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Modified Bosonic Gas Trapped in a Generic 3—dim Power Law Potential

E. Castellanosﬁ and C. Laemmerzahﬂ
ZARM, Universitaet Bremen, Am Fallturm, 28359 Bremen, Germany

We analyze the consequences caused by an anomalous single-particle dispersion relation sug-
gested in several quantum-gravity models, upon the thermodynamics of a Bose—Einstein condensate
trapped in a generic 3-dimensional power-law potential. We prove that the condensation tempera-
ture is shifted as a consequence of such deformation and show that this fact could be used to provide
bounds on the deformation parameters. Additionally, we show that the shift in the condensation
temperature, described as a non-trivial function of the number of particles and the trap parameters,
could be used as a criterion to analyze the effects caused by a deformed dispersion relation in weakly

interacting systems and also in finite size systems.

PACS numbers: 04.60.Bc, 05.30.Jp, 03.75.Hh

I. INTRODUCTION

The possibility of a deformation in the dispersion re-
lation of microscopic particles, appears in connection
with the quest for a quantum theory of gravity @E]
This entails, in some schemes, that a possible spacetime
quantization has as a consequence a modification of the
classical-spacetime dispersion relation between energy F
and (modulus of) momentum p of a microscopic parti-
cle with mass m [2, [3, 5]. A deformed dispersion rela-
tion emerges as an adequate tool in the search for phe-
nomenological consequences caused by this type of quan-
tum gravity models. Nevertheless, the principal difficulty
in the search of quantum gravity manifestations in our
low energy world, is the smallness in the predicted effects
B, @] If this kind of deformations is characterized, for in-
stance, by some Planck scale, then the quantum gravity
effects become very small E, ﬁ] In the non-relativistic
limit, the deformed dispersion relation can be expressed
as follows [, [6]
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in units where the speed of light ¢ = 1, with M, ~
1.2 x 10%8¢V the Planck mass. The three parameters
€1, &, and &3, are model dependent [2, 5], and should
take positive or negative values close to 1. There is
some evidence within the formalism of Loop quantum
gravity E—E] that indicates non-zero values for the three
parameters, &1, &2, €3, and particulary that produces a
linear-momentum term in the non-relativistic limit ﬂ, ]
Unfortunately, as it is usual in quantum gravity phe-
nomenology, the possible bounds associated with the de-
formation parameters, open a wide range of possible mag-
nitudes, which is translated to a significant challenge.
On the other hand, the use of Bose-Einstein conden-
sates, as a possible tool in the search of quantum-gravity
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manifestations (for instance, in the context of Lorentz
violation or to provide phenomenological constrains on
Planck—scale physics) has produced an enormous amount
of interesting publications @@] It turns out to be
rather exciting to look for the effects in the thermody-
namic properties associated with Bose-Einstein conden-
sates caused by the quantum structure of space—time.

In a previous report ﬂﬁ], we were able to prove, that
the condensation temperature of the ideal bosonic gas, is
corrected as a consequence of the deformation in the dis-
persion relation. Moreover, this correction described as
a non—trivial function of the number of particles and the
shape associated with the corresponding trap it could
provide representative bounds for the deformation pa-
rameter £;. We have proved that the deformation param-
eter &1 can be bounded, under typical conditions, from
|€1] £ 10° to |€1] < 102, by using different classes of trap-
ping potentials in the thermodynamic limit. In the case
of a harmonic oscillator-type potential, we have obtained
a bound up to |&| < 10%. In references [7, 6] it was sug-
gested the use of ultra—precise cold—atom-recoil experi-
ments to constrain the form of the energy-momentum dis-
persion relation in the non-relativistic limit. There, the
bound associated with &; is at least, four orders of mag-
nitude smaller than the bound associated with a Bose—
Einstein condensate trapped in a harmonic oscillator in
the ideal case obtained in [15].

