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CHARACTERISATION AND REPRESENTATION OF NON-DISSIPATIVE
ELECTROMAGNETIC MEDIUM WITH A DOUBLE LIGHT CONE

MATIAS F. DAHL

ABSTRACT. We study Maxwell’s equations ondamanifold N with a medium that is non-
dissipative and has a linear and pointwise response. Ins#tting, the medium can be
represented by a suitab(é)-tensor on thel-manifold N. Moreover, in each cotangent
space onV, the medium defines Bresnel surface Essentially, the Fresnel surface is a
tensorial analogue of the dispersion equation that de=tribe response of the medium
for signals in the geometric optics limit. For example, intispic medium the Fresnel
surface is at each point a Lorentz light cone. In a recentpdpkindell, A. Favaro and
L. Bergamin introduced a condition that constrains the figdéion for plane waves. In this
paper we show (under suitable assumptions) that a sligkhgttiening of this condition
gives a pointwise characterisation of all medium tensorsavaich the Fresnel surface is
the union of two distinct Lorentz null cones. This is for exaenthe behaviour of uniaxial
medium like calcite. Moreover, using the representatiamfdas from Lindellet al. we
obtain a closed form representation formula that pointweemeterises all medium ten-
sors for which the Fresnel surface is the union of two distimarentz null cones. Both
the characterisation and the representation formula asat&l and do not depend on local
coordinates.

1. INTRODUCTION

We will study thepre-metricMaxwell’s equations, where Maxwell’s equations are writte
on a4-manifold NV and the electromagnetic medium is described by a suitatilsyem
metric (3)-tensom on N that pointwise is determined 36 real parameters. In each
cotangent space oN, the electromagnetic medium determines a fourth ordemupuhyal
surface called th&resnel surfaceghat can be seen as a tensorial analogue of the dispersion
equation. The Fresnel surface describes the response wfdtiem to signals in the geo-
metric optics limit [OFR00, Rub02, HO03, PSW09, RRS11]. His wwork we will assume
that the medium iskewon-free Then there are onlg1 free parameters and such medium
models non-dissipative medium. For example, under s@itasumptions the skewon-free
assumption will imply that Poynting’s theorem holds [HO@&Ah10]. On an orientable
manifold one can show that invertible skewon-f(t%g}tensors are in one-to-one correspon-

dence witharea metric By an area metric, we here mearﬁ?@—tensor onN that defines a
symmetric non-degenerate inner product for bivectorsaAnetrics appear when studying
the propagation of a photon in a vacuum with a first order atioe from quantum electro-
dynamics[DH80, SWW10]. The Einstein field equations hage dleen generalised into
equations where the unknown field is an area mdtric [PSWOa1.fufther examples, see
[PSWO09| SWW1D].

We know that in isotropic medium like vacuum, the Fresnefaadr is a Lorentz null

cone at each point itN. That is, Lorentz geometry describes the propagation ot lig

isotropic medium. Conversely, it was conjectured1@99 by Y. Obukhov and F. Hehl

[OH99,[OFRQO0] that isotropic medium is the only (non-dissiye and axion-free) medium

where the Fresnel surface is a Lorentz null cone. This watiafigrproven already in
1


http://arxiv.org/abs/1203.6336v1

2 DAHL

[OFRO0]. However, the full conjecture was only establishe¢FB11] by A. Favaro and
L. Bergamin. For an alternative proof, see [Dah11a] andddahgr discussions and related
results, see [OR02, HOO3, [LHO04, 1ti05] and Secfiod 3.2 below

Since the Fresnel surface idth order polynomial surface, the Fresnel surface can also de
compose into the union of two distinct Lorentz null conest &mample, this is the case in
uniaxial mediunike calcite (CaCQ) [BW99, Section 15.3]. In such medium, the propaga-
tion properties of the medium does not only depend on daechut also on the polarisation
of the wave. In uniaxial medium, there are two eigenpoléiniaea and one null cone for each
polarisation. In consequence, there is one Fermat's pim&r each polarisation [PSWO09].
This is the the source for the physical phenomenon of dowftaation.

We know thatuniaxial mediumis an example of medium with two distinct null cones.
A natural next task is to understand the structure of all onadiensors with this prop-
erty. This is the main result in_[Dah11b], which gives the ptete local description of
all non-dissipative medium tensors for which the Fresndhbse is a double light cone (up
to suitable assumptions). The importance of this resulas it shows that are three and
only three medium classes with this behaviour. Moreover tiieorem gives explicit coor-
dinate expressions for each medium class. The first mediass ¢ a slight generalisation
of uniaxial medium. The second class seems to be a new classdfims. The last class
seems to be unphysical; heuristic arguments and preligimamerical tests suggest that
Maxwell's equations are not hyperbolic in that cldss [Dd#j11n the below, this result is
summarised in Theorem 3.5.

The main contribution of this paper is Theoreml5.1. Undetafle assumptions, this theo-
rem gives a tensorial characterisation (condiffgnin Theoreni5.11) of all non-dissipative
medium tensors for which the Fresnel surface is two distight cones. In a suitable limit,
the condition also reduces to tislosure conditions? = —\1Id for a A > 0 that charac-
terises medium with a single light corie [HO03]. MoreoverTheoreni 51 we give a ten-
sorial representation formula (equatignl(64)) that patanses all non-dissipative medium
tensors with two distinct light cones. Both the charactgig and representation formula
are pointwise results.

The background and motivation for Theoréml5.1 comes fromcantepaper by I. Lin-
dell, A. Favaro and L. Bergamin [LBF12]. In Sectibh 4 we witidfly summarise some
of the results from[[LBE12]. In this paper, the authors idtroes a second order polyno-
mial condition on the medium tensor (equatibnl (54) in the@wgl Equation[(54) is derived
from a constraint on polarisation of plane waves, and in [LEJRt is shown that whenever
condition [54) is satisfied (plus some additional assump)iothe Fresnel surface always
factorises into two second order surfaces. In Se€fidn 4.@Wéurther motivate that equa-
tion (B4) is in fact a general factorisability condition fitre Fresnel surface. At first this
might seem unexpected since equation (54) was initiallivedifrom a constraint on polar-
isation, yet it is able to constrain the behaviour of sigmelexl. However, the explanation is
that for electromagnetic waves, polarisation and signeédmre not independent properties
but tied together. In Theorem 5.1, conditifif)] is a slight strengthening of equatidn {(54).
Also, representation formula(64) in Theoréml5.1 is adafteah [LBF12] and constitute
a subclass of generaliségrmedium introduced by I. Lindell and H. Wallén in [LWO02]. A
further technical discussion on Theoreml 5.1 is given in tieb@f Section b.

Some of the computations in the paper rely on computer agdbor further information
about the Mathematica notebooks for these computatioeaselsee the author’'s homepage.
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2. PRELIMINARIES

By amanifold N we mean a second countable topological Hausdorff spacéstlatally
homeomorphic tdR™ with C'°°-smooth transition maps. All objects are assumed to be
smooth where defined. L&IN andT*N be the tangent and cotangent bundles, respec-
tively. Fork > 1, let Q’“(N) be antisymmetric tensor fields withlower indices (that is,
k-forms). Similarly, letQ;. (V) be antisymmetric tensor fields withupper indices. More-
over, letQ%(N) = Q2(N) ® Q,(N). Let alsoC*(N) be the set of scalar functions (that
is, (8) -tensors). The Einstein summing convention is used throuigh/Vhen writing ten-
sors in local coordinates we assume that the componentfydhite same symmetries as the
tensor.

