the energy generation rate and the rateaoige of the abundances.

5.1. Homographic Expansion

As we have shown, grid resolutions of®fin are needed to fully resolve nuclear burning in
our model. However, the star can have a radius of up to setgta¢m. This large dynamical
range (16) makes it impractical to simulate the entire star at oncelevhilly resolving all
relevant physical processes. When the shock launches freroenter of the star, the shock’s
traveling time scale is about a few days, which is much shéinn the Kelvin—-Helmholtz time
scale of the stars, about several million years. We can assat when the shock propagates
inside the star, the stellar evolution of the outer envelgdeozen. This allows us to trace the
shock propagation without considering the overall stedhaslution. Hence, we instead begin
our simulations with a coordinate mesh that encloses justtre of the star with zones that
are fine enough to resolve explosive burning. We then halssiimailation as the SN shock
approaches the grid boundaries, uniformly expand the sitioml domain, and then restart the
calculation. In each expansion we retain the same numberids (see Figure12). Although
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Figure 10:5V, andVy as a functionr inside the convective zone of the star: The value$\finside the convective zone
are about 1®cm sec?, those are consistent to the valued/gf predicted from the 1D MLT theory. The oscillatory trend
of 6V, reflects the original function form of the perturbations.

the resolution decreases after each expansion, it doesfaot the results at later times because
burning is complete before the first expansion and emergddtifistabilities are well resolved
in later expansions. These uniform expansions are repeatéddhe fluid instabilities cease to
evolve. There might be some possible sound waves genera@dofoundaries under such a
setup. However, the normal SN shocks have a much higher maclher—above 10—while
traveling inside the star. The sound waves could not comataithe burninfluid instabilities
domains before the shock reaches the boundary of the siorulax.

Most stellar explosion problems need to deal with a largeadyin scale such as the case
discussed here. It is computationally fiieient to simulate the entire star with afcient reso-
lution. Because the time scale of the explosion is much shtiran the dynamic time of stars,
we can follow the evolution of the shock by starting from tleater of the star and tracing it until
the shock breaks out of the stellar surface. The utility ahbgraphic expansion is also available
In CASTRO.

6. Conclusion

Multidimensional stellar evolution and supernova simolas are numerically challenging
because multiple physical processes (hydrodynamicsitgraurning) occur on many scales in
space and time. For computationéii@ency, 1D stellar models are often used as initial condi-
tions in 2D and 3D calculations. Mapping 1D profiles onto ndithensional grids can introduce
serious numerical artifacts, one of the most severe of wisiche violation of conservation of
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Figure 11: Total explosion energy as a function of resolutie x-axis is the grid resolution and the y-axis is theltota
energy, defined to be the sum of the gravitational energyinteenal energy, and the kinetic energy. The total energy is
converged when the resolved scale is close fochd. The right panel shows the zoom-in of the red box in lefighan

physical quantities. We have developed a new mapping éfgothat guarantees that conserved
guantities are preserved at any resolution and it repradtiee most important features in the
original profiles. Our method is practical for 1D and 2D cédtions, and we plan to develop

integral methods (an explicit integral approach insteadsifig volume subsampling) that are
numerically tractable in 3D.

Multidimensional models give insight on fluid instabilgign supernova explosions that break
the spherical symmetry of stars and mix their interiors. Sehimstabilities originate from per-
turbations in the star prior to the explosion. Until now,da@erturbations have been randomly
seeded in 2D and 3D models with little or no physical basis. pisent a new approach to
seeding supernova models with physically realistic véygoérturbations like those found in the
turbulent convective zones of massive stars. We find thanttial spectrum of the perturbations
tends to be smeared out as they become nonlinear. Our appraabe applied to other multidi-
mensional simulations of stellar explosions, especiéibse whose final outcomes are sensitive
to the form of the initial perturbation; or the simulatiorfsbort duration, in which perturbations
may not become fully nonlinear.

Finally, we provide possible approaches to obtain the progsolution for simulations that
include both hydrodynamics and nuclear burning. Becaus®tinning changes both the inter-
nal energy and composition of the fluid, we determine the jghyscale for resolving burning
with resolution tests and proper time steps by considerath hydro and burning. We apply a
homographic expansion to bypass the numericicdities associated with the large range of
dynamical scales in our problem. The algorithms we pressambe applied to other multidimen-
sional simulations in addition to stellar explosions intbastrophysics and cosmology.
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