In a more realistic system, finite size effects and in-
teractions among the constituents of the gas must be
taken into account. To this aim, let us propose a particu-
larly simple modified Hartree-Fock type spectrum, in the
semi—classical approximation, which basically consist in
the assumption that the constituents of the gas behave
like non—interacting bosons moving in a self-consistent
mean field, valid when the semiclassical energy spectrum
€p is bigger than the associated chemical potential u, for

dilute gases [2(, 21]
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& = 5— +ap + U(F) + 2Uon(r), (2)
where p is the momentum, m is the mass of the particle,

and the term ap, with a = £ 537 in ordinary units, is
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the leading order modification in expression (), with ¢
the speed of light. The term 2Upn(7) is a mean field
generated by the interactions with the other constituents
of the bosonic gas, being n(7) the spatial density of the
cloud [20]. The coupling constant Uy is related to the s—
wave scattering length a through the following expression

4mh?
Up = . 3
0 m a (3)
The potential term
d .|
U= Ai—| (4)
i=1 ¢

is the generic 3—dimensional power—law potential, where
A; and a; are energy and length scales associated with the
trap |22]. Additionally, r; are the d radial coordinates in
the n;—dimensional subspace of the 3—dimensional space.
The sub—dimensions n; satisfy the following expression
in three spatial dimensions

d
> ni=3. (5)
i=1

If d =3, n1 = ny = n3 = 1, then the potential becomes
in the Cartesian trap. If d =2, ny = 2 and ny = 1, then
we obtain the cylindrical trap. If d = 1, ny = 3, then
we have the spherical trap. If s; — oo, we have a free
gas in a box. The external potential included in (@) is
quite general. Different combinations of these parameters
give different classes of potentials, according to (). It
is noteworthy to mention that the use of these generic
potentials, opens the possibility to adiabatically cool the
system in a reversible way, by changing the shape of the
trap [20]. The analysis of a Bose-Einstein condensate
in the ideal case, weakly interacting, and with a finite
number of particles, trapped in different potentials show
that the main properties associated with the condensate,
and in particular the condensation temperature, strongly
depends on the trapping potential under consideration
[22-35]. Additionally, the characteristics of the potential
(in particular, the parameter that defines the shape of the
potential) has a strong impact on the dependence of the
condensation temperature with the number of particles
(or the associated density).

The main goal of this work is to analyze the shift in
the condensation temperature caused by a deformed dis-
persion relation in weakly interacting systems and also in
systems containing a finite number of particles. We stress
that these systems could be used, in principle, to ob-
tain criteria of viability for possible signals coming from
Planck scale regime, by analyzing some relevant ther-
modynamic variables, for instance, the number of parti-
cles, and the frequency associated with the trap, when
& S 1.

II. CONDENSATION TEMPERATURE IN THE
THERMODYNAMIC LIMIT; Uy =0

Due to an extensive use of some results, let us briefly
summarize the results obtained in [15]. From (2)), the
case Uy = 0 leads to

2
p .
Ep:%-i-ap—f—U(T). (6)

In the semiclassical approximation, the single—particle
phase-space distribution may be written as [20, 21
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n(7,p) = eBlep—m) _ 1’

(7)

where 8 = 1/kT, k is the Boltzmann constant, T is the
temperature, and g is the chemical potential. The num-
ber of particles in the 3—dimensional space obeys the nor-
malization condition [20, [21]],

_ (27371)3 / &BF & n(F, p), (8)

where
n() = / @5 (7, ), (9)

is the spatial density. Using expression (@), and inte-
grating expression (7)) over momentum, with the help of
@), we get the spatial distribution associated with our
modified semi—classical spectrum (@)

n() = )\7393/2 (eﬁ(ueff*U(F))) (10)
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where \ = (QT’hz) , is the de Broglie thermal wave-

mrT
length, pefr = pu+ ma?/2 is an effective chemical po-
tential, and g, (z) is the so—called Bose-Einstein function
defined by [36]

v ldz

gv(2) = F(ly) /OOO —ler —1° (11)

If we set @ = 0 in equation ([I0) we recover the usual
result for the spatial density in the semiclassical approx-
imation [20, [21]. By using the properties of the Bose-
Einstein functions [36], assuming that ma?/2 << kT
and integrating the normalization condition (&), we ob-
tain an expression for the number of particles N to first
order in «
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where

3 ny
5 + s (13)
is the parameter that defines the shape of the potential
@). In ([I2), Ny are the particles in the ground state, I'(y)
is the Gamma function, and C' is a constant associated
with the potential in question. In the case of Cartesian
traps, and in consequence, for a three dimensional har-
monic oscillator potential v = 3 and C = 8. If we set
a = 0 in ([I2)) then, we recover the result given in [22]. In
the thermodynamic limit the conditions for condensation
are given by p = 0 and Ny = 0, which implies hat the
Bose-Einstein functions become the corresponding Rie-
mann Zeta functions ((z) [36]. Thus, expression (I2) at
the condensation temperature is given by