2.1. Twisted tensors. If N is not orientable we will also neetvisted tensor§HOO3,

Section A.2.6]. We will denoted these by a tilde over the ¢erspace. For example, by
Q?(N) we denote the space of twisteeforms. If G € Q?(N) then in each coordinate
chart(U, z%), G is determined by a usuatform G|y € Q2?(U) and on overlapping charts

(U,2") and(U,7"), forms G|y andG|; satisfy the transformation rule

ox®
@ Glg = sgndet <W> Glu,

wheresgn: R — R is thesign functionsgn « = z/|z| for z # 0 andsgn x = 0 for z = 0.
If locally

(2 G’U = §Gijd.%' A da?, G‘fj = §Gwd1‘ A da?,

then equation{1) implies that componetits and@j transform as
~ oz® ox" 0x*

(3) G” = Sgn det <W> Grs%@
When the chart is clear from context, we will simply write= %Gijdmi A dz?. Similarly,
if & € Q% (N) then in each chart is represented by @ € 92 (U) and locally

A9
oxt  OxI
for suitable componentsy,. Moreover, ify’, andz’ are components fot in overlapping
charts(U, z%) and(U, 2*) then we obtain the transformation rule
oz®\ ,,0x" Oz" ozt O

K _—.

oxb ) "oz 03 OxP Oxd

1 ..
4) Kk = gkc?sdxr Adz® ®

(5) RY = sgndet(

Compositions involving twisted tensors are computed inrtatural way by composing
local tensors. For example, 4f n € Q% (N) their composition defines an element n €
0% (N) and if ks, andk o i are written as in equatiofil(4) then

- 1 .
(6) (komi = oK,
If M is orientable, then twisted tensors coincide with theimmair (or untwisted) coun-
terparts. For example, i/ is orientable, equatiori](5) implies th@fs(N) = Q% (N).
There are also other way to define twisted forms. Equatibredincides with definition

of a pseudo-form in [Fra04]. For a global definition of twdt®rms using the orientation
bundle, see [AMRO1, Supplement 7.2A].
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2.2. Tensor densities. In addition to tensors and twisted tensors, we will needdedsn-
sities and twisted tensor densities.(;’ﬁ)—tensor density of weight € Z on a manifoldV is

at...

determined by components ', ¥ in each chartU, %), and on overlapping charté/, z*)
and(ﬁ, 7') we have the transformation rule [Spi99],
fzil-iiéfi’] _ <det (%))w LT oz _ ox’1 9x™ BE“P.

07J S1Sa gabt T 9gbe Ot Ox'e

A twisted (f]’) -tensor density of weight € Z on N is defined in the same way, but with an
additionalsgn det (g%) factor in the transformation rule as in equatidns (3) and (5)

TheLevi-Civita permutation symboklre denoted by; ands¥*! Even if these coincide
as combinatorial functions so thaf;,; = £kl they are also different as they globally
define different objects on a manifold. Namelyzif;;, c* andz;;x,, €/*! are defined on
overlapping coordinate chart®, z*) and(ﬁ , '), respectively, then

o cr = (PR, O orton oxt
Cabed = AU\ 575 | Cpars =0 558 Hre o’
O oz 9z 07 07T
~abed bqrs _—
(8) € det (&W) < BuP 914 01" 9z

That is,e;j; defines &(§)-tensor density of weight 1 on N and="/*! defines &;)-tensor
density of weightl. For future reference, let us note that

9) e e sij = 4056, € ey = 31618207,
where&;ﬂ is theKronecker delta symbaind bracket§; .. .4, indicate that indices,, .. . , i,
are antisymmetrised with scalifgp!.

2.3. Maxwell's equations on a4-manifold. On a4-manifold IV, thepremetric Maxwell’'s
equationsread

(10) dF = 0,
(11) G = J,
(12) G = &(F).

whered is the exterior derivativel” € Q2(N), G € Q2(N), J € Q3(N) andx € Q%(N).
Here, F, G, are called the electromagnetic field variables/ describes the electromag-
netic sources, tensor models the electromagnetic medium and equafioh (12) is know
as theconstitutive equationIn local coordinates, equatioris {10)=(12) reduce to thelus
Maxwell’s equations. For a systematic treatment, see [RUBDO3].

If locally F = L F;da’ A da?, G = $G;;da’ A da? andr is written as in equatio{4) then
constitutive equatiori_ (12) is equivalent with
1
(13) Gij = §I£§L;')Fab.
Thus equation (12) models electromagnetic medium withealimnd pointwise response.

Supposex € ﬁ%(N) and supposéU, x') is a chart. Then the local representationsof
in equation [(#) defines a pointwise linear mMap(U/) — Q?(U). In U we can therefore
represenk by a smoothly varying x 6 matrix. To do this, leD be the ordered set of index
pairs{01,02,03, 23,31,12}, and if J € O, letdz’ = dxz”* A dz’2, where.J; and.J; are
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the individual indices forJ. Say, if.J = 31 thendz”’ = da?® A dz'. Then a basis foR2?(U)
is given by{dz’ : J € O}, that s,

(14)  {d2® Adat,dz® A da?, da® A dad, da? A dad, dad A dat, daet A da?Y.

This choice of basis follow$ [HO03, Section A.1.10]. By etijpia (4) it follows that

(15) k(de?) = Zm?d:ﬂl, J e O,
€0
wherer{ = r7';2. Letb be the natural bijection: O — {1,...,6}. Then we identify

coeﬁicients{nl : I, J € O} for k with the smoothly varylngi x 6 matrix P = (k7)1
defined asﬁf = Pb([)b(J) for1,J € O.

Suppose” = (k7)1 andP = (%7)1, are smoothly varying x 6 matrices that represent
tensorx in overlapping chartgU, %) and(U, z°). Then equatior({5) is equivalent with

- oz’ 0 ox
li{ = sgndet <6,ﬂf > 8:;] %(;CL, I,Je€O,
LeO

where

oz’ oz’ 0z’2 Oz’ Pxh
1 — - I
(16) o7~ onh ok onh ook 17 €O

and 577 am is defined similarly by exchanging andz. For matricesl” = (a~1 )rg andS =

(‘95” )IJ, we haveT = S~!, whence equatior]5) is further equivalent with the matrix
equatlon

(17) P = sgndet@f) TPT!,

In a chart(U, x%), we definetraces: U — R anddet x: U — R as the trace and deter-
minant of the pointwise linear map?(U) — Q%(U). When P is as above it follows that
trace k = trace P anddet x = det P. When these definitions are extended into each chart
on N equation[(1lF) shows thatace x € C*°(N) anddet k € C*°(N). Moreover, ifx is
written as in equatiori{4), then

L 4

tracek = 2%

At a pointp € N we say that is invertible if (det x)|, # 0. If Id is the identity tensor
Id € Q% (N), then writingId as in equatiori{4) givekl, = §.5] — 6:6%.. For f € C°(N)
it follows thattrace fId = 6f.

2.4. Decomposition of electromagnetic mediumAt each point of a4-manifold N, an
element onQQ(N) depends 0136 parameters. Pointwise, su@)-tensors canonically de-
compose into three linear subspaces. The motivation feiddstomposition is that different
components in the decomposition enter in different paresleftromagnetics. Sele [HO03,
Section D.1.3].
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Proposition 2.1. Let N be a4-manifold, and let

Z = {keQ%(N):unr@) =ru) Avforall u,v e Q*(N),
trace k = 0},
W = {keQ%N):uAkr@) =—r(u) Avforall u,v e Q*(N)},
U = {flde Q%(N): feC®N)}.
Then
(18) DPy(N) = Zo W o U,
and pointwisedim Z = 20, dim W = 15 anddim U = 1.

If we write arx € Q%(N) ask =Dk + @k + Crwith Dk e Z, D e W, ®k e U,
then we say that)x is theprincipal part, @k is theskewon part®)x is theaxion partof
x [HOO3]. For a proof of Proposition_2.1 as stated above, sehiDa], and for further
discussions, see [Rub02, HO03, Fav12].

In 2 (N) there is a canonical isomorphisfitz(N) — Q2 (N) known as thePoincate
isomorphism[Gre78,[FavIR]. Let us first give a local definition. #f ¢ Q%(N) on a
4-manifold N, we definer as the elemertt € Q% (V) defined as

— b _cd
(19) lig{; = Zersab’{gdec g

whenx and are written as in equationl(4). Equations$ (7)—(8) imply tihét assignment
defines an element € Q% (V). Forx € Q%(N) we definer in the same way and we also
have a canonical isomorphisfity (V) — Q% (N).

The next proposition collects results far In particular, parf(i)] states thak can be in-
terpreted as a formal adjoint ef with respect to the wedge product @iforms. In con-
sequence, the Poincaré isomorphism is closely relatduetdécomposition in Proposition
[2.1. For example; € ﬁ%(N) has only a principal part if and only #f = % andtrace x = 0.
For a further discussion, see [Fav12].

Proposition 2.2. SupposéV is a4-manifold andx € QQQ(N).
(i) %is the uniques € Q2(N) such that
(20) k() Av = uAR@) forall u,v e Q*(N).

(i) FId= fIdforall f € C(N).
(i) ®=randifn € Q%(N), thenkon =7oR.

(iv) tracek = trace k.

(v) Ifu A k(u) = 0 holds for allu € Q%(N) thenk + & = 0.

