
ar
X

iv
:1

20
3.

63
36

v1
  [

m
at

h-
ph

]  
28

 M
ar

 2
01

2

CHARACTERISATION AND REPRESENTATION OF NON-DISSIPATIVE
ELECTROMAGNETIC MEDIUM WITH A DOUBLE LIGHT CONE

MATIAS F. DAHL

ABSTRACT. We study Maxwell’s equations on a4-manifoldN with a medium that is non-
dissipative and has a linear and pointwise response. In thissetting, the medium can be
represented by a suitable

(

2

2

)

-tensor on the4-manifoldN . Moreover, in each cotangent
space onN , the medium defines aFresnel surface. Essentially, the Fresnel surface is a
tensorial analogue of the dispersion equation that describes the response of the medium
for signals in the geometric optics limit. For example, in isotropic medium the Fresnel
surface is at each point a Lorentz light cone. In a recent paper, I. Lindell, A. Favaro and
L. Bergamin introduced a condition that constrains the polarisation for plane waves. In this
paper we show (under suitable assumptions) that a slight strengthening of this condition
gives a pointwise characterisation of all medium tensors for which the Fresnel surface is
the union of two distinct Lorentz null cones. This is for example the behaviour of uniaxial
medium like calcite. Moreover, using the representation formulas from Lindellet al. we
obtain a closed form representation formula that pointwiseparameterises all medium ten-
sors for which the Fresnel surface is the union of two distinct Lorentz null cones. Both
the characterisation and the representation formula are tensorial and do not depend on local
coordinates.

1. INTRODUCTION

We will study thepre-metricMaxwell’s equations, where Maxwell’s equations are written
on a4-manifold N and the electromagnetic medium is described by a suitable antisym-
metric

(2
2

)
-tensorκ on N that pointwise is determined by36 real parameters. In each

cotangent space onN , the electromagnetic medium determines a fourth order polynomial
surface called theFresnel surfacethat can be seen as a tensorial analogue of the dispersion
equation. The Fresnel surface describes the response of themedium to signals in the geo-
metric optics limit [OFR00, Rub02, HO03, PSW09, RRS11]. In this work we will assume
that the medium isskewon-free. Then there are only21 free parameters and such medium
models non-dissipative medium. For example, under suitable assumptions the skewon-free
assumption will imply that Poynting’s theorem holds [HO03,Dah10]. On an orientable
manifold one can show that invertible skewon-free

(2
2

)
-tensors are in one-to-one correspon-

dence witharea metric. By an area metric, we here mean a
(0
4

)
-tensor onN that defines a

symmetric non-degenerate inner product for bivectors. Area metrics appear when studying
the propagation of a photon in a vacuum with a first order correction from quantum electro-
dynamics [DH80, SWW10]. The Einstein field equations have also been generalised into
equations where the unknown field is an area metric [PSW07]. For further examples, see
[PSW09, SWW10].

We know that in isotropic medium like vacuum, the Fresnel surface is a Lorentz null
cone at each point inN . That is, Lorentz geometry describes the propagation of light in
isotropic medium. Conversely, it was conjectured in1999 by Y. Obukhov and F. Hehl
[OH99, OFR00] that isotropic medium is the only (non-dissipative and axion-free) medium
where the Fresnel surface is a Lorentz null cone. This was partially proven already in
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[OFR00]. However, the full conjecture was only establishedin [FB11] by A. Favaro and
L. Bergamin. For an alternative proof, see [Dah11a] and for further discussions and related
results, see [OR02, HO03, LH04, Iti05] and Section 3.2 below.

Since the Fresnel surface is a4th order polynomial surface, the Fresnel surface can also de-
compose into the union of two distinct Lorentz null cones. For example, this is the case in
uniaxial mediumlike calcite (CaCO3) [BW99, Section 15.3]. In such medium, the propaga-
tion properties of the medium does not only depend on direction, but also on the polarisation
of the wave. In uniaxial medium, there are two eigenpolarisations and one null cone for each
polarisation. In consequence, there is one Fermat’s principle for each polarisation [PSW09].
This is the the source for the physical phenomenon of double refraction.

We know thatuniaxial mediumis an example of medium with two distinct null cones.
A natural next task is to understand the structure of all medium tensors with this prop-
erty. This is the main result in [Dah11b], which gives the complete local description of
all non-dissipative medium tensors for which the Fresnel surface is a double light cone (up
to suitable assumptions). The importance of this result is that it shows that are three and
only three medium classes with this behaviour. Moreover, the theorem gives explicit coor-
dinate expressions for each medium class. The first medium class is a slight generalisation
of uniaxial medium. The second class seems to be a new class ofmediums. The last class
seems to be unphysical; heuristic arguments and preliminary numerical tests suggest that
Maxwell’s equations are not hyperbolic in that class [Dah11b]. In the below, this result is
summarised in Theorem 3.5.

The main contribution of this paper is Theorem 5.1. Under suitable assumptions, this theo-
rem gives a tensorial characterisation (condition(ii) in Theorem 5.1) of all non-dissipative
medium tensors for which the Fresnel surface is two distinctlight cones. In a suitable limit,
the condition also reduces to theclosure conditionκ2 = −λ Id for a λ > 0 that charac-
terises medium with a single light cone [HO03]. Moreover, inTheorem 5.1 we give a ten-
sorial representation formula (equation (64)) that parameterises all non-dissipative medium
tensors with two distinct light cones. Both the characterisation and representation formula
are pointwise results.

The background and motivation for Theorem 5.1 comes from a recent paper by I. Lin-
dell, A. Favaro and L. Bergamin [LBF12]. In Section 4 we will briefly summarise some
of the results from [LBF12]. In this paper, the authors introduces a second order polyno-
mial condition on the medium tensor (equation (54) in the below). Equation (54) is derived
from a constraint on polarisation of plane waves, and in [LBF12] it is shown that whenever
condition (54) is satisfied (plus some additional assumptions), the Fresnel surface always
factorises into two second order surfaces. In Section 4.3 wewill further motivate that equa-
tion (54) is in fact a general factorisability condition forthe Fresnel surface. At first this
might seem unexpected since equation (54) was initially derived from a constraint on polar-
isation, yet it is able to constrain the behaviour of signal speed. However, the explanation is
that for electromagnetic waves, polarisation and signal speed are not independent properties
but tied together. In Theorem 5.1, condition(ii) is a slight strengthening of equation (54).
Also, representation formula (64) in Theorem 5.1 is adaptedfrom [LBF12] and constitute
a subclass of generalisedQ-medium introduced by I. Lindell and H. Wallén in [LW02]. A
further technical discussion on Theorem 5.1 is given in the end of Section 5.

Some of the computations in the paper rely on computer algebra. For further information
about the Mathematica notebooks for these computations, please see the author’s homepage.
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2. PRELIMINARIES

By a manifoldN we mean a second countable topological Hausdorff space thatis locally
homeomorphic toRn with C∞-smooth transition maps. All objects are assumed to be
smooth where defined. LetTN andT ∗N be the tangent and cotangent bundles, respec-
tively. Fork ≥ 1, let Ωk(N) be antisymmetric tensor fields withk lower indices (that is,
k-forms). Similarly, letΩk(N) be antisymmetric tensor fields withk upper indices. More-
over, letΩ2

2(N) = Ω2(N) ⊗ Ω2(N). Let alsoC∞(N) be the set of scalar functions (that
is,
(0
0

)
-tensors). The Einstein summing convention is used throughout. When writing ten-

sors in local coordinates we assume that the components satisfy the same symmetries as the
tensor.

2.1. Twisted tensors. If N is not orientable we will also needtwisted tensors[HO03,
Section A.2.6]. We will denoted these by a tilde over the tensor space. For example, by
Ω̃2(N) we denote the space of twisted2-forms. If G ∈ Ω̃2(N) then in each coordinate
chart(U, xi), G is determined by a usual2-form G|U ∈ Ω2(U) and on overlapping charts
(U, xi) and(Ũ , x̃i), formsG|U andG|

Ũ
satisfy the transformation rule

G|
Ũ

= sgn det

(
∂xa

∂x̃b

)
G|U ,(1)

wheresgn: R → R is thesign function, sgnx = x/|x| for x 6= 0 andsgnx = 0 for x = 0.
If locally

G|U =
1

2
Gijdx

i ∧ dxj , G|
Ũ
=

1

2
G̃ijdx̃

i ∧ dx̃j ,(2)

then equation (1) implies that componentsGij andG̃ij transform as

G̃ij = sgn det

(
∂xa

∂x̃b

)
Grs

∂xr

∂x̃i
∂xs

∂x̃j
.(3)

When the chart is clear from context, we will simply writeG = 1
2Gijdx

i ∧ dxj . Similarly,

if κ ∈ Ω̃2
2(N) then in each chartκ is represented by aκ|U ∈ Ω2

2(U) and locally

κ =
1

8
κijrsdx

r ∧ dxs ⊗ ∂

∂xi
∧ ∂

∂xj
(4)

for suitable componentsκijrs. Moreover, ifκijrs andκ̃ijrs are components forκ in overlapping
charts(U, xi) and(Ũ , x̃i) then we obtain the transformation rule

κ̃ijrs = sgn det

(
∂xa

∂x̃b

)
κpquv

∂xu

∂x̃r
∂xv

∂x̃s
∂x̃i

∂xp
∂x̃j

∂xq
.(5)

Compositions involving twisted tensors are computed in thenatural way by composing
local tensors. For example, ifκ, η ∈ Ω̃2

2(N) their composition defines an elementκ ◦ η ∈
Ω2

2(N) and ifκ, η andκ ◦ η are written as in equation (4) then

(κ ◦ η)ijrs =
1

2
κabrsη

ij
ab.(6)

If M is orientable, then twisted tensors coincide with their normal (or untwisted) coun-
terparts. For example, ifM is orientable, equation (5) implies thatΩ̃2

2(N) = Ω2
2(N).