ny
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where T, is the condensation temperature. If we set
a = 0 in ([I4)), we recover the usual expression for the con-
densation temperature Ty for a gas trapped in a generic
3—dim power—law potential in the thermodynamic limit
122]
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as the characteristic volume associated with the system.
We notice that if s; — oo then, V_pq, becomes the volume
associated with a free gas in a box (in fact the inverse of
the volume with this definition). In this sense, Vepqr can
be interpreted as the available volume occupied by the
gas |23, [25]. At this point, it is noteworthy to mention
that the most general definition of thermodynamic limit
can be expressed as N — 00, Venar — 0 keeping the
product NV_pq constant, and is valid for all power law
potentials in any spatial dimensionality [25]. With the
criterion given above, the condensation temperature in
the thermodynamic limit is well defined. Finally, we can
express the shift in the condensation temperature as a
function of the number of particles N

Ty AT
TR ~ QAN /=7, (17)
where
S it P00 = 1/2) (Ve (25222 AM. (18)
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For the sake of simplicity, let us analyze the case
of spherical traps, where the corresponding potential is
given by U(r) = Ai(L)", setting A1 = hwo/2 and

= /h/mwy. In this case, the shift in the conden-
sation temperature is given by

AT, ~ a951N751/3(51+2)' (19)

0

For different values of s; we obtain, AT—:SC ~aN~Y9  for

s1 = 1, which corresponds to a linear trap. For s; = 2,
% ~ aN~1/6 which is an isotropic harmonic oscillator.
For s1 =3, ATC ~ aN~1/5 For s, =6, ATTC ~alN~ 1/4
and so on. We notice immediately that if s; — oo, after
some algebraic manipulation, we are able to obtam the
limiting case of a bosonic gas trapped in a box

AT.  2m(V({(3)Y?
T, 3h

N~Y3, (20)

Additionally, the current high precision experiments in
the case of 39K, with a mass 15 x 10726 K g, the shift in
the condensatlon temperature respect to the ideal result,
caused by the interactions among the constituents of the
gas is about 5 x 1072 with a 1% of error [37]. These
facts allows us to obtain a bound for the deformation
parameter |£;| < 10 for the linear trap s; = 1 (with
frequencies wo /27 ~ 10 Hz and N ~ 10°), to |&] < 102
corresponding to a free gas in a box s; — oo, with densi-
ties about 1013 —10% [20]. In fact, these bounds could be
improved in a system containing massive bosons and/or
lower frequencies but, where the thermodynamic limit is
still valid, trapped in potentials where the parameter s; is
sufficiently large. Here one important fact is that we are
able to improve the bound associated to the deformation
parameter & by the use of different classes of potentials
and it is straightforward to generalize this result to more
general traps by using (7).

From (IT) and (O8], we notice that correction in the
condensation temperature depends strongly on the func-
tional form between the number of particles and the pa-
rameters associated to the potential in question. Fi-
nally, in the case of a harmonic oscillator potential we
obtain, % ~ aN~1/6 corresponding to a shift of order

£,107%, which allows us to bound the parameter & up
to |&1] < 104, under typical conditions.

III. WEAKLY INTERACTING MODIFIED
BOSONIC GAS

Let us start with the modified Hartree—Fock spectrum
@). After some calculations, similar to the previous
section, we obtain the spatial density associated to the
weakly interacting case

n(7) = A\~%gs.» (emeffo(f)—zUon(f))) (21)
— a2 (%) o (66<ueff—U<F>—2Uon<f>>) '



If we set @ = 0 in equation (2I]) we recover the usual re-
sult for the spatial denstity in the semiclassical approx-
imation [20, 21]. By using the properties of the Bose-
Einstein functions |36], we are able to expand expression
@I) around Uy = 0, with the result

n(7) ~ no(7) + Uo(2KT) A~ g32(Z)g1/2(2)] (22)
+ aUO(zﬁT)*lx"i(%) [gg/Q(Z)go(Z)
+ 01(2)g12(2)]
where
7 = Bliess=U@). (23)

being no(7) the space density distribution for the ideal
case Uy =0,

no(i) = A gg/2(2) —aX () i(2). (24)

Integrating the normalization condition (§]) and using ex-
pression ([22]) with the corresponding potential {l), allows
us to obtain an expression for the number of particles as a
function of the chemical potential u, the temperature T,
the coupling constant Uy, and the deformation parameter
@
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where
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and we have defined an effective fugacity

Zepf = eBlutma?/2) (27)