Proof. Parf(i)] follows by writing out both sides in equation_{20) in cooraiies. Partgii)]
and([iii)] follow by part[(i)] Parf(iv)]is a direct computation. For pgx)we have

ul(k+R)(v) = %((u—i—v)/\m(u—kv)—(u—v)/\/@(u—v))

for all u,v € Q%(N), and the claim follows since the right hand side vanishes. O
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If pis a twisted scalar tensor density of Weigho~n a4-manifold N and A, B € Qa(N)
then we defingp A ® B as the twisted tensor ifR%(N) defined as follows. If locally

_ 1 745 0 o) _ 1nij 0 o)
(21) (pA®B)Y, = pereapA’BY

whenp A ® B is written as in equatiori[4). ThatA ® B transforms as an element in
Qé(N) follows by equation[{[7). Similarly whep is an untwisted scalar density we define
pA® B € Q%(N) by equation[(21). For both twisted and untwisgedie have identities

(22) pA®B = pB® A,
(23) (pA®@B)or = pA®(Br),
(24) Fo(pA®B) = p(Ak)® B,

(25) (pA®B)o(pB® A) = trace(pB® B) (pA® A).

In Sectior 4.2 and in the proof of Theorém]5.1 we will need til®¥ing lemma.

Lemma 2.3. SupposeV is a4-manifold andx € QQQ(N) is defined as
(26) k = p(A®B+B®A)+ f1d,

wherep is a scalar tensor density of weight A, B € Qy(N) and f € C°°(N). Then
k|, = 0 ata pointp € N implies thatf|, = 0 andp|, = 0 or A|, = 0or B, = 0.

If x is written as in equatiori{4) and, B are written as above, then equationl(26) states
that

rs

R = persan (APBY 4+ ATBY) 4 f1dY.

Proof. By restricting the analysis tp and introducing notatiomd! = A2 and B! =
B2 we obtain

(27) 20(ATBY + A7BY) + fel/ = 0 forall I,J € O.

Setting/ = J and summing implies that_ ;. pATBT = 0. Multiplying each equation in
(27) by A’ B’ and<!’ and summing, J yields two scalar equations. Eliminatirfgfrom
these equations gives

2

1
I\2 I\2 IJ AI nJ _
p (Z(A))(Z(B)>+§ Y MA'B = 0,
Ieo Ieo 1,J€0
and the claim follows. O

2.5. The Fresnel surface.Let x € QQQ(N) on a4-manifold V. If x is locally given by
equation[(#) in coordinates:’}, let

(28) gg]kl — 1 aiaz ,.asi ,.a4) blbgb5k€b3b4b6l

Emblbg Kb3b4 b5b(56 €ajazazaq-

If A{EZ’} are overlapping coordinates, then equatibns [5), (7) [@hion@y that components
4! satisfy the transformation rule

L da" 0% 0% oF* o
2 ikl _ gL abed oL el
(29) % ‘det <a§s> ‘ Ry e
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Thus component%ij“ define a twisted(é)-tensor density%, on N of weight1. The
Tamm-Rubilar tensor densiftHO03,[Rub0?2] is the symmetric part & and we denote

this twisted tensor density by. In coordinates@/* = %(” kl), where parenthesis indi-
cate that indicegjkl are symmetrised with scaliny4!. If locally ¢ = &;dx' it follows
that @ik c.66) = 40 ¢,¢,6,6,, and we caltgiMe ¢ ¢, the Fresnel polynomial The
Fresnel surfacat a pointp € N is defined as

(30) Fy(k) = {£eTy(N):9ME¢606 =0}

By equation[(2B), the definition df,(x) does not depend on local coordinates. E¢t) =
[1,en Fp(x) be the disjoint union of all Fresnel surfaces.

The Fresnel surfacé’(x) is a fundamental object when studying wave propagation in
Maxwell's equations. Essentially, equati@?j’“l&-gjgkgl = 0 in equation[(3D) is a ten-
sorial analogue to the dispersion equation that descrila@e wropagation in the geometric
optics limit. ThusF'(k) constrains possible wave speed(s) as a function of directio
general the Fresnel surfaég(x) is a fourth order polynomial surface ij;(/V), so it can
have multiple sheets and singular poimnts [OHO04].

There are various ways to derive the Fresnel surface; byisiyi@d propagating weak sin-
gularity [OFRO0[ Rub0Z, HO03], using a geometric optic®¥tDah11a], or as the char-
acteristic polynomial of the full Maxwell's equations [SWWM]. The tensorial description
of the Fresnel surface is due to Y. Obukhov, T. Fukui and G.IRufOFRO0].

3. RESULTS FOR SKEWONFREE MEDIUM

In this section we collect a number of results for twistednske-free tensors that we will
need in the proof of Theorem 5.1.

3.1. The normal form theorem by Schuller et al. The normal form theorem for skewon-
free medium by F. Schuller, C. Witte and M. Wohlfarth [SWW Ebows that there exists
23 simple matrices such that any skewon-free medium can p@iatibe transformed into
one of these normal forms by a coordinate transformatios, glassibly, a conjugation by
a Hodge operator. Next we formulate a slightly simplifiedsi@n of this result that is
sufficiently general for the proof of Theordm b.1. Let us nibtat the original theorem
in [SWW10] is formulated forarea metrics However, under mild assumptions these are
essentially in one-to-one correspondence with skewamifzasors if2%(N). The below
presentation is based on the reformulatiori in [Dahl1c].

SupposeL is an element i (N) ® Q;(N) on ann-manifold N. Then we can treak
as a pointwise linear maf!(N) — Q'(N). By linear algebra, it follows that around
eachp € N there are coordinates such thapatomponentgZ?);; is a matrix in Jordan
normal form. Since there are only finitely many waysrar n matrix can be decomposed
into Jordan blocks, it follows that there are only a finite tn@mof normal forms for|,,.

It should be emphasised that the structure of the Jordanatdomm is unstable under
perturbations of the matrix. Hence, the normal form is inegahonly valid at one point.
The normal form theorem in [SWWI0] is essentially an analsgaesult for skewon-free
elementss in Q% (N). The difficulty in proving such a result is easy to understafitle
matrix that represents at a point is & x 6 matrix. By a linear transformation iR%, we
can transform this into an Jordan normal form, but such astommation,a priori has36
degrees of freedom. On the other hand, for a coordinateftnanation on/V, the Jacobian
only has16 degrees of freedom. It is therefore not obvious that coatditransformations
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have enough degrees of freedom to transfaermto a normal form. See equatidn {17). For
a further discussion, see [SWW10, Dah11c].

The below theorem summarises the normal form theorern_in [W]\Wpecialised to the
setting that we need here. Let us make three comments. thedbelow theorem is formu-
lated for twistedk € QQQ(N ) instead of forarea metrican [SWW10] (which are ordinary
tensors) or untwisted € Q%(N) in [Dah11¢]. Second, the theorem contains the techni-
cal assumption that is invertible and the Fresnel surface has2adimensional subspace.
This greatly simplifies the result since it implies that thare only7 possible normal forms
and one does not need any conjugations by Hodge operatoese Hssumptions will also
appear in Theorein 8.1. For a further discussion of thesarasfns, see end of Section
[B. Third, the reason the normal form theorem is useful carelba from Proposition 2.1.
Namely, in arbitrary coordinates, a skewon-frees 2, (N ) depends or2l1 parameters.
However, from Theorern 3.1 we see that each normal form depenly on2, 4 or 6 pa-
rameters. This reduction of parameters will make the coerlgebra feasible in Theorem
5.1.

The division into metaclasses in [SWW10] is based on theajofiock structure of the
matrix representation of at a point. Since this structure is unstable under pertiorstit
can be difficult to determine the metaclass both in the nwakcase and the symbolic case
[LZW97].

Theorem 3.1. SupposeV is a4-manifold andx € Q% (N). If p € N and

(a)  has no skewon part at,
(b)  is invertible atp,
(c) the Fresnel surfacé),(x) does not contain a two dimensional vector subspace.