There are also other way to define twisted forms. Equation (1)coincides with definition
of a pseudo-form in [Fra04]. For a global definition of twisted forms using the orientation
bundle, see [AMR01, Supplement 7.2A].
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2.2. Tensor densities. In addition to tensors and twisted tensors, we will need tensor den-
sities and twisted tensor densities. A

(
p
q

)
-tensor density of weightw ∈ Z on a manifoldN is

determined by componentsT a1...ap
b1···bq

in each chart(U, xi), and on overlapping charts(U, xi)

and(Ũ , x̃i) we have the transformation rule [Spi99],

T̃
a1...ap
b1···bq

=

(
det

(
∂xi

∂x̃j

))w

T
r1...rp
s1···sq

∂xs1

∂x̃b1
· · · ∂x

sq

∂x̃bq
∂x̃a1

∂xr1
· · · ∂x̃

ap

∂xrp
.

A twisted
(
p
q

)
-tensor density of weightw ∈ Z onN is defined in the same way, but with an

additionalsgn det
(

∂x̃i

∂xj

)
factor in the transformation rule as in equations (3) and (5).

TheLevi-Civita permutation symbolsare denoted byεijkl andεijkl. Even if these coincide
as combinatorial functions so thatεijkl = εijkl, they are also different as they globally
define different objects on a manifold. Namely, ifεijkl, ε

ijkl andε̃ijkl, ε̃ijkl are defined on
overlapping coordinate charts(U, xi) and(Ũ , x̃i), respectively, then

ε̃abcd = det

(
∂x̃i

∂xj

)
εpqrs

∂xp

∂x̃a
∂xq

∂x̃b
∂xr

∂x̃c
∂xs

∂x̃d
,(7)

ε̃abcd = det

(
∂xi

∂x̃j

)
εpqrs

∂x̃a

∂xp
∂x̃b

∂xq
∂x̃c

∂xr
∂x̃d

∂xs
.(8)

That is,εijkl defines a
(0
4

)
-tensor density of weight−1 onN andεijkl defines a

(4
0

)
-tensor

density of weight1. For future reference, let us note that

εrsabεrsij = 4δa[iδ
b
j], εrabcεrijk = 3!δa[iδ

b
jδ

c
k],(9)

whereδij is theKronecker delta symboland brackets[i1 . . . ip] indicate that indicesi1, . . . , ip
are antisymmetrised with scaling1/p!.

2.3. Maxwell’s equations on a4-manifold. On a4-manifoldN , thepremetric Maxwell’s
equationsread

dF = 0,(10)

dG = J,(11)

G = κ(F ).(12)

whered is the exterior derivative,F ∈ Ω2(N), G ∈ Ω̃2(N), J ∈ Ω̃3(N) andκ ∈ Ω̃2
2(N).

Here,F,G, are called theelectromagnetic field variables, J describes the electromag-
netic sources, tensorκ models the electromagnetic medium and equation (12) is known
as theconstitutive equation. In local coordinates, equations (10)–(12) reduce to the usual
Maxwell’s equations. For a systematic treatment, see [Rub02, HO03].

If locally F = 1
2Fijdx

i ∧ dxj, G = 1
2Gijdx

i ∧ dxj andκ is written as in equation (4) then
constitutive equation (12) is equivalent with

Gij =
1

2
κabij Fab.(13)

Thus equation (12) models electromagnetic medium with a linear and pointwise response.

Supposeκ ∈ Ω̃2
2(N) and suppose(U, xi) is a chart. Then the local representation ofκ

in equation (4) defines a pointwise linear mapΩ2(U) → Ω2(U). In U we can therefore
representκ by a smoothly varying6×6 matrix. To do this, letO be the ordered set of index
pairs{01, 02, 03, 23, 31, 12}, and ifJ ∈ O, let dxJ = dxJ1 ∧ dxJ2 , whereJ1 andJ2 are
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the individual indices forJ . Say, ifJ = 31 thendxJ = dx3 ∧ dx1. Then a basis forΩ2(U)
is given by{dxJ : J ∈ O}, that is,

{dx0 ∧ dx1, dx0 ∧ dx2, dx0 ∧ dx3, dx2 ∧ dx3, dx3 ∧ dx1, dx1 ∧ dx2}.(14)

This choice of basis follows [HO03, Section A.1.10]. By equation (4) it follows that

κ(dxJ ) =
∑

I∈O

κJI dx
I , J ∈ O,(15)

whereκJI = κJ1J2I1I2
. Let b be the natural bijectionb : O → {1, . . . , 6}. Then we identify

coefficients{κJI : I, J ∈ O} for κ with the smoothly varying6 × 6 matrix P = (κJI )IJ
defined asκJI = Pb(I)b(J) for I, J ∈ O.

SupposeP = (κJI )IJ andP̃ = (κ̃JI )IJ are smoothly varying6 × 6 matrices that represent
tensorκ in overlapping charts(U, xi) and(Ũ , x̃i). Then equation (5) is equivalent with

κ̃JI = sgn det

(
∂xi

∂x̃j

) ∑

K,L∈O

∂xK

∂x̃I
κLK

∂x̃J

∂xL
, I, J ∈ O,

where

∂xJ

∂x̃I
=

∂xJ1

∂x̃I1
∂xJ2

∂x̃I2
− ∂xJ2

∂x̃I1
∂xJ1

∂x̃I2
, I, J ∈ O,(16)

and ∂x̃J

∂xI is defined similarly by exchangingx andx̃. For matricesT = (∂x
J

∂x̃I )IJ andS =

(∂x̃
J

∂xI )IJ , we haveT = S−1, whence equation (5) is further equivalent with the matrix
equation

P̃ = sgn det

(
∂xi

∂x̃j

)
TPT−1.(17)

In a chart(U, xi), we definetraceκ : U → R anddetκ : U → R as the trace and deter-
minant of the pointwise linear mapΩ2(U) → Ω2(U). WhenP is as above it follows that
traceκ = traceP anddet κ = detP . When these definitions are extended into each chart
onN equation (17) shows thattraceκ ∈ C̃∞(N) anddetκ ∈ C∞(N). Moreover, ifκ is
written as in equation (4), then

traceκ =
1

2
κijij .

At a point p ∈ N we say thatκ is invertible if (det κ)|p 6= 0. If Id is the identity tensor
Id ∈ Ω2

2(N), then writingId as in equation (4) givesIdijrs = δirδ
j
s − δisδ

j
r . Forf ∈ C̃∞(N)

it follows thattrace f Id = 6f .

2.4. Decomposition of electromagnetic medium.At each point of a4-manifold N , an
element of̃Ω2

2(N) depends on36 parameters. Pointwise, such
(2
2

)
-tensors canonically de-

compose into three linear subspaces. The motivation for this decomposition is that different
components in the decomposition enter in different parts ofelectromagnetics. See [HO03,
Section D.1.3].
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Proposition 2.1. LetN be a4-manifold, and let

Z = {κ ∈ Ω̃2
2(N) : u ∧ κ(v) = κ(u) ∧ v for all u, v ∈ Ω2(N),

traceκ = 0},
W = {κ ∈ Ω̃2

2(N) : u ∧ κ(v) = −κ(u) ∧ v for all u, v ∈ Ω2(N)},
U = {f Id ∈ Ω̃2

2(N) : f ∈ C̃∞(N)}.

Then

Ω̃2
2(N) = Z ⊕ W ⊕ U,(18)

and pointwise,dimZ = 20, dimW = 15 anddimU = 1.

If we write aκ ∈ Ω̃2
2(N) asκ =(1) κ + (2)κ + (3)κ with (1)κ ∈ Z, (2)κ ∈ W , (3)κ ∈ U ,

then we say that(1)κ is theprincipal part, (2)κ is theskewon part, (3)κ is theaxion partof
κ [HO03]. For a proof of Proposition 2.1 as stated above, see [Dah11a], and for further
discussions, see [Rub02, HO03, Fav12].

In Ω̃2
2(N) there is a canonical isomorphism̃Ω2

2(N) → Ω̃2
2(N) known as thePoincaŕe

isomorphism[Gre78, Fav12]. Let us first give a local definition. Ifκ ∈ Ω̃2
2(N) on a

4-manifoldN , we defineκ as the elementκ ∈ Ω̃2
2(N) defined as

κij
rs =

1

4
εrsabκ

ab
cdε

cdij(19)

whenκ andκ are written as in equation (4). Equations (7)–(8) imply thatthis assignment
defines an elementκ ∈ Ω̃2

2(N). Forκ ∈ Ω2
2(N) we defineκ in the same way and we also

have a canonical isomorphismΩ2
2(N) → Ω2

2(N).

The next proposition collects results forκ. In particular, part(i) states thatκ can be in-
terpreted as a formal adjoint ofκ with respect to the wedge product for2-forms. In con-
sequence, the Poincaré isomorphism is closely related to the decomposition in Proposition
2.1. For example,κ ∈ Ω̃2

2(N) has only a principal part if and only ifκ = κ andtraceκ = 0.
For a further discussion, see [Fav12].

Proposition 2.2. SupposeN is a4-manifold andκ ∈ Ω̃2
2(N).

(i) κ is the uniqueκ ∈ Ω̃2
2(N) such that

κ(u) ∧ v = u ∧ κ(v) for all u, v ∈ Ω2(N).(20)

(ii) f Id = f Id for all f ∈ C̃∞(N).
(iii) κ = κ and ifη ∈ Ω̃2

2(N), thenκ ◦ η = η ◦ κ.
(iv) traceκ = traceκ.
(v) If u ∧ κ(u) = 0 holds for allu ∈ Ω2(N) thenκ+ κ = 0.