In order to obtain the leading correction on the conden-
sation temperature caused by the interactions in our de-
formed bosonic gas, let us expand (25) to first order in
T =Ty, 0 =0,Uy =0, and @ = 0. Recalling that Ty
is the condensation temperature in the thermodynamic

limit given by expression (3], with the result

NVorar = | (5) " contto)” (29)
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At the condensation temperature T, for large N, in the
mean field approach the chemical potential takes the
value po = 2Ugno(7 = 0) 20, 21]. In the usual case
a = 0, no(F = 0) = A\;3¢(3/2) in the large N limit,
which means that the critical density at the center of the
trap is the same as that of the uniform model [20]. How-
ever, in our case, we have to modified the value of u,
at the condensation temperature according to expression
@24), due to the divergent behavior of the Bose-Einstein
functions related to no(7 = 0). When the integrals as-
sociated with the Bose—Einstein functions converges, the
value ma?/2 is negligible and can be replaced by zero.
Nevertheless, when the integral associated to the Bose—
Einstein functions can diverge at Z — 1 the minimum
of the energy associated with the system must be taken
into account |25]. In this section we are interested in the
corrections due to « in the large N limit, so we will take
as the minimum of energy in the system ma?/2. Let us
define no (¥ = 6) at the condensation temperature using
expression ([24) as follows

no( = 0) = A gs a(em /) (29)
_ —2( M Bema? /2
2aUp A, (ﬂ_h)gl(e ).

We can define the Bose-Einstein functions g3/, (eﬁCmO‘Q/ 2)
and gy (e?<™°/2) when (Bema?/2) — 0 as [36]

2 ma?\ 1/2
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Neglecting second order terms in Uy and «, this allows
us to write p. using expression (29) as follows

%T;). (32)
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If we take the limit @ — 0, then we recover the usual
value for p. at the condensation temperature [20, 21].
Inserting (B2)) in ([28)), we finally obtain the shift in the



condensation temperature in function of the number of

particles
AT,
To
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Setting o = 0 in equation (B3] we recover the usual shift
on the condensation temperature caused by weakly inter-
actions. Let us analyze the case of spherical traps U(r) =

A1 (L)%, together with Ay = fiwo/2 and a1 = /fi/mwo.

Notice that the possibility of detecting the term depend-
ing upon the deformation parameter effect (67.%) requires

Ro — (27r_h2)3/2

m

(35)

that, if (5Tc(0) is the experimental error related to the mea-
surement of the condensation temperature when o = 0,

then 67 " < [07%|. In our case this entails

(0) a(87Tm)1/2C(7 —1/2) ES
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For spherical traps v = 3(s1 + 2)/2s1. The shift in the
condensation temperature caused by interactions is typ-
ically 5 x 1072, with a 1% of error [37, 38], then from
expression ([B6]) and the results given above, in the case
of 39K, with a mass 15 x 10726 kg, a ~ 107%m, and
wo ~ 10Hz, allows us to obtain a criterion on |07
as a function of the number of particles when |&] < 1.
For different values of the shape parameter v we obtain,
N > 103 for s = 1, N > 10?2 for s; = 2, N > 10'7 for
s1 =4, N > 103 for s; =9, N > 10! for s; = 18 and so
on. Notice that expression (B6) is not valid for the case
s1 = 6, (which implies v = 2) due to the divergent be-
havior of {(1). This special case, s1 = 6, defines a limit
between a positive shift and a negative one, caused by
the deformation parameter . In other words, the shift
caused by the deformation parameter is positive when
s1 < 6, for a positive . Conversely, with s; > 6 the cor-
responding shift is negative. Notice that, if the parameter
s1 is sufficiently large then, the number of particles de-
creases, but the shift on the condensation temperature
caused by the deformation parameter becomes negative.

On the other hand, keeping the number of particles
fixed, with say N ~ 10° — 105, we obtain frequencies of

order wy ~ 1079Hz for s; = 1, wy ~ 10719Hz for s; = 2,
wo ~ 10~'Hz for s; = 4 and so on. In other words, for
a fixed number of particles, wy — 0 if the parameter s;
grows.

In the case of an anisotropic three-dimensional har-
monic oscillator potential v = 3, with 4; = hw;/2,

a; = v/h/muwy, then from expression (33) we obtain
AT. _( a ) 2¢(3/2)¢(2) — Gs/2(1)

To ~ \any (27)1/23¢(3)5/6
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where we have used the usual definitions @ = (wjwows)'/?

n\? . 22 :
and ap, = (%) . In this case, N > 10°° which cor-

responds to a shift on the condensation temperature of
order ~ 107°, positive. Conversely, @ ~ 107'°Hz, for
a fixed N ~ 10° — 10° corresponding to a shift on the
condensation temperature of order 1073,

It is noteworthy to mention that £; could be bounded
up to |&1] < 10 by using @B7) for N ~ 10° — 10°, and
w ~ 10Hz, that is, one order of magnitude less than the
bound obtained in [15], which is notable. If we set o =0
in expression ([B7) we recover the result given in [29].