Then there exists coordinatga’}?_, aroundp such that thes x 6 matrix (x7)7; that
representssz|,, in these coordinates is one of the below matrices:

o Metaclass I:
ap 0 0 =/ 0 0
0 ay O 0 — 2 0
0 0 (0%} 0 0 —53
(31) ,81 0 0 (65} 0 0
0 B2 O 0 9 0
0 0 pf3 0 0 a3
e Metaclass II:
ap —p1 0 0 0 0
61 ap O 0 0 0
(32) 0 a9 0 0 —52
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e Metaclass lll:
ar =B 0 0 0 0
i a0 0 0 0
1 0 (05} 0 0 —51
(33) 0 0 0 (05} ﬁl 1
0 0 1 -8 a O
0 1 51 0 0 a1
e Metaclass IV:
ar 0 0 -5 0 0
0 a9 0 0 —,82 0
0 0 a3 O 0 oy
(34) ﬁl 0 0 (05} 0 0
0 By O 0 Qi 0
0 0 a4 O 0 a3
e Metaclass V:
o =B 0 0 0 O
Bi a1 O 0 0 0
0 0 (65) 0 0 Qs
(35) 0 1 0 (65} ,81 0
1 0 0 —51 (651 0
0 0 Qs 0 0 Qa9
e Metaclass VI:
a1 0 0 —51 0 0
0 a9 0 0 Oy 0
0 0 Qs 0 0 (073
(36) ,81 0 0 (65} 0 0
0 Oy 0 0 a9 0
0 0 (673 0 0 Qs
e Metaclass VII:
ap 0 0 a4 0 O
0 (6% 0 0 (075 0
37) 0 0 a3 0 0 o

ar 0 0 o O O
0 (675 0 0 (%) 0
0 0 (673 0 0 Qs

In each matrix the parameters satisfy, as,... € R, 1, 52,... € R\ {0} andsgn 51 =
Sgn /82 = ...,

Proof. Let (U, z*) be coordinates around and letP = (x7);; be the6 x 6-matrix that rep-
resentss at p in these coordinates. By treatiigas a manifold with coordinatege’}?_,
equation[(#) defines a tenserc Q% (U). Sincer is invertible atp and F,(x) has no2-
dimensional subspace, the Jordan normal forn? agn not have a Jordan block of dimen-
sion2, ..., 6 that corresponds to a real eigenvalugofFor area metrics this is established
in Lemma 5.1 in[[SWW10]. (Or, for a translation to elementsf (U), see the proof
of Theorem 2.1 in[[Dah11b].) In the terminology of [SWW10Jdabah11b] this implies
that x|, is of Metaclasses 1,.., VII. Hence Theorem 3.2 in_[Dah1/lc] (the restatement of
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the normal form theorem in [SWWI10]) implies that aroyndnanifoldU has a coordinate
chart(U, 2%) such that ap, we have

(38) TPT™! = R,

whereT = (%}])u is as in equatior (16) ang is one of the6 x 6 matrices in equations
(B1)—(37) for some parameteds, as, ... € RandBy, fa,... > 0. Since(U, x!) is a chart
in IV it follows that(U, 7) is also a chart iV Multiplying equation[[38) bygn det <g%)

and comparing with equatioh ([L7) shows that det <%) R is the matrix that represents
k€ Q% (N) in coordinates{#'}3_,. If sgn det (%) = 1 or if R is in Metaclasses |,

IV, VI, VII, the claim follows. On the other hand, ¥gn det (g%) = —landR is in
Metaclasses I, Ill, V, it remains to prove that we can chatigesigns of the-entries in
the normal forms by an orientation preserving coordinaesformation. Le{z'}?_, be
coordinates determined By = J7/ for a suitabled x 4 matrix.J = (J});;. For Metaclass
Il a suitable Jacobian i@]}')ij = diag(1,—1,—1,1), and for Metaclass Il and V a suitable
Jacobian is

10 0 O
00 —-120
J= 01 0 O
00 0 1

0

3.2. Non-birefringent medium. By apseudo-Riemann metran a manifoldV we mean

a symmetric()-tensorg that is non-degenerate. N is not connected we also assume that
¢ has constant signature. ByLarentz metriove mean a pseudo-Riemann metric ofra
manifold with signatur¢ —+++) or (+———). Let# be the isomorphisms T*N — T'N,

so that if locallyg = g;;da’ ® da? thenf(a;da’) = og¥ 52, Using thej-isomorphism we
extendy to covectors by setting(¢,n) = g(¢*, #°) wheng, n € T3 (N).

For a Lorentz metrig thelight coneat a pointp € N is defined as
Np(g) = {£€T7(N):g(&€) =0},
and analogously to the Fresnel surface we defitig) = [[ .y Np(9)-
If ¢ is a pseudo-Riemann metric ontananifold IV, then theHodge star operatoof g is

defined as the, € 0% (V) such that if locallyg = g;jdz’ © da?, andx, is written as in
equation[(#), then

(39) (x)2 = /]det g| g " cqprs,

wheredet g = det g;; andg™ is theijth entry of(g;;)~*. Thenx, has only a principal part.
See for example| [HO0B3, Fav12]. Moreovergils a Lorentz metric ang = x4, we have

(40) F(k) = N(g).
Equation[(40) is the motivation for definimg(¢g) as a subset of the cotangent bundle.

Definition 3.2. SupposéV is a4-manifold andx € QQQ(N). Thenk is non-birefringentif
there exists a Lorentz metricon NV such that equatiomn (40) holds.
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Thus, in non-birefringent medium, the Fresnel surfagés) has only a single sheet, and
there is only one signal speed in each direction. In norfiibigeent medium it follows that
propagation speed can not depend on polarisationY@aR*, a specific example of a non-

birefringent medium is = \/E*g, whereg is the Lorentz metrigg = diag(—i, 1,1,1)

onRR*. Then constitutive equatiof_({12) models standard isotrapdium orR* with per-
mittivity ¢ > 0 andp > 0. The next theorem gives the complete characterisationl of al
non-birefringent media with only a only a principal part.

Theorem 3.3. SupposeN is a 4-manifold. Ifx € Q2% (N) satisfies@x = 0, then the
following conditions are equivalent:

(i) ®k = 0andx is non-birefringent.
(i) x% = —f1Id for some functiorf € C°°(N) with f > 0.
(iii) there exists a Lorentz metrigand a non-vanishing functiofi € C*°(NN) such that

(41) ko= [y

Implication[(i)] = [(if)]was conjectured in 1999 by Y. Obukhov and F. HehI [OH99, OFR00
Under some additional technical assumptions the impticatias already proven in [OFR00].
However, the general case was only established in [FB11] biya&aro and L. Bergamin
by a case by case analysis using the normal form theorem inN$8Y. For an alterna-
tive proof using a Grobner basis, sée [Dahlla] and for ammésults, see [LH04, Iti05,
RRS11] and Sectionh 3.3 below. Implicati§m)] = [(i)] is a direct computation. In the
setting of electromagnetics, implicatiffm| = [(ii)] seems to first to have been derived by
M. Schonberg[[Rub02, Schi71]. For further derivations asdubsions, see [HOD3, Rub02,
OFRO00/ OH99, Jad79].

When a generak € Q2%(N) on a4-manifold N satisfiess> = —f1d for a function
f € C*°(N) one says that satisfies theclosure condition For physical motivation, see
[HOO03, Section D.3.1]. For a study of more general closulatiomns, and in particular, for
an analysis wher might have a skewon part, sée [Favil2, [BF12], and Sectidbel@®v.

3.3. Medium with a double light cone. Since the Fresnel surface istth order surface,
the Fresnel surface can decompose into two distinct Loneuitzcones. In such medium
differently polarised waves can propagate with differeat@speeds. This is, for example,
the case iruniaxial crystalslike calcite [BW99, Section 15.3]. This motivates the next
definition.

Definition 3.4. SupposeN is a4-manifold andx € S~222(N). If p € N we say that the
Fresnel surfacé’,(x) decomposes into a double light coifi¢here exists Lorentz metrics
g+ andg_ defined in a neighbourhood pfsuch that

(42) Fp(k) = Np(g4+) U Np(g-)
andNp(g+) # Np(g-)-
If g, h are Lorentz metrics, theN,,(g) C N,(h) implies that ap we havey = C'h for some

C € R\ {0}. See for example [Tou65]. Thus, Afdecomposes into a double light cone,
thenk is not non-birefringent.