Proof. Part(i) follows by writing out both sides in equation (20) in coordinates. Parts(ii)
and(iii) follow by part(i). Part(iv) is a direct computation. For part(v) we have

u ∧ (κ+ κ)(v) =
1

2
((u+ v) ∧ κ(u+ v)− (u− v) ∧ κ(u− v))

for all u, v ∈ Ω2(N), and the claim follows since the right hand side vanishes. �
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If ρ is a twisted scalar tensor density of weight1 on a4-manifoldN andA,B ∈ Ω2(N)

then we defineρA ⊗ B as the twisted tensor iñΩ2
2(N) defined as follows. If locally

A = 1
2A

ij ∂
∂xi ∧ ∂

∂xj andB = 1
2B

ij ∂
∂xi ∧ ∂

∂xj then

(ρA⊗B)ijrs = ρεrsabA
abBij(21)

whenρA ⊗ B is written as in equation (4). ThatρA ⊗ B transforms as an element in
Ω̃2

2(N) follows by equation (7). Similarly whenρ is an untwisted scalar density we define
ρA⊗B ∈ Ω2

2(N) by equation (21). For both twisted and untwistedρ we have identities

ρA⊗B = ρB ⊗A,(22)

(ρA⊗B) ◦ κ = ρA⊗ (Bκ),(23)

κ ◦ (ρA⊗B) = ρ (Aκ) ⊗B,(24)

(ρA⊗B) ◦ (ρB ⊗A) = trace(ρB ⊗B) (ρA⊗A).(25)

In Section 4.2 and in the proof of Theorem 5.1 we will need the following lemma.

Lemma 2.3. SupposeN is a4-manifold andκ ∈ Ω̃2
2(N) is defined as

κ = ρ
(
A⊗B +B ⊗A

)
+ f Id,(26)

whereρ is a scalar tensor density of weight1, A,B ∈ Ω2(N) and f ∈ C̃∞(N). Then
κ|p = 0 at a pointp ∈ N implies thatf |p = 0 andρ|p = 0 or A|p = 0 or B|p = 0.

If κ is written as in equation (4) andA,B are written as above, then equation (26) states
that

κijrs = ρεrsab

(
AabBij +AijBab

)
+ f Idijrs .

Proof. By restricting the analysis top and introducing notationAI = AI1I2 andBI =
BI1I2 , we obtain

2ρ(AIBJ +AJBI) + fεIJ = 0 for all I, J ∈ O.(27)

SettingI = J and summing implies that
∑

I∈O ρAIBI = 0. Multiplying each equation in
(27) byAIBJ andεIJ and summingI, J yields two scalar equations. Eliminatingf from
these equations gives

ρ



(
∑

I∈O

(AI)2

)(
∑

I∈O

(BI)2

)
+

1

3



∑

I,J∈O

εIJAIBJ




2
 = 0,

and the claim follows. �

2.5. The Fresnel surface.Let κ ∈ Ω̃2
2(N) on a4-manifoldN . If κ is locally given by

equation (4) in coordinates{xi}, let

G
ijkl
0 =

1

48
κa1a2b1b2

κa3ib3b4
κa4jb5b6

εb1b2b5kεb3b4b6lεa1a2a3a4 .(28)

If {x̃i} are overlapping coordinates, then equations (5), (7) and (8) imply that components
G

ijkl
0 satisfy the transformation rule

G̃
ijkl
0 =

∣∣∣∣det
(
∂xr

∂x̃s

)∣∣∣∣ G
abcd
0

∂x̃i

∂xa
∂x̃j

∂xb
∂x̃k

∂xc
∂x̃l

∂xd
.(29)
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Thus componentsG ijkl
0 define a twisted

(
4
0

)
-tensor densityG0 on N of weight 1. The

Tamm-Rubilar tensor density[HO03, Rub02] is the symmetric part ofG0 and we denote
this twisted tensor density byG . In coordinates,G ijkl = G

(ijkl)
0 , where parenthesis indi-

cate that indicesijkl are symmetrised with scaling1/4!. If locally ξ = ξidx
i it follows

thatG ijklξiξjξkξl = G
ijkl
0 ξiξjξkξl, and we callG ijklξiξjξkξl theFresnel polynomial. The

Fresnel surfaceat a pointp ∈ N is defined as

Fp(κ) = {ξ ∈ T ∗
p (N) : G

ijklξiξjξkξl = 0}.(30)

By equation (29), the definition ofFp(κ) does not depend on local coordinates. LetF (κ) =∐
p∈N Fp(κ) be the disjoint union of all Fresnel surfaces.

The Fresnel surfaceF (κ) is a fundamental object when studying wave propagation in
Maxwell’s equations. Essentially, equationG ijklξiξjξkξl = 0 in equation (30) is a ten-
sorial analogue to the dispersion equation that describes wave propagation in the geometric
optics limit. ThusF (κ) constrains possible wave speed(s) as a function of direction. In
general the Fresnel surfaceFp(κ) is a fourth order polynomial surface inT ∗

p (N), so it can
have multiple sheets and singular points [OH04].

There are various ways to derive the Fresnel surface; by studying a propagating weak sin-
gularity [OFR00, Rub02, HO03], using a geometric optics [Iti09, Dah11a], or as the char-
acteristic polynomial of the full Maxwell’s equations [SWW10]. The tensorial description
of the Fresnel surface is due to Y. Obukhov, T. Fukui and G. Rubilar [OFR00].

3. RESULTS FOR SKEWON-FREE MEDIUM

In this section we collect a number of results for twisted skewon-free tensors that we will
need in the proof of Theorem 5.1.

3.1. The normal form theorem by Schuller et al. The normal form theorem for skewon-
free medium by F. Schuller, C. Witte and M. Wohlfarth [SWW10]shows that there exists
23 simple matrices such that any skewon-free medium can pointwise be transformed into
one of these normal forms by a coordinate transformation plus, possibly, a conjugation by
a Hodge operator. Next we formulate a slightly simplified version of this result that is
sufficiently general for the proof of Theorem 5.1. Let us notethat the original theorem
in [SWW10] is formulated forarea metrics. However, under mild assumptions these are
essentially in one-to-one correspondence with skewon-free tensors inΩ2

2(N). The below
presentation is based on the reformulation in [Dah11c].

SupposeL is an element inΩ1(N) ⊗ Ω1(N) on ann-manifoldN . Then we can treatL
as a pointwise linear mapΩ1(N) → Ω1(N). By linear algebra, it follows that around
eachp ∈ N there are coordinates such that atp, components(Lj

i )ij is a matrix in Jordan
normal form. Since there are only finitely many ways ann× n matrix can be decomposed
into Jordan blocks, it follows that there are only a finite number of normal forms forL|p.
It should be emphasised that the structure of the Jordan normal form is unstable under
perturbations of the matrix. Hence, the normal form is in general only valid at one point.
The normal form theorem in [SWW10] is essentially an analogous result for skewon-free
elementsκ in Ω2

2(N). The difficulty in proving such a result is easy to understand. The
matrix that representsκ at a point is a6 × 6 matrix. By a linear transformation inR6, we
can transform this into an Jordan normal form, but such a transformation,a priori has36
degrees of freedom. On the other hand, for a coordinate transformation onN , the Jacobian
only has16 degrees of freedom. It is therefore not obvious that coordinate transformations



CHARACTERISATION AND REPRESENTATION OF MEDIUM WITH A DOUBLE LIGHT CONE 9

have enough degrees of freedom to transformκ into a normal form. See equation (17). For
a further discussion, see [SWW10, Dah11c].

The below theorem summarises the normal form theorem in [SWW10] specialised to the
setting that we need here. Let us make three comments. First,the below theorem is formu-
lated for twistedκ ∈ Ω̃2

2(N) instead of forarea metricsin [SWW10] (which are ordinary
tensors) or untwistedκ ∈ Ω2

2(N) in [Dah11c]. Second, the theorem contains the techni-
cal assumption thatκ is invertible and the Fresnel surface has no2-dimensional subspace.
This greatly simplifies the result since it implies that there are only7 possible normal forms
and one does not need any conjugations by Hodge operators. These assumptions will also
appear in Theorem 5.1. For a further discussion of these assumptions, see end of Section
5. Third, the reason the normal form theorem is useful can be seen from Proposition 2.1.
Namely, in arbitrary coordinates, a skewon-freeκ ∈ Ω̃2

2(N) depends on21 parameters.
However, from Theorem 3.1 we see that each normal form depends only on2, 4 or 6 pa-
rameters. This reduction of parameters will make the computer algebra feasible in Theorem
5.1.

The division into metaclasses in [SWW10] is based on the Jordan block structure of the
matrix representation ofκ at a point. Since this structure is unstable under perturbations, it
can be difficult to determine the metaclass both in the numerical case and the symbolic case
[LZW97].

Theorem 3.1. SupposeN is a4-manifold andκ ∈ Ω̃2
2(N). If p ∈ N and

(a) κ has no skewon part atp,
(b) κ is invertible atp,
(c) the Fresnel surfaceFp(κ) does not contain a two dimensional vector subspace.