IV. DEFORMED BOSONIC GAS AND FINITE
SIZE CORRECTIONS

In this section let us calculate the leading correction on
the condensation temperature caused by finite size effects
in our modified bosonic gas. The correction to the con-
densation temperature originates in the zero—point mo-
tion, or equivalently, at the associated ground-state en-
ergy €o [21,122]. Thus, at the condensation temperature
the chemical potential is given by u = €y. Setting p = €q
and a = 0 in (2§]), we obtain that the relative shift in the
condensation temperature is given by

AT, ((v-1) arh2ra2)
=iy <NVC;WT(T) ) (38)

To ¢
—1/2v
2mN\/2((y—1/2) o9mh2\ 3/2
(%) W(”W(T) )
+ O(e3, a?).

For spherical traps, setting ¢y = c1fiwg [32], the shift on
the condensation temperature can be expressed as follows
AT, C(y—1) —251/3 2
~ —cyhwg 2 (Qy, N) ~251/3(51%+2) 39
To <) (s, ) (39)
a(Z_m)l/Q C(FY B 1/2) (QSIN)751/3(51+2).
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where

21h2\3/2
Qs1 = charsl( m ) . (40)
For different values of the shape parameter v, we ob-
tain from expression (B9, for instance, in the case of
linear traps s1 = 1, AT:(CC ~ 6031:1N_2/9 + aN~/9.
For s; = 2, which corresponds to an isotropic har-

monic oscillator, ATZC ~ €0, _,N7V3 4+ aN~V6  For

~ EQSI:SN_2/5 + aN~V5 For s; = 4,
AT? ~ 6051:4]\]*4/9 +aN~2/9 and so on. The possibil-
ity of detecting the term depending upon the deformation
parameter effect entails in this case

c

AT,
S1 = 3, T,

1/2 _
ST < a(2m) Cly 1/2)(QSIN)_SI/3(51+2)~

K3 ()

(41)
The shift in the condensation temperature caused by fi-
nite size effects is typically of order 10~2 [21], then from
expression [{I]) and the results given above, in the case
of 39K and wp ~ 10Hz, leads to N > 1033 for s; = 1,
N > 10'7 for s; = 4, N > 10" for s; = 6, N > 103
for s; = 9, and so on. Conversely, keeping the number
of particles fixed with, let say N ~ 103 — 10°, we obtain,
wo ~ 1.62 x 107°Hz for s; = 1, wg ~ 8.70 x 10~ 10Hz
for s; = 2, wy ~ 5.70 x 107 1°Hz for s; = 4 and so on.
Here the parameter s; has the same behavior as in the
interacting case, that is, wg — 0 implies large values for
s1, when the number of particles is fixed.

For an anisotropic three-dimensional harmonic oscilla-
tor potential (v = 3), we obtain that the relative correc-
tion in the condensation temperature is given by

AT, ¢2) e

_ —-1/3
T~ 3@ P (42)
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In this case, N > 1022 which corresponds to a shift on the
condensation temperature of order ~ 1071°. Addition-
ally, keeping N ~ 102 — 106 implies @ ~ 8.70 x 107 '°Hz,
corresponding to a shift of order 1078, If we set « = 0
then, we recover the usual result [21, 128,130, [34].

V. CONCLUSIONS

Using the formalism of the semiclassical approxima-
tion, we have analyzed the Bose—Einstein condensation
for a modified bosonic gas trapped in a 3-D power law
potential in three regimes, namely, the thermodynamic
limit, finite size systems, and weakly interacting sys-
tems. We have deduced the shift on the condensation
temperature in the thermodynamic limit, in a weakly in-
teracting systems, and finite size systems as well, in func-
tion of the number of particles and the trap parameters,
which are valid for any potential defined by the generic

3-dimensional power—law potential [l within the semi-
classical approximation. We have obtained a bound up
to |&1] < 109 for linear traps to |&1] < 10? correspond-
ing to a free gas in a box, and [&] < 10* for harmonic
oscillator type potential in the ideal case, under typical
conditions. We stress here that an improvement of the
precision in the condensation temperature measurement
would also allow to improve the bounds on &;.