Under some assumptions, the next theorem gives the conpaé&tavise description of all
medium tensors with a double light cone. The theorem geresathe result in [Dah11b]
to twisted tensors.
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Theorem 3.5. SupposeV is a4-manifold andx € QQQ(N). Furthermore, suppose that at
somep € N

(a)  has no skewon part at,
(b)  is invertible atp,
(c) the Fresnel surfacé),(x) factorises into a double light cone at

Then exactly one of the below three possibilities holds:

(i) Metaclass|. There are coordinate$z’}?_, aroundp such that the matriXx7);
that represents|, in these coordinates is given by equat{8d]) for somew;, o, a3 €
Randpy, f2, P03 € R \ {O} with

Qg = a3, [z =[3, sgnf =sgnfs=sgnp;
and eitheray # as or 31 # B2 or both inequalities hold.
(i) Metaclass!l. There are coordinate$z?}3_, aroundp such that the matrixx?/ ) s

that represents|, in these coordinates is given by equat{®) for somex;, as €
Randfy, B € R \ {0} with

a1 = a2, 51 :52-

(i) Metaclass|V. There are coordinate§z?}?_, aroundp such that the matrixx7 ).
that represents|, in these coordinates is given by equat{@d|) for somew, ag, a3, s €
R andﬁl, B2 € R \ {0} with

=y, Pr=P0, a1 #0, ai#aj

Conversely, ik is defined by one of the above three possibilities, then theral surface
of k decomposes into a double light conepat

Proof. Forx € Q% () the result is proven in [Dah1lb, Theorem 2.1] (up to a pertiosta
of coordinates in Metaclass 1). The generalisationsta& QQQ(N) follows by the same
argument used to prove Theorém]3.1. The converse directiore verified by computer
algebra using the explicit Lorentz metrics givenlin [Dahfl1b O

In Theorenl 3.6, uniaxial medium is given by Metaclass | when= as; = a3 = 0. The
main conclusion of the theorem is that there are two (and tmby additional classes of
medium where the Fresnel surface decomposes (MetaclassesIV). In all three classes,
there are explicit formulas for the Lorentz metrics thatdaise the Fresnel surface. For a
further discussion of these metrics, see [Dah11b].

In Theoren{ 5.1 we will show that under suitable assumptivesyeskewon-free medium
with a double light cone can be written as in equat(od (43)s Tiedium class is a special
class ofgeneralised@-mediumintroduced by I. Lindell and H. Wallén in_[LWO02]. For
further discussions of this medium class, see [LWO04, FekBEI12].

Proposition 3.6. SupposeV is a 4-manifold, g is a Lorentz metricp is a twisted scalar
density of weight, A € Q(N) andCy € R\ {0} and C; € R. Moreover, suppose
k € Q% (N) is defined as

(43) K = Crxg+pA® A+ Cy1d.
Thenk is skewon-free the following claims hold pointwiseNin

(i) « is non-birefringent if and only il = 0 or p = 0.
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(i) » has a double light cone if and only4f# 0, A # 0 and

2
(44) detk # (6’12 + C22)2 (Cg + %trace(pz ® A))

Proof. We restrict the analysis to a poipte N, and let{z*}3_, be coordinates around
p such that the Lorentz metric has componepts: + diag(—1,1,1,1) atp. For claim
[(D} let us note that the axion componentofloes not influence the Fresnel polynomial.
See for example [HO03]. Thus is non-birefringent whemrd = 0 or p = 0. For the
converse direction, supposgeis non-birefringent. Then Theorem B.3 implies thiat—
%tracem Id)? = —\Id for some) > 0. Writing out the last equation and solving the
associated Grobner basis equations (see [CI.O07, Dahdi@j)s thatA = 0 or p = 0. For
claim[(i)}, let us writeA = %Aiﬂ' a?ci A %. Then the Fresnel polynomial ais given by

(45) GGG a8 = —CF (976¢) (HY&E),
whereg’ = (g71);; andHY = C1¢" — 2pA®g,, A% (see [(WO2[LBF1R]). Moreover,

(46) detk = (C7+ 022)2 (C} + C5 + E + Cytrace(p A ® A)),

whereE € R is an expression that depends @r; and A. We will not need the explicit
expression for&. However, by computer algebra we see that the sahadso appears in
det H for matrix H = (H");;. Then equatior({46) yields

2

detH = — (Clz +E— i (trace(p A @ A))2>
(47) _ [ detr Csy + 1trace( A® A) \
N (S R L S R '

If x has a double light cone, claiffj]implies thatA +# 0 andp # 0. Moreover, by Propo-
sition 1.5 in [Dah11b] and since polynomials have a uniquofésation into irreducible
factors [CLOOQY, Theorem 5 in Section 3.5], we have H < 0 and equation (47) implies
inequality [44) fordet <. Conversely, if the inequalities in clajfi)]are satisfied, then equa-
tion (47) shows thatlet H < 0, sog and H both have Lorentz signature at To complete
the proof we need to show that there is no constamt R\ {0} such thay” = CH%. Since
A # 0 andp # 0, this follows by inspecting equationé = CH" fori = 0,..., 3. O

4, DECOMPOSABLE MEDIA

In this section we first describe the class of decomposabtéumeintroduced in[[LBF12].
In particular, in Theorern 413 we describe the sufficient dos derived in[[LBF12] that
imply that a medium is decomposable. In Theofem 5.1 thesditimms will play a key
role. In Section 413 we will describe some results that ssigtat conditioff{i)]in Theorem
[4.3 is a general factorisability condition for the Fresnaiypomial. Following [LBE12] we
restrict the analysis t&* so that we can work with plane waves.

4.1. Plane waves inR*. We say that a tens@ onRR* is constantif there are global coor-
dinates forR* where components fdF are constant. If we assume that many tensors are
constant, we assume that they are constant with respea &athe choice of coordinates.
Below we also use notatiadn* (N, C) to denote the space &fforms on a manifoldV with
possibly complex coefficients.
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Suppose: € 0% (R*) is constant and’, G € Q%(R*) are defined as
(48) F =Re{e"®X}, G =Re{e®Y},

where® is a function® : R* — R such that/® is constant and non-zerd,, Y € Q?(R*, C)
are constant and not both zero FifandG solve the sourceless Maxwell's equations we say
that ' andG is aplane wave

Proposition 4.1. Suppose: € Q%(R*) is constant andb is a function®: R* — R such
that d® is constant and non-zero. Moreover, suppds§g” are constan-forms X, Y €
Q2(R*,C). If F and G are defined by equation@8), then the following conditions are
equivalent:

(i) Fand@ is a plane wave.
(i) d® € F(x) and there exists a constant € Q!(R*, C) such thatd® A a # 0,
d® A k(d® Aa) =0and

(49) X = dPAa,
(50) Y = k(d®Aa).

Proof. Let¢ = d®. If F andG is a plane wave thefi = 0 implies that
(51) EAX =0, EAY =0, Y =kr(X).
The first equation in equation (51) implies that there existenstant-form o € Q! (R*, C)

such thatX = £ A a. Itis clear thata and& A o are both non-zero, since otherwise
X =Y = 0. Combining the latter two equations in equatibnl (51) ingptieat

(52) ENK(ENQ) = 0.

Since this linear equation fax has a non-zero solution, it follows thate F(x). See
for example,[[OFR00, Rub02, HO(O3, Dahl1a]. This compldtegptoof of implicatiorn()]
=[(i)] For the converse implication it suffices to verify that etipres [48)-{(50) define a
solution to Maxwell’'s equations. O

4.2. Decomposable medium.The next definition and theorem are fram [LBF12]. It is not
known if the converse of Theordm 4.3 is also tiue [LBF12].

Definition 4.2. Suppose: € Q% (R*) is constant. Then we say thatis decomposablé
there exist non-zero and constahtB € »(R*) such that ifF, G is a plane wave solution
to Maxwell’'s equations, then

(53) F(A)=0 or F(B)=0.
Theorem 4.3. Suppose: € Q% (R*) is constant. Furthermore, suppose

(i) there exists constant tensors B € »(R*) and a constant scalar densipy of
weightl such that

(54) ald+B8(k+R) +9kok = p(A®B+B® A)
for constantsy, 3,y € R and 3, v are not both zero.
(i) the right hand side in equatio®4)is non-zero.

Thenk is decomposable (and conditidB3) holds for the samel and B as in condition

©4).

Before the proof, let us note that by Lemial2.3, the right hsidd in equation[(34) is
non-zero if and only ifA, B andp are all non-zero.
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Proof. (Following [LBF12].) Suppose condition (b4) holds for somes, v, p, A, B. More-
over, supposé’, GG is an arbitrary plane wave far as in equation(48). To prove the claim
we need to show that condition_(53) holds. Propositioh 4 dlies thatY” = «(X) and

XAX=0, XAY =0, YAX=0, YAY =0,
whence equatiori_(20) implies that
(55) 0 = XA(ald+8(k+R)+9Rok)(X).
Let {z'}3_, be coordinates faR* where all the aforementioned tensors are constant. Then
0 = XAp(A®B+B®A)(X)
= X(A)X(B) pdx® Adxt A dx? A daB.