Then there exists coordinates{xi}3i=0 around p such that the6 × 6 matrix (κJI )IJ that
representsκ|p in these coordinates is one of the below matrices:

• Metaclass I:




α1 0 0 −β1 0 0
0 α2 0 0 −β2 0
0 0 α3 0 0 −β3
β1 0 0 α1 0 0
0 β2 0 0 α2 0
0 0 β3 0 0 α3




(31)

• Metaclass II:




α1 −β1 0 0 0 0
β1 α1 0 0 0 0
0 0 α2 0 0 −β2
0 1 0 α1 β1 0
1 0 0 −β1 α1 0
0 0 β2 0 0 α2




(32)
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• Metaclass III: 


α1 −β1 0 0 0 0
β1 α1 0 0 0 0
1 0 α1 0 0 −β1
0 0 0 α1 β1 1
0 0 1 −β1 α1 0
0 1 β1 0 0 α1




(33)

• Metaclass IV: 


α1 0 0 −β1 0 0
0 α2 0 0 −β2 0
0 0 α3 0 0 α4

β1 0 0 α1 0 0
0 β2 0 0 α2 0
0 0 α4 0 0 α3




(34)

• Metaclass V: 


α1 −β1 0 0 0 0
β1 α1 0 0 0 0
0 0 α2 0 0 α3

0 1 0 α1 β1 0
1 0 0 −β1 α1 0
0 0 α3 0 0 α2




(35)

• Metaclass VI: 


α1 0 0 −β1 0 0
0 α2 0 0 α4 0
0 0 α3 0 0 α5

β1 0 0 α1 0 0
0 α4 0 0 α2 0
0 0 α5 0 0 α3




(36)

• Metaclass VII: 


α1 0 0 α4 0 0
0 α2 0 0 α5 0
0 0 α3 0 0 α6

α4 0 0 α1 0 0
0 α5 0 0 α2 0
0 0 α6 0 0 α3




(37)

In each matrix the parameters satisfyα1, α2, . . . ∈ R, β1, β2, . . . ∈ R \ {0} andsgn β1 =
sgn β2 = · · · .

Proof. Let (U, xi) be coordinates aroundp, and letP = (κJI )IJ be the6×6-matrix that rep-
resentsκ at p in these coordinates. By treatingU as a manifold with coordinates{xi}3i=0,
equation (4) defines a tensorκ ∈ Ω2

2(U). Sinceκ is invertible atp andFp(κ) has no2-
dimensional subspace, the Jordan normal form ofP can not have a Jordan block of dimen-
sion2, . . . , 6 that corresponds to a real eigenvalue ofP . For area metrics this is established
in Lemma 5.1 in [SWW10]. (Or, for a translation to elements inΩ2

2(U), see the proof
of Theorem 2.1 in [Dah11b].) In the terminology of [SWW10] and [Dah11b] this implies
thatκ|p is of Metaclasses I,. . ., VII. Hence Theorem 3.2 in [Dah11c] (the restatement of
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the normal form theorem in [SWW10]) implies that aroundp, manifoldU has a coordinate
chart(Ũ , x̃i) such that atp, we have

TPT−1 = R,(38)

whereT = (∂x
J

∂x̃I )IJ is as in equation (16) andR is one of the6 × 6 matrices in equations
(31)—(37) for some parametersα1, α2, . . . ∈ R andβ1, β2, . . . > 0. Since(U, xi) is a chart

in N it follows that(Ũ , x̃i) is also a chart inN . Multiplying equation (38) bysgn det
(

∂xi

∂x̃j

)

and comparing with equation (17) shows thatsgn det
(

∂xi

∂x̃j

)
R is the matrix that represents

κ ∈ Ω̃2
2(N) in coordinates{x̃i}3i=0. If sgn det

(
∂xi

∂x̃j

)
= 1 or if R is in Metaclasses I,

IV, VI, VII, the claim follows. On the other hand, ifsgn det
(

∂xi

∂x̃j

)
= −1 andR is in

Metaclasses II, III, V, it remains to prove that we can changethe signs of the1-entries in
the normal forms by an orientation preserving coordinate transformation. Let{x̂i}3i=0 be
coordinates determined bŷxi = J i

j x̃
j for a suitable4× 4 matrixJ = (J i

j)ij . For Metaclass
III a suitable Jacobian is(J i

j)ij = diag(1,−1,−1, 1), and for Metaclass II and V a suitable
Jacobian is

J =




1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 1


 .

�

3.2. Non-birefringent medium. By a pseudo-Riemann metricon a manifoldN we mean
a symmetric

(
0
2

)
-tensorg that is non-degenerate. IfN is not connected we also assume that

g has constant signature. By aLorentz metricwe mean a pseudo-Riemann metric on a4-
manifold with signature(−+++) or (+−−−). Let♯ be the isomorphisms♯ : T ∗N → TN ,
so that if locallyg = gijdx

i ⊗ dxj then♯(αidx
i) = αig

ij ∂
∂xj . Using the♯-isomorphism we

extendg to covectors by settingg(ξ, η) = g(ξ♯, η♯) whenξ, η ∈ T ∗
p (N).

For a Lorentz metricg the light coneat a pointp ∈ N is defined as

Np(g) = {ξ ∈ T ∗
p (N) : g(ξ, ξ) = 0},

and analogously to the Fresnel surface we defineN(g) =
∐

p∈N Np(g).

If g is a pseudo-Riemann metric on a4-manifoldN , then theHodge star operatorof g is
defined as the∗g ∈ Ω̃2

2(N) such that if locallyg = gijdx
i ⊗ dxj , and∗g is written as in

equation (4), then

(∗g)ijrs =
√

|det g| giagjbεabrs,(39)

wheredet g = det gij andgij is theijth entry of(gij)−1. Then∗g has only a principal part.
See for example, [HO03, Fav12]. Moreover, ifg is a Lorentz metric andκ = ∗g, we have

F (κ) = N(g).(40)

Equation (40) is the motivation for definingN(g) as a subset of the cotangent bundle.

Definition 3.2. SupposeN is a4-manifold andκ ∈ Ω̃2
2(N). Thenκ is non-birefringentif

there exists a Lorentz metricg onN such that equation (40) holds.
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Thus, in non-birefringent medium, the Fresnel surfaceFp(κ) has only a single sheet, and
there is only one signal speed in each direction. In non-birefringent medium it follows that
propagation speed can not depend on polarisation. OnN = R

4, a specific example of a non-

birefringent medium isκ =
√

ǫ
µ
∗g, whereg is the Lorentz metricg = diag(− 1

ǫµ
, 1, 1, 1)

onR
4. Then constitutive equation (12) models standard isotropic medium onR4 with per-

mittivity ǫ > 0 andµ > 0. The next theorem gives the complete characterisation of all
non-birefringent media with only a only a principal part.

Theorem 3.3. SupposeN is a 4-manifold. If κ ∈ Ω̃2
2(N) satisfies(2)κ = 0, then the

following conditions are equivalent:

(i) (3)κ = 0 andκ is non-birefringent.
(ii) κ2 = −f Id for some functionf ∈ C∞(N) with f > 0.
(iii) there exists a Lorentz metricg and a non-vanishing functionf ∈ C∞(N) such that

κ = f ∗g .(41)

Implication(i) ⇒ (ii) was conjectured in 1999 by Y. Obukhov and F. Hehl [OH99, OFR00].
Under some additional technical assumptions the implication was already proven in [OFR00].
However, the general case was only established in [FB11] by A. Favaro and L. Bergamin
by a case by case analysis using the normal form theorem in [SWW10]. For an alterna-
tive proof using a Gröbner basis, see [Dah11a] and for similar results, see [LH04, Iti05,
RRS11] and Section 3.3 below. Implication(iii) ⇒ (i) is a direct computation. In the
setting of electromagnetics, implication(ii) ⇒ (iii) seems to first to have been derived by
M. Schönberg [Rub02, Sch71]. For further derivations and discussions, see [HO03, Rub02,
OFR00, OH99, Jad79].

When a generalκ ∈ Ω̃2
2(N) on a 4-manifold N satisfiesκ2 = −f Id for a function

f ∈ C∞(N) one says thatκ satisfies theclosure condition. For physical motivation, see
[HO03, Section D.3.1]. For a study of more general closure relations, and in particular, for
an analysis whenκ might have a skewon part, see [Fav12, LBF12], and Section 4.3below.

3.3. Medium with a double light cone. Since the Fresnel surface is a4th order surface,
the Fresnel surface can decompose into two distinct Lorentznull cones. In such medium
differently polarised waves can propagate with different wave speeds. This is, for example,
the case inuniaxial crystalslike calcite [BW99, Section 15.3]. This motivates the next
definition.

Definition 3.4. SupposeN is a 4-manifold andκ ∈ Ω̃2
2(N). If p ∈ N we say that the

Fresnel surfaceFp(κ) decomposes into a double light coneif there exists Lorentz metrics
g+ andg− defined in a neighbourhood ofp such that

Fp(κ) = Np(g+) ∪ Np(g−)(42)

andNp(g+) 6= Np(g−).

If g, h are Lorentz metrics, thenNp(g) ⊂ Np(h) implies that atp we haveg = Ch for some
C ∈ R \ {0}. See for example [Tou65]. Thus, ifκ decomposes into a double light cone,
thenκ is not non-birefringent.

Under some assumptions, the next theorem gives the completepointwise description of all
medium tensors with a double light cone. The theorem generalises the result in [Dah11b]
to twisted tensors.
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Theorem 3.5. SupposeN is a 4-manifold andκ ∈ Ω̃2
2(N). Furthermore, suppose that at

somep ∈ N

(a) κ has no skewon part atp,
(b) κ is invertible atp,
(c) the Fresnel surfaceFp(κ) factorises into a double light cone atp.