For weakly interacting systems, we have obtained for
the case |€1] < 1, that if the trap parameter s; is suffi-
ciently large then, this decreases the number of particles,
but lead to corrections on the condensation temperature
of order 10~ for any trap parameter s;, which is approx-
imately 3 orders of magnitude smaller than the typical
correction 1072, Conversely, keeping the number of par-
ticles N ~ 10° —10° fixed, leading to frequencies of order
1071 —107? corresponding to shifts on the condensation
temperature up to 107° — 1073, for different values of the
shape parameter s;. These problems could be solved, in
principle, just tuning the interaction coupling by Fesh-
bach resonances to very small values of the scattering
length a, that is, almost to the ideal case, and then, re-
ducing the contribution of interactions on the condensa-
tion temperature below the Planck-scale induced shift for
a sufficient large parameter s;. Nevertheless, these facts
could affect the thermodynamical equilibrium of the sys-
tem, involving some technical difficulties.

On the other hand, finite size effects for sufficient large
s1 leads to a very small correction on the condensation
temperature of order 10710, for any trap parameter s;
and fixed frequency wg, which is 8 orders of magnitude
smaller than the typical correction 10~2. It is a condition
impossible to fulfill. Conversely, keeping the number of
particles N ~ 10° — 10 fixed, lead to frequencies up to
10° — 10~ corresponding to shifts on the condensation
temperature of order 10~® — 1075, for different values of
the shape parameter s;. In other words, these facts sug-
gest that finite size effects are technologically impossible
to be tuned below Planck-scale induced effects, at least
for current experiments.

For fixed frequencies of order 10Hz, in the case of a har-
monic oscillator potential, we obtain N > 1022, which
implies a shift on the condensation temperature of or-
der 1075, in a weakly interacting system, and a shift on
the condensation temperature of order 10719, in finite
size systems. Conversely, for a fixed number of particles
N ~ 10° — 109, this leads to a shift of order 103 for
weakly interacting systems, with @ ~ 107'°. For finite
size systems, w ~ 1072 corresponding to shifts of or-
der 1078, Notice that the relevant contributions coming
from the product (Nw™)™, where m and n, depend on
the properties of the trap in question. These facts suggest
that many—body contributions on the relevant thermody-
namic functions associated with the condensate could be
used, in principle, to constrain significantly the parame-
ter &1, which in our case, for instance, could be bounded



up to |&1] < 103 by using ([B7), under typical conditions.

Here is important to emphasize that the possibility of
a systematic error in the measurements due to the vari-
ation in the corresponding trap frequency, could affect
the usual predictions on the corresponding shift in the
condensation temperature. However, these systematic
errors can be estimated to be less than 1% |37, 138], or
even less than 0.5%, as it was reported in [39]. In fact,
in reference [37] each measurement at a given s—wave
scattering, is compared with a reference measurement for
small values of this parameter of order ~ 0.005, with the
same frequency w and an approximately equal number
of particles. Thus, under these circumstances, the rela-
tive shift AT./T, depends only on the s—wave scattering
length effects, that is, is assumed to be unaffected from
all independent effects, including systematic errors in the
absolute calibration of N and finite-size effects. In addi-
tion, systematic errors are often more easily controlled at
lower temperatures.

On the other hand, the relative shift AT,./T, caused
by interactions, is highly trap—dependent, as can be seen
from expression (33). For instance, in the case of har-
monic traps, long-range fluctuations are suppressed [24]
and the leading term in the relative shift AT,./Ty can
be calculated with perturbative methods [40] like in the
present report. However, higher orders in the relative
shift AT, /Ty, calculated by using a non—perturbative ap-

proach behave as b6’ + (b Ind’ + b4)d"?, in the case of a
harmonic oscillator potential, where 6’ = a/A with A the
thermal de Broglie wavelength [41]. Here a good fit [24]
yields by ~ —3.426, b}, ~ —45.86 and b ~ —155.0. Thus,
it could be interesting to look at the corrections in the
relative shift on the condensation temperature caused by
the deformation parameters by using a non—perturbative
approach.

Finally, we must add that the possible detection of
these corrections, could be out of the current technology.
Nevertheless, it is remarkable that an adequate choice of
the shape associated with the potential under consider-
ation, together with the many—body contributions, open
the possibility of planning specific scenarios that could
be used, in principle, to obtain a possible measure of the
effects caused by the quantum structure of space—time.
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