Here, the first equality follows by condition (54) ardl(55)dahe latter equality follows
by a computation in coordinates. Sindeand B are real, it follows that(A) = 0 or
F(B) =0. O

In Theoreni 5.1 we will see that all the medium tensors in Teed8.5 are decomposable.
In particular, uniaxial medium is decomposable. The neappsition shows that isotropic
medium determined by a Hodge star operator is never decahlgos

Proposition 4.4. Suppose: € Q% (R*) is defined as
k = Cixg + Cold,
whereC; € R\ {0}, C; € R andg is a constant indefinite pseudo-Riemann metri®dn

Thenk is not decomposable.

Proof. Let us first assume thatis a Lorentz metric and lefz’}3_, be coordinates such
thatg = kdiag(—1,1,1,1) for somek € {—1,1}. At0 € R?, it follows that

Fy(k) = {€eTyRY) - +&&+6+& =0}

For a contradiction, supposeis decomposable. By Propositibn 4.1 there exists a non-zero
and constantl, B € Q,(R*) such that

(56) ENa)(4) (EAa)(B) = 0
for all &, o € T (R?) that satisfy¢ € Fp(x) and
(57) ENa#0, EAKEANa)=0.

Let G is the subsef’ C Fy(x) \ {0} for which each coordinate belongs{o, 1, v2,v/3}.
That is, one can think ofs as a discretisation ofy(x) in one quadrant of ¥ (R%). In
total there are9 such points, and for each € G, we can find two linearly independent
a € T;(R*) such conditions[(87) holdsf. [Dahlla]. Insisting that equatioh (56) holds
for all such¢ anda gives19 x 2 = 38 second order polynomial equations for variables in
A and B. Computing a Grobner basis for these equations and soimipties that either

A =0o0r B =0. Seel[CLOOF]. Hence is not decomposable. Whenhas signature
(— — ++) the claim follows by repeating the above argument. O
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4.3. Factorisability of the Fresnel polynomial. In what follows conditior(i)]in Theorem
4.3 will play a key role. Let us therefore introduce the faling definition.

Definition 4.5. If k € Q% (R*) is constant and satisfies conditi@}jin Theoren{ 4.3, then
we say thak is algebraically decomposahle

In [LBE12], I. Lindell, L. Bergamin and A. Favaro showed th&ts is algebraically de-
composable (plus some additional assumptions), then #nEl polynomial ok always
factorises into the product of two quadratic forms. In tl@steon we summarise this result
in Theoren{ 4.6. Moreover, we will see that for algebraicalgcomposable medium, the
Fresnel polynomial seems to factorise even when the addit@ssumptions in Theorem
[4.9 are not satisfied. These results suggest (but do not)ptloaethe definition of alge-
braically decomposable medium might be a sufficient comdlifor the Fresnel polynomial
to factorise.

Let us first note that the class of algebraically decompesafdia contains a number
medium classes as special cases.x 6 purely skewon, them + ® = 0 andk is al-
gebraically decomposable. Also, #f satisfies thanixed closure conditio® o x = AId
[LBE12,[Fav12], them is algebraically decomposable.stas no skewon part, theh=
and the definition of algebraically decomposable mediunpsbiies. Thus, ifx has no ske-
won part and ifs is aself-dual mediungso thata Id +3x + vx% = 0) [Lin08], thenx is
algebraically decomposable. In particular, skewon-fresliom that satisfies thelosure
conditionx? = X Id [HOO3] is algebraically decomposable.

Equation [(54) that defines algebraically decomposable ungi a nonlinear equation in
k. Suppose{z'}3 , are coordinates foR*, P € R%*6 is the matrixP? = (x7);; that
represents: and A, B ¢ RS are the column vectord = (A); and B = (B'); that
represent bivectord and B with components as in Sectibn P.4. Then equafioh (54) reads

(58) oaF + B(P'E + EP) + vP'EP = 2p(AB' + BAY),
where A is the matrix transpose anfd € R%%6 is the matrixE = (¢//);;. Numerically,
E = ? é , Where0 andI are the zero and identi/x 3 matrices. Whern +# 0, equation

(B8) is structurally similar to anlgebraic Riccati equatiofiGLROE].

The next theorem summarises the factorisation result fioBFL2], but restated in the
present setting.

Theorem 4.6. If & € Q%(R*) is algebraically decomposable ard 3,v, p, A, B in equa-
tion (54) satisfy one of the below conditions:

i) v=0,
(i) v #0, 8% — ay # 0 and there exists & € Q,(R*) such that

1 _
(59) D vk +p1d) = 5trace(pD®D)A+7B.
Then the Fresnel polynomial affactorises into the product of two quadratic forms.

Let us note that equatioh (59) is a non-linear equatiorfoA priori, the equation has real
solutions, complex solutions, or no solutions for For a discussion of the last possibility,
see below. Pointwiserace(p D ® D) = 0 holds if and only ifD A D = 0 or p = 0.

Let us outline the argument in [LBF12] used to prove Theoref Supposel?;(R*) is
algebraically decomposable. If assumpf{@iholds, then by rescaling we may assume that
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B = 1. Then, sinces + & = 2((Vx +B) k), it follows that
(60) ald+2(k—0) = p(A®B+B® A)

for someo € Q%(R*) with only a skewon part. This gives an explicit represeatati
formula for all x that satisfy condition (34) with = 0. Computing the Fresnel polynomial
for x shows that it factorises into two quadratic forms. On theotiand, when assumption
[(i)] holds, then Theorem 4.7 in the below shows that equalioh tfaésforms intor o

n = Ald for some)\ # 0 by a transformation similar to completing the square. Thus,
to understand the structure of algebraically decomposakldgium that satisfy assumption
[(i)], we only need to understand the simpler equatiom = A Id with A # 0. In [LBF12]

the latter equation is solved (see also [Fav12]) using twaigk representation formulas
similar to equation[(80). Using these representation féas)uthe Fresnel polynomial can
again be computed, and in both cases it factorises into aiptad quadratic forms.

The next theorem froni [LBF12] describes the transformapooperty of equation(54)
used in the proof of Theorem 4.6. The proof is a direct contfmrtausing identities[(22)—
(25). For a general discussion of transformation propeftie the matrix algebraic Riccati
equation, see [CPL10, LR12].

Theorem 4.7. Supposes € Q2% (R*) is algebraically decomposable such that equation
(B4) holds with~y # 0. If, moreover, there exists B € Qy(R*) such that equatiorf59)
holds, them € Q% (RR*) defined as

(61) n = yk—pD®A+BId
satisfies
(62) non = (8 —ay)ld.

Supposex is algebraically decomposable such that equafioh (54)sheith v % 0 and
% — ay = 0. Now we can not use Theordm ¥.6 do decise whether the Freslyslop
mial factorises. However, by computer algebra we can findi@kpxamples of medium
tensors with the above properties. Preliminary computgelah experiments using such
expressions suggest that the Fresnel polynomial alwayssstefactorise when the above
assumptions are met. However, the factorisation seemsdatively different. Condition
% — ary = 0 seems to imply a linear factor in the Fresnel polynomial. &ample, the
Fresnel polynomial can factorise into the product of ir@die 1st and3rd order polyno-
mials. On the other hand, supposés algebraically decomposable such that equatioh (54)
holds withy # 0, 32 — ay # 0 and equation(39) has no real solution for Now we can
neither use Theorem 4.6 do decise whether the Fresnel polghéactorises, but we may
again construct explicit examples of medium tensors wighethove properties. Using these
expressions, preliminary computer algebra experimermjgest that the Fresnel polynomial
also seems to factorise in this case. In conclusion, thesal iDbservations together with
Theoren 4.6 suggest that the definition of algebraicallyodgmsable medium could be a
sufficient condition for the Fresnel polynomial to facteris

Lastly, let us note that algebraic Riccati equations, andengenerally, quadratic matrix
equations, appear in a number of fields. In view of Thedreda#d equation[(88), it is,
however, interesting to note that quadratic matrix equat@ppear in the study of polyno-
mial factorisation in one variable [BGD5]. Differentiald®ati equations also appear in the
problem of factoring linear partial differential operataf second and third order [GS04].
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5. CHARACTERISATION AND REPRESENTATION OF MEDIA
WITH A DOUBLE LIGHT CONE

Theorem 5.1. SupposeV is a4-manifold, ands € Q% (N) is skewon-free and invertible
at a pointp € N. Then the following conditions are equivalent:

() The Fresnel surface of decomposes into a double light conepat
(i) « satisfies conditions:
(@) the Fresnel surfacé),(x) C T,/ (V) does not contain a two-dimensional vec-
tor subspace.
(b) there ared, B € Q%(N) and a tensor density of weight1 such that ap we

have

(63) (k+pld)® = —Ald+p(A® B+B®A)
for someu € C*OO(N) and\ € C*°(N). Moreover,A, B,p # 0and\ > 0 at
p-

(iii) Around p there is a locally defined Lorentz metri¢ a locally defined non-zero
twisted scalar density of weightl, an A € Qy(N) that is non-zero ap, and
constants”; € R\ {0} andC; € R such that ap,

(64) k= C1x*g +pA® A+ Cold,
and x satisfies inequality44) at p.