Then exactly one of the below three possibilities holds:

(i) Metaclass I. There are coordinates{xi}3i=0 aroundp such that the matrix(κJI )IJ
that representsκ|p in these coordinates is given by equation(31)for someα1, α2, α3 ∈
R andβ1, β2, β3 ∈ R \ {0} with

α2 = α3, β2 = β3, sgn β1 = sgn β2 = sgn β3

and eitherα1 6= α2 or β1 6= β2 or both inequalities hold.
(ii) Metaclass II. There are coordinates{xi}3i=0 aroundp such that the matrix(κJI )IJ

that representsκ|p in these coordinates is given by equation(32) for someα1, α2 ∈
R andβ1, β2 ∈ R \ {0} with

α1 = α2, β1 = β2.

(iii) Metaclass IV. There are coordinates{xi}3i=0 aroundp such that the matrix(κJI )IJ
that representsκ|p in these coordinates is given by equation(34)for someα1, α2, α3, α4 ∈
R andβ1, β2 ∈ R \ {0} with

α1 = α2, β1 = β2, α4 6= 0, α2
3 6= α2

4.

Conversely, ifκ is defined by one of the above three possibilities, then the Fresnel surface
of κ decomposes into a double light cone atp.

Proof. Forκ ∈ Ω2
2(N) the result is proven in [Dah11b, Theorem 2.1] (up to a permutation

of coordinates in Metaclass I). The generalisation toκ ∈ Ω̃2
2(N) follows by the same

argument used to prove Theorem 3.1. The converse direction can be verified by computer
algebra using the explicit Lorentz metrics given in [Dah11b]. �

In Theorem 3.5, uniaxial medium is given by Metaclass I whenα1 = α2 = α3 = 0. The
main conclusion of the theorem is that there are two (and onlytwo) additional classes of
medium where the Fresnel surface decomposes (Metaclasses II and IV). In all three classes,
there are explicit formulas for the Lorentz metrics that factorise the Fresnel surface. For a
further discussion of these metrics, see [Dah11b].

In Theorem 5.1 we will show that under suitable assumptions every skewon-free medium
with a double light cone can be written as in equation (43). This medium class is a special
class ofgeneralisedQ-mediumintroduced by I. Lindell and H. Wallén in [LW02]. For
further discussions of this medium class, see [LW04, Fav12,LBF12].

Proposition 3.6. SupposeN is a 4-manifold,g is a Lorentz metric,ρ is a twisted scalar
density of weight1, A ∈ Ω2(N) and C1 ∈ R \ {0} and C2 ∈ R. Moreover, suppose
κ ∈ Ω̃2

2(N) is defined as

κ = C1 ∗g +ρA⊗A+ C2 Id .(43)

Thenκ is skewon-free the following claims hold pointwise inN :

(i) κ is non-birefringent if and only ifA = 0 or ρ = 0.
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(ii) κ has a double light cone if and only ifρ 6= 0, A 6= 0 and

detκ 6=
(
C2
1 + C2

2

)2
(
C2 +

1

2
trace(ρA⊗A)

)2

.(44)

Proof. We restrict the analysis to a pointp ∈ N , and let{xi}3i=0 be coordinates around
p such that the Lorentz metric has componentsg = ± diag(−1, 1, 1, 1) at p. For claim
(i), let us note that the axion component ofκ does not influence the Fresnel polynomial.
See for example [HO03]. Thusκ is non-birefringent whenA = 0 or ρ = 0. For the
converse direction, supposeκ is non-birefringent. Then Theorem 3.3 implies that(κ −
1
6 trace κ Id)2 = −λ Id for someλ > 0. Writing out the last equation and solving the
associated Gröbner basis equations (see [CLO07, Dah11a])shows thatA = 0 or ρ = 0. For
claim (ii) , let us writeA = 1

2A
ij ∂

∂xi ∧ ∂
∂xj . Then the Fresnel polynomial atp is given by

G
ijklξiξjξkξl = −C2

1

(
gijξiξj

) (
H ijξiξj

)
,(45)

wheregij = (g−1)ij andH ij = C1g
ij − 2ρAiagabA

bj (see [LW02, LBF12]). Moreover,

det κ =
(
C2
1 + C2

2

)2 (
C2
1 + C2

2 + E + C2 trace(ρA⊗A)
)
,(46)

whereE ∈ R is an expression that depends onρ,C1 andA. We will not need the explicit
expression forE. However, by computer algebra we see that the sameE also appears in
detH for matrixH = (H ij)ij . Then equation (46) yields

detH = −
(
C2
1 + E − 1

4

(
trace(ρA⊗A)

)2
)2

= −
(

detκ

(C2
1 + C2

2 )
2
−
(
C2 +

1

2
trace(ρA⊗A)

)2
)2

.(47)

If κ has a double light cone, claim(i) implies thatA 6= 0 andρ 6= 0. Moreover, by Propo-
sition 1.5 in [Dah11b] and since polynomials have a unique factorisation into irreducible
factors [CLO07, Theorem 5 in Section 3.5], we havedetH < 0 and equation (47) implies
inequality (44) fordetκ. Conversely, if the inequalities in claim(ii) are satisfied, then equa-
tion (47) shows thatdetH < 0, sog andH both have Lorentz signature atp. To complete
the proof we need to show that there is no constantC ∈ R\{0} such thatgij = CH ij. Since
A 6= 0 andρ 6= 0, this follows by inspecting equationsgii = CH ii for i = 0, . . . , 3. �

4. DECOMPOSABLE MEDIA

In this section we first describe the class of decomposable medium introduced in [LBF12].
In particular, in Theorem 4.3 we describe the sufficient conditions derived in [LBF12] that
imply that a medium is decomposable. In Theorem 5.1 these conditions will play a key
role. In Section 4.3 we will describe some results that suggest that condition(i) in Theorem
4.3 is a general factorisability condition for the Fresnel polynomial. Following [LBF12] we
restrict the analysis toR4 so that we can work with plane waves.

4.1. Plane waves inR4. We say that a tensorT onR
4 is constantif there are global coor-

dinates forR4 where components forT are constant. If we assume that many tensors are
constant, we assume that they are constant with respect to the same choice of coordinates.
Below we also use notationΩk(N,C) to denote the space ofk-forms on a manifoldN with
possibly complex coefficients.
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Supposeκ ∈ Ω2
2(R

4) is constant andF,G ∈ Ω2(R4) are defined as

F = Re{eiΦX}, G = Re{eiΦY },(48)

whereΦ is a functionΦ: R4 → R such thatdΦ is constant and non-zero,X,Y ∈ Ω2(R4,C)
are constant and not both zero. IfF andG solve the sourceless Maxwell’s equations we say
thatF andG is aplane wave.

Proposition 4.1. Supposeκ ∈ Ω2
2(R

4) is constant andΦ is a functionΦ: R4 → R such
that dΦ is constant and non-zero. Moreover, supposeX,Y are constant2-formsX,Y ∈
Ω2(R4,C). If F andG are defined by equations(48), then the following conditions are
equivalent:

(i) F andG is a plane wave.
(ii) dΦ ∈ F (κ) and there exists a constantα ∈ Ω1(R4,C) such thatdΦ ∧ α 6= 0,

dΦ ∧ κ(dΦ ∧ α) = 0 and

X = dΦ ∧ α,(49)

Y = κ(dΦ ∧ α).(50)

Proof. Let ξ = dΦ. If F andG is a plane wave thenξ 6= 0 implies that

ξ ∧X = 0, ξ ∧ Y = 0, Y = κ(X).(51)

The first equation in equation (51) implies that there existsa constant1-formα ∈ Ω1(R4,C)
such thatX = ξ ∧ α. It is clear thatα and ξ ∧ α are both non-zero, since otherwise
X = Y = 0. Combining the latter two equations in equation (51) implies that

ξ ∧ κ(ξ ∧ α) = 0.(52)

Since this linear equation forα has a non-zero solution, it follows thatξ ∈ F (κ). See
for example, [OFR00, Rub02, HO03, Dah11a]. This completes the proof of implication(i)
⇒ (ii) . For the converse implication it suffices to verify that equations (48)–(50) define a
solution to Maxwell’s equations. �

4.2. Decomposable medium.The next definition and theorem are from [LBF12]. It is not
known if the converse of Theorem 4.3 is also true [LBF12].

Definition 4.2. Supposeκ ∈ Ω2
2(R

4) is constant. Then we say thatκ is decomposableif
there exist non-zero and constantA,B ∈ Ω2(R

4) such that ifF,G is a plane wave solution
to Maxwell’s equations, then

F (A) = 0 or F (B) = 0.(53)

Theorem 4.3. Supposeκ ∈ Ω2
2(R

4) is constant. Furthermore, suppose

(i) there exists constant tensorsA,B ∈ Ω2(R
4) and a constant scalar densityρ of

weight1 such that

α Id+β (κ+ κ) + γκ ◦ κ = ρ
(
A⊗B +B ⊗A

)
(54)

for constantsα, β, γ ∈ R andβ, γ are not both zero.
(ii) the right hand side in equation(54) is non-zero.

Thenκ is decomposable (and condition(53) holds for the sameA andB as in condition
(54)).

Before the proof, let us note that by Lemma 2.3, the right handside in equation (54) is
non-zero if and only ifA,B andρ are all non-zero.
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Proof. (Following [LBF12].) Suppose condition (54) holds for someα, β, γ, ρ,A,B. More-
over, supposeF,G is an arbitrary plane wave forκ as in equation (48). To prove the claim
we need to show that condition (53) holds. Proposition 4.1 implies thatY = κ(X) and

X ∧X = 0, X ∧ Y = 0, Y ∧X = 0, Y ∧ Y = 0,

whence equation (20) implies that

0 = X ∧ (α Id+β(κ+ κ) + γκ ◦ κ) (X).(55)

Let {xi}3i=0 be coordinates forR4 where all the aforementioned tensors are constant. Then

0 = X ∧ ρ
(
A⊗B +B ⊗A

)
(X)

= X(A)X(B) ρdx0 ∧ dx1 ∧ dx2 ∧ dx3.