As described in the introduction, the above theorem is thim mesult of this paper. A
discussion of the theorem is postponed to the end of thigosect

In the Theoreri 5]1 we will use the computer algebra technif@ obner base§CLO07]

to eliminate variables from polynomial equations. Thist@que was also used in [Dah11b].
Let Cluy,...,uy] the ring of complex coefficient polynomial§¥ — C in variables
ui,...,uy. For polynomials-, ..., € Cluy,...,uy], let

k
<T’1, - ,Tk> = {Z fﬂ“i : fi c (C[ul, - ,U,N]}
=1
be the thédeal generated by, ..., ;. Supposd” c C¥ is the solution set to polynomial
equationgp; = 0,...,py = 0 wherep; € Cluy,...,uy]. If I'is the ideal generated by
m,--.,pM, theelimination idealsare the ideals defined as

I, = IﬂC[uk+1,...,uN], kG{O,...,N—l}.

Thus, if (u1,...,uy) € V then by [CLOOQY, Proposition 9, Section 2.5] it follows that
p(ugs1,-..,uny) = 0 for anyp € I, and I, contain polynomial consequences of the
original equations that only depend on variablgs, ... ,uy. Using Grobner basis, one
can explicitly computd;, [CLOQ7, Theorem 2 in Section 3.1]. In the below proof this has
been done with the built-in Mathematica routi®roebnerBasis’. The same technique of
eliminating variables was also a key part of the proof of Thaw3.5 in [Dah11b].

Proof. Let us first prove implicatiof{i)] = [(i)] By [Dah11b, Proposition 1.3] condition
[()] implies thatF,(x) has no two dimensional subspace. By Thedrem 3.5 we only 1weed t
check three medium classes.

Metaclass I.If x|, is in Metaclass |, them can be written as in equatioh_{31) with con-
ditions on the parameters given by Theoldend 3.5. Suppgse «s. Then Theorerh 315
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implies thatB; # .. Letp = (83 — B?), p = —au, A = (3. Moreover, let4 and B be
bivectors defined ad = 1 A% 8‘22. A % and similarly forB, with coefficients
01 0 O 0O 0 0O
- 0 0 O - 0 0 O
(65) (AZJ)ij = 0o ol (BZJ)Z'j = 0o 1]
0 0

where subdiagonal terms are determined by antisymmetnthEee parameters, computer
algebra shows that equatidn {63) holds. On the other hang,# -, suitable parameters
are

1
= s = — s )\ = 2’
1Y 8(0[1 — OZZ)ﬁl 1% 2 52
and
0 2(0&1 — 042),81 0 0
” 0 0 0
Y., —
(A7) 0 (a1—a9)>=B7+65+0 |’
0
where

o= (o1 —a2)® + (B1 — B2)?) (1 — a2)® + (B1 + B2)?) -

Bivector B is defined by the same formula as fér but by replacing/c with —,/o.

Metaclass II. If |, is in Metaclass Il, ther can be written as in equation (32) with condi-
tions on the parameters given by Theofen 3.5. Suitable measare = (1/2, u = —aq,
A= 2 and

O =
OO =

(66) (A9);; =

S O OO
—~
Sy
<
SN—
S
I

S O OO

Metaclass IV. If x|, is of Metaclass IV, thers can be written as in equatioh (34) with
conditions on the parameters given by Theotem 3.5 I#£ a3, then suitable parameters
are

1
P 8(ag — aq)ay p=-o, A=y
and
0 0 0 (1 —az)® +a2+ 82 +/o
(A, = 0 2(as —Oal)% 8 7
0
where

o= (ai — (a3 — a1)2)2 + B3 (20[3 + 82 +2(ag — a2)2) .
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and B is defined as in Metaclass I. On the other hand, if= a3, then suitable parameters
arep = (67 + o), p = —az, A = 5} and

0 0
0

o O

(67) (A7) = , (B =

o = O
O O OO
O OO
OO O

This completes the proof of implicatidi] = [(ii)]

For the converse implicatidfii)] = [(i)} suppose that satisfies the conditions [i)] By
Theoren 3.1 we may assume that there are coordifatés_, aroundp such that ap,
tensorx is given by one of the matrices in equatiohs] (31}-(37) for sgarameters as in
Theorem 3.11. Let us consider each of the seven cases sdparate

Metaclass I.If x|, is in Metaclass I, then there are coordinaes}?_, aroundp such that

x is given by equatior[(31). By scaling and B we may assume that, = 1. Moreover,
writing out equation[(63) and eliminating variablesAnand B using a Grobner basis (see
above) yields equations that only involve . and the parameters in. The rest of the
argument is divided into three subcases:

Case 1.If B, = 32 = B3 the Grobner basis equations imply that= 3? and

(68) (2 +p)(az+p) = 0,
(69) (1 +p)(az+p) = 0,
(70) (a1 +p)(ag+p) = 0.

It follows thataq, as, aig can not be all distinct, and by a coordinate change, we mayvass
thatas = a3. If a3 = as = a3, equation[(6B) implies that = —«;. Then equation (31)
implies thatx = —f; *4, +«1 1d at p, whereg is the Hodge star operator for the locally
defined Lorentz metrig = diag(—1, 1,1, 1). Then equatior({83) implies that A ® B +
B® A) = 0. Since this contradicts Lemria 2.3, we have# o, andx has a double light
cone atp by Theoreni.35.

Case 2.If exactly two of 51, 52, B3 coincide, then after a coordinate change we may assume
that3; # B2 = B3. Then the Grobner basis equations imply that either 52 or A = 2.

If A\ = /3%, the Grobner basis equations imply that = a; = az and3; = 3 = Ss.

We may therefore assume that= 32. Then the Grobner basis equations imply that

—ap = —ag, andk has a double light cone atby Theoreni 35.

Case 3.If all 51, 82, B3 are all distinct, then the Grobner basis equations im@y th

= N(BF =N +p) = 0,

5
(BT = N85 = N(az +p) = 0,
(BT = A)(53 )(a3 +pu) =0
(B =B = N(BF =N = 0
These equations imply that we must have- 32 andp = —a; for somei € {1,2,3}. If

i = 1 the Grobner basis equations imply that= «ay = a3 andg; = S2. This contradicts
the assumption that ali; are distinct. Similarly; = 2 andi = 3 lead to contradictions, and
Case 3 is not possible.

Metaclass Il. If x|, is in Metaclass II, there are coordinates }3_, aroundp such thats is
given by equation(32). Writing out equatidn [63) and eliating variables as in Metaclass
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| gives equations that only involve variables, and the variables im. Solving these
equations give

p=—ay, A=p3, p1=PH, a=as,
andx has a double light cone atby Theoreni35.

Metaclass Ill. If |, is in Metaclass I, there are coordinatgs'}?_, aroundp such thats
is given by equatiori(33). Eliminating variables as in M&tss | implies thaty; = 0. Thus
k|, can not be in Metaclass IIl.

Metaclass IV.If x|, is in Metaclass IV, there are coordinates }3_, aroundp such that:
is given by equatior{34). We have # 0 since otherwisepan{dz!|,,dz?|,} C F,(x).
Moreover, sinces is invertible atp it follows thata3 # 3. Writing out equation[{63),
eliminating variables as in Metaclass |, and solving inmgtleat

)\:5%7 /81 :/827 ,U/:—Oél, a1 = (g,
andx has a double light cone atby Theorent 35.

Metaclass V.If x|, is in Metaclass V, there are coordinates }?_, aroundp such thats is
given by equation[(35). We may assume that+ 0, since otherwisepan{dz|,}? | C
F,(x). Eliminating variables as in Metaclass |, and solving irplthe contradiction +
a3 = 0. SinceX > 0 it follows that«|, can not be in Metaclass V.

Metaclass VI.If x|, is in Metaclass VI, there are coordinates }?_ aroundp such thats
is given by equatiorf (36). Eliminating variables as in M&as | implies that

A+ a2+ (a3 +1)°) (A + (a2 — o+ p)*) A+ (a2 +as+p)?) = 0.
Since\ > 0, it follows thatx|, can not be in Metaclass VI.

Metaclass VII. If x|, is in Metaclass VII, there are coordinatgs'}3_, aroundp such that
K is given by equatiori(37). Eliminating variables as in M&tas | and solving implies that

3
[[O+es+(@+w?) = o
k=1

SinceX > 0, it follows thatx|, can not be in Metaclass VII. This completes the proof of
implication([(if)] = [(1)}

Implication[(iii)] = ()] is a restatement of PropositionB.6. To prove implicafidp=- [(iii)]

we proceed as in implicatidfi)| = [(if)] and by Theoreri 3|5 we only need to check three

medium classes. Also, by Proposition]3.6 we do not need teegreequality [(44) since it
follows form the other conditions {iii)| when((i)] holds.

Metaclass I.If x|, is in Metaclass I, there are coordinates }3_, aroundp such that is
given by equation[(31) with conditions on the parametersmgivy Theorem 3]5. Suppose

a1 = ag. LetCy = —#ﬁetgl, Cy = ag, ¥ = g-% and in coordinategz}, let p be
defined byp = (33 — 83)/(261). Then equatior{{84) holds wheh= 1 B2 A -2- when

coefficientsB% are as in equatio (65) angis the Lorentz metrig = g;;dz’ ® da? with
coefficients

VAR /AN
(71) (9i)i; = <diag<1,—17_g7_g>> _



CHARACTERISATION AND REPRESENTATION OF MEDIUM WITH A DOUBE LIGHT CONE 23
On the other hand, supposg # «as. Let ¥ be one of the two roots to the quadratic equation

1
(72) 5@2—D3@+52 = 0,

whereDj is defined as i [Dah1lb, Theorem Zi}]
(a1 —a)® + 1 + 63
B1B2 '

Sincesgn 31 = sgn 39, the discriminant of equation (I72) is strictly positive. UBhW &
R\ {0} andsgn ¥ = sgn ;. Let= € R be defined as

1 1
E = 5(51—@@)-

Sincea; # as we see thatl = g—% is not a solution to equatiof (I72) whenge# 0. Let
C1,C5 be as in then; = s case and leb = sgn=. Then equation (64) holds whenis
the Lorentz metric given by equatidn {71) and= 1A’J 0 A a is given by

Dy =

oz’

0 V] 0 0

(A9 0 0 0
ij = 0 Q1=
20\/IEl

0

Metaclass II. If x|, is in Metaclass I, there are coordinates }3_, aroundp such thats is
glven by equation’ (32) with conditions on the parametersmylyy Theorerh 3]5. Leﬂ*l
1 — 1 Aij (9 0
W Ca = a1 andp = 1/2. Then equatiori(64) holds wheh= 5 A" o= A

8:sz
as in equatior((86) anglis the Lorentz metrig = g;;dz’ ® dz’ with coeff|C|ents

-1 0 0 B

(73) (gij)z'j = 8 _051 _Oﬁl 8

B 0 0 0

-1

Metaclass IV.If x|, is in Metaclass IV, there are coordinatgs }3_, aroundp such that:
is given by equatiori_ (34) with conditions on the parametemgby Theoreri 315. Suppose

a; = a3. LetCy = ﬁ Co =01,V = Oé4/ﬁ1 andp = (Oéi + ﬁ%)/(20¢4) Then

equation[(64) holds wheA = 1B” whenB¥ are as in equatiof (67) ands the

/ - ox’ 8mJ
Lorentz metricg = g;;dz’ ® de with coefficients
(74) (.gij)ij = (diag(l,\ll’\ll,_l))fl
On the other hand, supposg # «a3. Let ¥ be one of the two roots to the quadratic equation
(75) V24 D1w—1 = 0,

where (se€ [Dahllb, Theorem Ziil) ]),
(ag —a3)® + 35 — a4
Baauy
ThenV € R\ {0} and sincex; # a3 equation[(7b) implies thak # 3!. ThusE € R\ {0}
when

D =

1
E = 5(044—61\11).
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Let C1,C; be as in thex; = a3 case and lep = sgn=. Then equation’(64) holds when
g is the Lorentz metric in equatiofi (74) antlis the bivectorA = 1A 2 A D with
coefficients

00 O a3l

20\/|E]
A, = 0 = 0
(AY)i) 0 0
0
This completes the proof of implicatii] = [(iii) | O

Let us first emphasise that the conditions in Theorem 5.1 aitéeew analogously to the
conditions in Theoreri _3.3. In each theorem, condiffighis the dynamical description
of the medium, conditioffii)] is a characterisation of the medium and condif{on] is a
general representation formula. Let us also emphasiseirthatitable limits, condition
(3) in Theoreni 5]1 reduces to the closure conditidn= —\Id in Theoreni 3.3, and
representation formula_(64) in Theoréml5.1 reduces to fx, in Theoreni3.B. Let us
also emphasise that in both theorems, all conditions asotih, and do not depend on
coordinate expressions. A difference between the theoiethat Theorerh 313 is a global
result, while Theorern 5.1 is a pointwise result.

All the mediums in Theorei 5.1 satisfy the technical assionptin Theoreni_4l6 with
eitherD = A or D = BwhenA andB are as in equatiof (63).

As described in the introduction, conditifm]in Theoren 51 is a slight strengthening of
the conditions derived in [LBF12] (see Theorem| 4.3 in thevapoRepresentation formula
(64) in Theoreni 5]1 is also adapted from [LBF12]. For cortstaedium tensors of?,
Theoren{ 5.1l implies that i is invertible, skewon-free and has a double light cone, then
k is algebraically decomposable, and hence decomposableBBiP] (see Theorern 4.3).
In this setting, Theorer 5.1 explicitly shows that the bémav of signal-speed imposes
a constraint on the behaviour of polarisation. This can le@ s somewhat unexpected.
However, the explanation is that polarisation and signakdp are not independent for a
propagating wave, but constrained by equation (52). Forthdudiscussion, see [Dahl1a].
It is also instructive to note that condition {63) is a seconder polynomial constraint on
the coefficients ink, but the definition of a double light cone involves the Frésneface,
which is a constraint involving third order polynomials bktcoefficients inc. The same
phenomenon appears in equivalefige=[(i)]in Theoren_3.B.

Part of conditior|(ii)] is condition (a), that states that the Fresnel surfacexofontains
no two dimensional subspace. Let us describe five resultseathés condition also ap-
pears. First, if the Fresnel surface ofsac Q%(N) can be written ad,(k) = {€ €
T,(N) : (g(&,€))? = 0} for a pseudo-Riemann metrig then condition(a) is satisfied if
and only ifg has signatur¢— — ++). This follows by a result of J. Montaldi [Mon07].
For example, ify = diag(—1,—-1,1,1), thenF,(x) contains the2-dimensional subspace
span{ 2% + 525, 521 + 52z }. Second, one can prove that conditi@) is always satisfied

if k decomposes into a double light cone (Proposition 1.3 in ID&R. Third, in matter
dynamics systems, conditigfa) can be motivated by the behaviour of energy [RRS11].
In the terminology of [RRS11], conditiofa) can be replaced by the stronger condition
that » is bihyperbolic Fourth, condition(a) also appears in the study of the well posed-
ness of Maxwell's equations as an initial value problém [SYWJV Lastly, in the normal
form representation of skewon-free medium tensors_in [SM\Wondition (a) simplifies
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the representation since the condition excludes all bufiitste7 coordinate representations.
See[SWW10] and Sectién 3.1 in the above.

When equivalence holds in Theorém]5.1, there does not sed@ @osimple relation be-
tween parameters', Cs, p, A, g in equation[(64) and parametars\, p, A, B in equation
(63). However, if equatiorf (64) holds for ahsuch thatA A A = 0 (that is, A is decom-
posableor simple[Coh05, p. 185]), then equation (63) holds for parameters

u= _027 A= _Cl27 B = A(*Q)

Using a Grobner basis argument one can show that the tendefined by equatiori (31)
wheng, = B2 = 3 = 1, a1 = 1 anday = a3 = 2 is invertible and has a double light
cone. However, it can not be written as in equatlond (64) fodauch thatd A A = 0.
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