Here, the first equality follows by condition (54) and (55), and the latter equality follows
by a computation in coordinates. SinceA andB are real, it follows thatF (A) = 0 or
F (B) = 0. �

In Theorem 5.1 we will see that all the medium tensors in Theorem 3.5 are decomposable.
In particular, uniaxial medium is decomposable. The next proposition shows that isotropic
medium determined by a Hodge star operator is never decomposable.

Proposition 4.4. Supposeκ ∈ Ω2
2(R

4) is defined as

κ = C1 ∗g + C2 Id,

whereC1 ∈ R \ {0}, C2 ∈ R andg is a constant indefinite pseudo-Riemann metric onR
4.

Thenκ is not decomposable.

Proof. Let us first assume thatg is a Lorentz metric and let{xi}3i=0 be coordinates such
thatg = k diag(−1, 1, 1, 1) for somek ∈ {−1, 1}. At 0 ∈ R

4, it follows that

F0(κ) = {ξ ∈ T ∗
0 (R

4) : −ξ20 + ξ21 + ξ22 + ξ23 = 0}.

For a contradiction, supposeκ is decomposable. By Proposition 4.1 there exists a non-zero
and constantA,B ∈ Ω2(R

4) such that

(ξ ∧ α)(A) (ξ ∧ α)(B) = 0(56)

for all ξ, α ∈ T ∗
0 (R

4) that satisfyξ ∈ F0(κ) and

ξ ∧ α 6= 0, ξ ∧ κ(ξ ∧ α) = 0.(57)

LetG is the subsetG ⊂ F0(κ) \ {0} for which each coordinate belongs to{0, 1,
√
2,
√
3}.

That is, one can think ofG as a discretisation ofF0(κ) in one quadrant ofT ∗
0 (R

4). In
total there are19 such points, and for eachξ ∈ G, we can find two linearly independent
α ∈ T ∗

0 (R
4) such conditions (57) holds,cf. [Dah11a]. Insisting that equation (56) holds

for all suchξ andα gives19 × 2 = 38 second order polynomial equations for variables in
A andB. Computing a Gröbner basis for these equations and solvingimplies that either
A = 0 or B = 0. See [CLO07]. Henceκ is not decomposable. Wheng has signature
(−−++) the claim follows by repeating the above argument. �
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4.3. Factorisability of the Fresnel polynomial. In what follows condition(i) in Theorem
4.3 will play a key role. Let us therefore introduce the following definition.

Definition 4.5. If κ ∈ Ω2
2(R

4) is constant and satisfies condition(i) in Theorem 4.3, then
we say thatκ is algebraically decomposable.

In [LBF12], I. Lindell, L. Bergamin and A. Favaro showed thatif κ is algebraically de-
composable (plus some additional assumptions), then the Fresnel polynomial ofκ always
factorises into the product of two quadratic forms. In this section we summarise this result
in Theorem 4.6. Moreover, we will see that for algebraicallydecomposable medium, the
Fresnel polynomial seems to factorise even when the additional assumptions in Theorem
4.6 are not satisfied. These results suggest (but do not prove) that the definition of alge-
braically decomposable medium might be a sufficient condition for the Fresnel polynomial
to factorise.

Let us first note that the class of algebraically decomposable media contains a number
medium classes as special cases. Ifκ is purely skewon, thenκ + κ = 0 and κ is al-
gebraically decomposable. Also, ifκ satisfies themixed closure conditionκ ◦ κ = λ Id
[LBF12, Fav12], thenκ is algebraically decomposable. Ifκ has no skewon part, thenκ = κ
and the definition of algebraically decomposable medium simplifies. Thus, ifκ has no ske-
won part and ifκ is aself-dual medium(so thatα Id+βκ + γκ2 = 0) [Lin08], thenκ is
algebraically decomposable. In particular, skewon-free medium that satisfies theclosure
conditionκ2 = λ Id [HO03] is algebraically decomposable.

Equation (54) that defines algebraically decomposable medium is a nonlinear equation in
κ. Suppose{xi}3i=0 are coordinates forR4, P ∈ R

6×6 is the matrixP = (κJI )IJ that
representsκ andA,B ∈ R

6 are the column vectorsA = (AI)I andB = (BI)I that
represent bivectorsA andB with components as in Section 2.4. Then equation (54) reads

αE + β(P tE +EP ) + γP tEP = 2ρ(ABt +BAt),(58)

whereAt is the matrix transpose andE ∈ R
6×6 is the matrixE = (εIJ)IJ . Numerically,

E =

(
0 I
I 0

)
, where0 andI are the zero and identity3×3 matrices. Whenγ 6= 0, equation

(58) is structurally similar to analgebraic Riccati equation[GLR05].

The next theorem summarises the factorisation result from [LBF12], but restated in the
present setting.

Theorem 4.6. If κ ∈ Ω2
2(R

4) is algebraically decomposable andα, β, γ, ρ,A,B in equa-
tion (54)satisfy one of the below conditions:

(i) γ = 0,
(ii) γ 6= 0, β2 − αγ 6= 0 and there exists aD ∈ Ω2(R

4) such that

D (γκ+ β Id) =
1

2
trace(ρD ⊗D)A+ γB.(59)

Then the Fresnel polynomial ofκ factorises into the product of two quadratic forms.

Let us note that equation (59) is a non-linear equation forD. A priori, the equation has real
solutions, complex solutions, or no solutions forD. For a discussion of the last possibility,
see below. Pointwisetrace(ρD ⊗D) = 0 holds if and only ifD ∧D = 0 or ρ = 0.

Let us outline the argument in [LBF12] used to prove Theorem 4.6. SupposeΩ2
2(R

4) is
algebraically decomposable. If assumption(i) holds, then by rescaling we may assume that
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β = 1. Then, sinceκ+ κ = 2((1)κ+(3)κ), it follows that

α Id+2(κ− σ) = ρ
(
A⊗B +B ⊗A

)
(60)

for someσ ∈ Ω2
2(R

4) with only a skewon part. This gives an explicit representation
formula for allκ that satisfy condition (54) withγ = 0. Computing the Fresnel polynomial
for κ shows that it factorises into two quadratic forms. On the other hand, when assumption
(ii) holds, then Theorem 4.7 in the below shows that equation (54)transforms intoη ◦
η = λ Id for someλ 6= 0 by a transformation similar to completing the square. Thus,
to understand the structure of algebraically decomposablemedium that satisfy assumption
(ii) , we only need to understand the simpler equationη ◦ η = λ Id with λ 6= 0. In [LBF12]
the latter equation is solved (see also [Fav12]) using two explicit representation formulas
similar to equation (60). Using these representation formulas, the Fresnel polynomial can
again be computed, and in both cases it factorises into a product of quadratic forms.

The next theorem from [LBF12] describes the transformationproperty of equation (54)
used in the proof of Theorem 4.6. The proof is a direct computation using identities (22)–
(25). For a general discussion of transformation properties for the matrix algebraic Riccati
equation, see [CPL10, LR12].

Theorem 4.7. Supposeκ ∈ Ω2
2(R

4) is algebraically decomposable such that equation
(54) holds withγ 6= 0. If, moreover, there exists aD ∈ Ω2(R

4) such that equation(59)
holds, thenη ∈ Ω2

2(R
4) defined as

η = γκ− ρD ⊗A+ β Id(61)

satisfies

η ◦ η = (β2 − αγ) Id .(62)

Supposeκ is algebraically decomposable such that equation (54) holds with γ 6= 0 and
β2 − αγ = 0. Now we can not use Theorem 4.6 do decise whether the Fresnel polyno-
mial factorises. However, by computer algebra we can find explicit examples of medium
tensors with the above properties. Preliminary computer algebra experiments using such
expressions suggest that the Fresnel polynomial always seems to factorise when the above
assumptions are met. However, the factorisation seems be qualitatively different. Condition
β2 − αγ = 0 seems to imply a linear factor in the Fresnel polynomial. Forexample, the
Fresnel polynomial can factorise into the product of irreducible 1st and3rd order polyno-
mials. On the other hand, supposeκ is algebraically decomposable such that equation (54)
holds withγ 6= 0, β2 − αγ 6= 0 and equation (59) has no real solution forD. Now we can
neither use Theorem 4.6 do decise whether the Fresnel polynomial factorises, but we may
again construct explicit examples of medium tensors with the above properties. Using these
expressions, preliminary computer algebra experiments suggest that the Fresnel polynomial
also seems to factorise in this case. In conclusion, these initial observations together with
Theorem 4.6 suggest that the definition of algebraically decomposable medium could be a
sufficient condition for the Fresnel polynomial to factorise.

Lastly, let us note that algebraic Riccati equations, and more generally, quadratic matrix
equations, appear in a number of fields. In view of Theorem 4.6and equation (58), it is,
however, interesting to note that quadratic matrix equations appear in the study of polyno-
mial factorisation in one variable [BG05]. Differential Riccati equations also appear in the
problem of factoring linear partial differential operators of second and third order [GS04].
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5. CHARACTERISATION AND REPRESENTATION OF MEDIA

WITH A DOUBLE LIGHT CONE

Theorem 5.1. SupposeN is a 4-manifold, andκ ∈ Ω̃2
2(N) is skewon-free and invertible

at a pointp ∈ N . Then the following conditions are equivalent:

(i) The Fresnel surface ofκ decomposes into a double light cone atp.
(ii) κ satisfies conditions:

(a) the Fresnel surfaceFp(κ) ⊂ T ∗
p (N) does not contain a two-dimensional vec-

tor subspace.
(b) there areA,B ∈ Ω2(N) and a tensor densityρ of weight1 such that atp we

have

(κ+ µ Id)2 = −λ Id+ρ
(
A⊗B +B ⊗A

)
(63)

for someµ ∈ C̃∞(N) andλ ∈ C∞(N). Moreover,A,B, ρ 6= 0 andλ > 0 at
p.

(iii) Around p there is a locally defined Lorentz metricg, a locally defined non-zero
twisted scalar densityρ of weight1, an A ∈ Ω2(N) that is non-zero atp, and
constantsC1 ∈ R \ {0} andC2 ∈ R such that atp,

κ = C1 ∗g +ρA⊗A+ C2 Id,(64)

andκ satisfies inequality(44)at p.

As described in the introduction, the above theorem is the main result of this paper. A
discussion of the theorem is postponed to the end of this section.

In the Theorem 5.1 we will use the computer algebra techniqueof Gröbner bases[CLO07]
to eliminate variables from polynomial equations. This technique was also used in [Dah11b].
Let C[u1, . . . , uN ] the ring of complex coefficient polynomialsCN → C in variables
u1, . . . , uN . For polynomialsr1, . . . , rk ∈ C[u1, . . . , uN ], let

〈r1, . . . , rk〉 = {
k∑

i=1

firi : fi ∈ C[u1, . . . , uN ]}

be the theideal generated byr1, . . . , rk. SupposeV ⊂ C
N is the solution set to polynomial

equationsp1 = 0, . . . , pM = 0 wherepi ∈ C[u1, . . . , uN ]. If I is the ideal generated by
p1, . . . , pM , theelimination idealsare the ideals defined as

Ik = I ∩ C[uk+1, . . . , uN ], k ∈ {0, . . . , N − 1}.
Thus, if (u1, . . . , uN ) ∈ V then by [CLO07, Proposition 9, Section 2.5] it follows that
p(uk+1, . . . , uN ) = 0 for any p ∈ Ik, and Ik contain polynomial consequences of the
original equations that only depend on variablesuk+1, . . . , uN . Using Gröbner basis, one
can explicitly computeIk [CLO07, Theorem 2 in Section 3.1]. In the below proof this has
been done with the built-in Mathematica routine’GroebnerBasis’. The same technique of
eliminating variables was also a key part of the proof of Theorem 3.5 in [Dah11b].

Proof. Let us first prove implication(i) ⇒ (ii) . By [Dah11b, Proposition 1.3] condition
(i) implies thatFp(κ) has no two dimensional subspace. By Theorem 3.5 we only need to
check three medium classes.

Metaclass I. If κ|p is in Metaclass I, thenκ can be written as in equation (31) with con-
ditions on the parameters given by Theorem 3.5. Supposeα1 = α2. Then Theorem 3.5
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implies thatβ1 6= β2. Let ρ = 1
2 (β

2
2 − β2

1), µ = −α1, λ = β2
2 . Moreover, letA andB be

bivectors defined asA = 1
2A

ij ∂
∂xi ∧ ∂

∂xj and similarly forB, with coefficients

(Aij)ij =




0 1 0 0
0 0 0

0 0
0


 , (Bij)ij =




0 0 0 0
0 0 0

0 1
0


 ,(65)

where subdiagonal terms are determined by antisymmetry. For these parameters, computer
algebra shows that equation (63) holds. On the other hand, ifα1 6= α2, suitable parameters
are

ρ =
1

8(α1 − α2)β1
, µ = −α2, λ = β2

2 ,

and

(Aij)ij =




0 2(α1 − α2)β1 0 0
0 0 0

0 (α1 − α2)
2 − β2

1 + β2
2 +

√
σ

0


 ,

where

σ =
(
(α1 − α2)

2 + (β1 − β2)
2
) (

(α1 − α2)
2 + (β1 + β2)

2
)
.

BivectorB is defined by the same formula as forA, but by replacing
√
σ with −√

σ.

Metaclass II. If κ|p is in Metaclass II, thenκ can be written as in equation (32) with condi-
tions on the parameters given by Theorem 3.5. Suitable parameters areρ = β1/2, µ = −α1,
λ = β2

1 and

(Aij)ij =




0 1 1 0
0 0 0

0 0
0


 , (Bij)ij =




0 1 −1 0
0 0 0

0 0
0


 .(66)

Metaclass IV. If κ|p is of Metaclass IV, thenκ can be written as in equation (34) with
conditions on the parameters given by Theorem 3.5. Ifα1 6= α3, then suitable parameters
are

ρ =
1

8(α3 − α1)α4
, µ = −α1, λ = β2

1

and

(Aij)ij =




0 0 0 (α1 − α3)
2 + α2

4 + β2
1 +

√
σ

0 2(α3 − α1)α4 0
0 0

0


 ,

where

σ =
(
α2
4 − (α3 − α1)

2
)2

+ β2
1

(
2α2

4 + β2
1 + 2(α1 − α2)

2
)
.
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andB is defined as in Metaclass I. On the other hand, ifα1 = α3, then suitable parameters
areρ = 1

2(β
2
1 + α2

4), µ = −α3, λ = β2
1 and

(Aij)ij =




0 0 0 0
0 1 0

0 0
0


 , (Bij)ij =




0 0 0 1
0 0 0

0 0
0


 .(67)

This completes the proof of implication(i) ⇒ (ii) .

For the converse implication(ii) ⇒ (i), suppose thatκ satisfies the conditions in(ii) . By
Theorem 3.1 we may assume that there are coordinates{xi}3i=0 aroundp such that atp,
tensorκ is given by one of the matrices in equations (31)–(37) for some parameters as in
Theorem 3.1. Let us consider each of the seven cases separately.

Metaclass I.If κ|p is in Metaclass I, then there are coordinates{xi}3i=0 aroundp such that
κ is given by equation (31). By scalingA andB we may assume thatρ|p = 1. Moreover,
writing out equation (63) and eliminating variables inA andB using a Gröbner basis (see
above) yields equations that only involveλ, µ and the parameters inκ. The rest of the
argument is divided into three subcases:

Case 1.If β1 = β2 = β3 the Gröbner basis equations imply thatλ = β2
1 and

(α2 + µ)(α3 + µ) = 0,(68)

(α1 + µ)(α3 + µ) = 0,(69)

(α1 + µ)(α2 + µ) = 0.(70)

It follows thatα1, α2, α3 can not be all distinct, and by a coordinate change, we may assume
thatα2 = α3. If α1 = α2 = α3, equation (68) implies thatµ = −α1. Then equation (31)
implies thatκ = −β1 ∗g +α1 Id at p, whereg is the Hodge star operator for the locally
defined Lorentz metricg = diag(−1, 1, 1, 1). Then equation (63) implies thatρ (A⊗ B +
B ⊗A) = 0. Since this contradicts Lemma 2.3, we haveα1 6= α2 andκ has a double light
cone atp by Theorem 3.5.

Case 2.If exactly two ofβ1, β2, β3 coincide, then after a coordinate change we may assume
thatβ1 6= β2 = β3. Then the Gröbner basis equations imply that eitherλ = β2

1 or λ = β2
2 .

If λ = β2
1 , the Gröbner basis equations imply thatα1 = α2 = α3 andβ1 = β2 = β3.

We may therefore assume thatλ = β2
2 . Then the Gröbner basis equations imply thatµ =

−α2 = −α3, andκ has a double light cone atp by Theorem 3.5.

Case 3.If all β1, β2, β3 are all distinct, then the Gröbner basis equations imply that

(β2
2 − λ)(β2

3 − λ)(α1 + µ) = 0,

(β2
1 − λ)(β2

3 − λ)(α2 + µ) = 0,

(β2
1 − λ)(β2

2 − λ)(α3 + µ) = 0,

(β2
1 − λ)(β2

2 − λ)(β2
3 − λ) = 0.

These equations imply that we must haveλ = β2
i andµ = −αi for somei ∈ {1, 2, 3}. If

i = 1 the Gröbner basis equations imply thatα1 = α2 = α3 andβ1 = β2. This contradicts
the assumption that allβi are distinct. Similarly,i = 2 andi = 3 lead to contradictions, and
Case 3 is not possible.

Metaclass II. If κ|p is in Metaclass II, there are coordinates{xi}3i=0 aroundp such thatκ is
given by equation (32). Writing out equation (63) and eliminating variables as in Metaclass
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I gives equations that only involve variablesλ, µ and the variables inκ. Solving these
equations give

µ = −α2, λ = β2
2 , β1 = β2, α1 = α2,

andκ has a double light cone atp by Theorem 3.5.

Metaclass III. If κ|p is in Metaclass III, there are coordinates{xi}3i=0 aroundp such thatκ
is given by equation (33). Eliminating variables as in Metaclass I implies thatβ1 = 0. Thus
κ|p can not be in Metaclass III.

Metaclass IV. If κ|p is in Metaclass IV, there are coordinates{xi}3i=0 aroundp such thatκ
is given by equation (34). We haveα4 6= 0 since otherwisespan{dx1|p, dx2|p} ⊂ Fp(κ).
Moreover, sinceκ is invertible atp it follows thatα2

3 6= α2
4. Writing out equation (63),

eliminating variables as in Metaclass I, and solving implies that

λ = β2
1 , β1 = β2, µ = −α1, α1 = α2,

andκ has a double light cone atp by Theorem 3.5.

Metaclass V.If κ|p is in Metaclass V, there are coordinates{xi}3i=0 aroundp such thatκ is
given by equation (35). We may assume thatα3 6= 0, since otherwisespan{dxi|p}3i=1 ⊂
Fp(κ). Eliminating variables as in Metaclass I, and solving implies the contradictionλ +
α2
3 = 0. Sinceλ > 0 it follows thatκ|p can not be in Metaclass V.

Metaclass VI. If κ|p is in Metaclass VI, there are coordinates{xi}3i=0 aroundp such thatκ
is given by equation (36). Eliminating variables as in Metaclass I implies that

(
λ+ α2

5 + (α3 + µ)2
) (

λ+ (α2 − α4 + µ)2
) (

λ+ (α2 + α4 + µ)2
)

= 0.

Sinceλ > 0, it follows thatκ|p can not be in Metaclass VI.

Metaclass VII. If κ|p is in Metaclass VII, there are coordinates{xi}3i=0 aroundp such that
κ is given by equation (37). Eliminating variables as in Metaclass I and solving implies that

3∏

k=1

(
λ+ α2

k+3 + (αk + µ)2
)

= 0.

Sinceλ > 0, it follows thatκ|p can not be in Metaclass VII. This completes the proof of
implication (ii) ⇒ (i).

Implication (iii) ⇒ (i) is a restatement of Proposition 3.6. To prove implication(i) ⇒ (iii)
we proceed as in implication(i) ⇒ (ii) and by Theorem 3.5 we only need to check three
medium classes. Also, by Proposition 3.6 we do not need to prove inequality (44) since it
follows form the other conditions in(iii) when(i) holds.

Metaclass I.If κ|p is in Metaclass I, there are coordinates{xi}3i=0 aroundp such thatκ is
given by equation (31) with conditions on the parameters given by Theorem 3.5. Suppose

α1 = α2. Let C1 = − β2

2

Ψ
√

| det g|
, C2 = α2, Ψ =

β2

2

β1
and in coordinates{xi}, let ρ be

defined byρ = (β2
2 −β1

2)/(2β1). Then equation (64) holds whenA = 1
2B

ij ∂
∂xi ∧ ∂

∂xj when
coefficientsBij are as in equation (65) andg is the Lorentz metricg = gijdx

i ⊗ dxj with
coefficients

(gij)ij =

(
diag

(
1,−1,− Ψ

β2
,− Ψ

β2

))−1

.(71)
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On the other hand, supposeα1 6= α2. LetΨ be one of the two roots to the quadratic equation

1

β2
Ψ2 −D3Ψ+ β2 = 0,(72)

whereD3 is defined as in [Dah11b, Theorem 2.1(i)]

D3 =
(α1 − α2)

2 + β2
1 + β2

2

β1β2
.

Sincesgn β1 = sgn β2, the discriminant of equation (72) is strictly positive. ThusΨ ∈
R \ {0} andsgnΨ = sgn β1. LetΞ ∈ R be defined as

Ξ =
1

2

(
β1 − β2

2

1

Ψ

)
.

Sinceα1 6= α2 we see thatΨ =
β2

2

β1
is not a solution to equation (72) whenceΞ 6= 0. Let

C1, C2 be as in theα1 = α2 case and letρ = sgnΞ. Then equation (64) holds wheng is
the Lorentz metric given by equation (71) andA = 1

2A
ij ∂

∂xi ∧ ∂
∂xj is given by

(Aij)ij =




0
√

|Ξ| 0 0
0 0 0

0 α1−α2

2ρ
√

|Ξ|

0


 .

Metaclass II. If κ|p is in Metaclass II, there are coordinates{xi}3i=0 aroundp such thatκ is
given by equation (32) with conditions on the parameters given by Theorem 3.5. LetC1 =
− 1

β1

√
| det g|

, C2 = α1 andρ = 1/2. Then equation (64) holds whenA = 1
2A

ij ∂
∂xi ∧ ∂

∂xj is

as in equation (66) andg is the Lorentz metricg = gijdx
i ⊗ dxj with coefficients

(gij)ij =




−1 0 0 β1
0 −β1 0 0
0 0 −β1 0
β1 0 0 0




−1

.(73)

Metaclass IV. If κ|p is in Metaclass IV, there are coordinates{xi}3i=0 aroundp such thatκ
is given by equation (34) with conditions on the parameters given by Theorem 3.5. Suppose
α1 = α3. Let C1 = β1

Ψ
√

| det g|
, C2 = α1, Ψ = α4/β1 andρ = (α2

4 + β2
1)/(2α4). Then

equation (64) holds whenA = 1
2B

ij ∂
∂xi ∧ ∂

∂xj whenBij are as in equation (67) andg is the
Lorentz metricg = gijdx

i ⊗ dxj with coefficients

(gij)ij = (diag(1,Ψ,Ψ,−1))−1 .(74)

On the other hand, supposeα1 6= α3. LetΨ be one of the two roots to the quadratic equation

Ψ2 +D1Ψ− 1 = 0,(75)

where (see [Dah11b, Theorem 2.1(iii) ]),

D1 =
(α2 − α3)

2 + β2
2 − α2

4

β2α4
.

ThenΨ ∈ R\{0} and sinceα1 6= α3 equation (75) implies thatΨ 6= α4

β1
. ThusΞ ∈ R\{0}

when

Ξ =
1

2
(α4 − β1Ψ) .



24 DAHL

Let C1, C2 be as in theα1 = α3 case and letρ = sgnΞ. Then equation (64) holds when
g is the Lorentz metric in equation (74) andA is the bivectorA = 1

2A
ij ∂

∂xi ∧ ∂
∂xj with

coefficients

(Aij)ij =




0 0 0 α3−α1

2ρ
√

|Ξ|

0
√

|Ξ| 0
0 0

0


 .

This completes the proof of implication(i) ⇒ (iii) . �

Let us first emphasise that the conditions in Theorem 5.1 are written analogously to the
conditions in Theorem 3.3. In each theorem, condition(i) is the dynamical description
of the medium, condition(ii) is a characterisation of the medium and condition(iii) is a
general representation formula. Let us also emphasise thatin suitable limits, condition
(63) in Theorem 5.1 reduces to the closure conditionκ2 = −λ Id in Theorem 3.3, and
representation formula (64) in Theorem 5.1 reduces toκ = f∗g in Theorem 3.3. Let us
also emphasise that in both theorems, all conditions are tensorial, and do not depend on
coordinate expressions. A difference between the theoremsis that Theorem 3.3 is a global
result, while Theorem 5.1 is a pointwise result.

All the mediums in Theorem 5.1 satisfy the technical assumptions in Theorem 4.6 with
eitherD = A or D = B whenA andB are as in equation (63).

As described in the introduction, condition(ii) in Theorem 5.1 is a slight strengthening of
the conditions derived in [LBF12] (see Theorem 4.3 in the above). Representation formula
(64) in Theorem 5.1 is also adapted from [LBF12]. For constant medium tensors onR4,
Theorem 5.1 implies that ifκ is invertible, skewon-free and has a double light cone, then
κ is algebraically decomposable, and hence decomposable by [LBF12] (see Theorem 4.3).
In this setting, Theorem 5.1 explicitly shows that the behaviour of signal-speed imposes
a constraint on the behaviour of polarisation. This can be seen as somewhat unexpected.
However, the explanation is that polarisation and signal speeds are not independent for a
propagating wave, but constrained by equation (52). For a further discussion, see [Dah11a].
It is also instructive to note that condition (63) is a secondorder polynomial constraint on
the coefficients inκ, but the definition of a double light cone involves the Fresnel surface,
which is a constraint involving third order polynomials of the coefficients inκ. The same
phenomenon appears in equivalence(i) ⇔ (ii) in Theorem 3.3.

Part of condition(ii) is condition (a), that states that the Fresnel surface ofκ contains
no two dimensional subspace. Let us describe five results where this condition also ap-
pears. First, if the Fresnel surface of aκ ∈ Ω̃2

2(N) can be written asFp(κ) = {ξ ∈
T ∗
p (N) : (g(ξ, ξ))2 = 0} for a pseudo-Riemann metricg, then condition(a) is satisfied if

and only if g has signature(− − ++). This follows by a result of J. Montaldi [Mon07].
For example, ifg = diag(−1,−1, 1, 1), thenFp(κ) contains the2-dimensional subspace
span{ ∂

∂x0 + ∂
∂x3 ,

∂
∂x1 + ∂

∂x2 }. Second, one can prove that condition(a) is always satisfied
if κ decomposes into a double light cone (Proposition 1.3 in [Dah11b]). Third, in matter
dynamics systems, condition(a) can be motivated by the behaviour of energy [RRS11].
In the terminology of [RRS11], condition(a) can be replaced by the stronger condition
thatκ is bihyperbolic. Fourth, condition(a) also appears in the study of the well posed-
ness of Maxwell’s equations as an initial value problem [SWW10]. Lastly, in the normal
form representation of skewon-free medium tensors in [SWW10], condition(a) simplifies
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the representation since the condition excludes all but thefirst 7 coordinate representations.
See [SWW10] and Section 3.1 in the above.

When equivalence holds in Theorem 5.1, there does not seem tobe a simple relation be-
tween parametersC1, C2, ρ,A, g in equation (64) and parametersµ, λ, ρ,A,B in equation
(63). However, if equation (64) holds for anA such thatA ∧ A = 0 (that is,A is decom-
posableor simple[Coh05, p. 185]), then equation (63) holds for parameters

µ = −C2, λ = −C2
1 , B = A(∗g).

Using a Gröbner basis argument one can show that the tensorκ defined by equation (31)
whenβ1 = β2 = β3 = 1, α1 = 1 andα2 = α3 = 2 is invertible and has a double light
cone. However, it can not be written as in equation (64) for anA such thatA ∧A = 0.
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