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PENROSE TYPE INEQUALITIES FOR ASYMPTOTICALLY
HYPERBOLIC GRAPHS

MATTIAS DAHL, ROMAIN GICQUAUD, AND ANNA SAKOVICH

ABSTRACT. In this paper we study asymptotically hyperbolic manifolds given
as graphs of asymptotically constant functions over hyperbolic space H™. The
graphs are considered as unbounded hypersurfaces of H**1 which carry the
induced metric and have an interior boundary. For such manifolds the scalar
curvature appears in the divergence of a 1-form involving the integrand for
the asymptotically hyperbolic mass. Integrating this divergence we estimate
the mass by an integral over the inner boundary. In case the inner bound-
ary satisfies a convexity condition this can in turn be estimated in terms of
the area of the inner boundary. The resulting estimates are similar to the
conjectured Penrose inequality for asymptotically hyperbolic manifolds. The
work presented here is inspired by Lam’s article [22] concerning the asymp-
totically Euclidean case. Using ideas developed by Huang and Wu in [19] we
can in certain cases prove that equality is only attained for the anti-de Sitter
Schwarzschild metric.
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1. INTRODUCTION

In 1973, R. Penrose conjectured that the total mass of a space-time containing
black holes cannot be less than a certain function of the sum of the areas of the
event horizons. Black holes are objects whose definition requires knowledge of the
global space-time. Hence, given Cauchy data (which are the only data needed to
define the total mass of a space-time), finding event horizons would require solving
the Einstein equations. As a consequence, in the current formulation of the Penrose
conjecture, event horizons are usually replaced by the weaker notion of apparent
horizons. We refer the reader to [0, Chapter XIII] for further details.

The classical Penrose conjecture takes the following form: Let (M,g,k) be
Cauchy data for the Einstein equations, that is a triple where (M, g) is a Rie-
mannian 3-manifold and % is a symmetric 2-tensor on M. Assume that (M, g, k)
satisfies the dominant energy condition

w > |1,
where p and J are defined through
1
pi=3 (Scal? — |k + (try k)?),
J = div(k) — d(try k).

Assume further that (M, g,k) is asymptotically Euclidean. A compact oriented
surface ¥ C M is called an apparent horizon if ¥ satisfies

HI + ¥k =0,

where HY is the trace of the second fundamental form of ¥ computed with respect
to the outgoing normal v of ¥, that is S(X,Y) = (Vxv,Y) for any vectors X and
Y tangent to 3, and tr* k is the trace of k restricted to the tangent space of ¥
for the metric induced by g. Hence viewing (M, g, k) as immersed in a space-time,
the expansion of X in the future outgoing light-like direction vanishes. We assume
that 3 is outermost, that is 3 contains all other apparent horizons in its interior.
Note that 3 may be disconnected. See [2] for further details. Then the Penrose

conjecture takes the form
m >4/ m
— V16n’

where |3| denotes the area of ¥ and m is the mass of the manifold (M, g). Further,
equality should hold only if the exterior of ¥ is isometric to a hypersurface in the
exterior region of a Schwarzschild black hole with k equal to the second fundamental
form of this hypersurface.

This conjecture can be generalized to higher dimensional manifolds. All the
statements are the same except for the inequality which in n dimensions reads

n—2
m> - | —— ,
2 Wn—1

where w;,_1 is the volume of the unit (n — 1)-sphere.

Two major breakthroughs in the proof of this inequality were obtained almost
simultaneously by Huisken, Ilmanen [21] and Bray [4] for 3-manifolds. They both
deal with the time-symmetric case, i.e. when & = 0. The result of Bray was
extended to higher dimensions in [6]. We refer the reader to the excellent reviews
[23] and [5] for further details. Recently, Lam [22] gave a simple proof of the
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time-symmetric Penrose inequality for a manifold which is a graph of a smooth
function over R™. His proof was extended by Huang and Wu in [20] to give a proof
of the positive mass theorem (including the rigidity statement) for asymptotically
Euclidean manifolds which are submanifolds of R**!. More general ambient spaces
were considered by de Lima and Girdo in [11].

The Penrose conjecture can be generalized to space-times with negative cosmo-
logical constant. Up to rescaling, we can assume that the cosmological constant A
equals —@. Restricting ourselves to the time-symmetric case, the dominant
energy condition then reads

Scal? > —n(n —1).

The lower bound for the mass (defined in Section 2] is then conjectured to be
given by the mass of the anti-de Sitter Schwarzschild space-time (see Section 23)),

@ ET o

In this paper, we prove weaker forms of this inequality for manifolds which are
graphs over the hyperbolic space H" when we endow the manifold H” x R with a
certain hyperbolic metric. See Theorem 2.1

After the first version of this article appeared on arXiv, de Lima and Girao
posted an article dealing with another case of the asymptotically hyperbolic Penrose
inequality [I3]. Rigidity was addressed by de Lima and Girao in [I4] and by Huang
and Wu in [19]. The approach used in [19] does not require any further assumption
and we shall extend it to our context in Section [Bl

The outline of this paper is as follows. In Section 21l we define the mass
of a general asymptotically hyperbolic manifold. We explicit the anti-de Sitter
Schwarzschild metric in Section 2-3l In Section [3] we prove that the scalar curva-
ture of a graph has divergence form (Equation (7)) and that its integral is related
to the mass (Lemma [B.2]). In Section [ we prove the first part of Theorem 211
Rigidity is addressed in Section

Acknowledgements. We thank Julien Cortier and Hubert Bray for helpful con-
versations. We are also grateful to Gerhard Huisken for enlightening discussions on
the Aleksandrov-Fenchel inequalities and to Lan Hsuan-Huang for pointing us to
the article [T9]. Further, we want to give a special thanks to Christophe Chalons and
Jean-Louis Tu who helped us with the proof of the results stated in Appendix [Al

A note. After this paper was finished the articles [12] by de Lima and Girao,
and [7] by Brendle, Hung, and Wang appeared on arXiv. In the first of these
papers an Alexandrov-Fenchel type inequality for hypersurfaces in hyperbolic space
is stated, which together with Proposition @ Iimplies the Penrose inequality () for
graphs. Certain steps of the proof seem to need further clarification, for example
the convergence of hypersurfaces to round spheres under the inverse mean curvature
flow. However, combining with arguments of the second paper [7] the result should
follow. Note also that a special case of |7, Theorem 2] follows from our formula

([@3) in Section A2
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2. PRELIMINARIES

2.1. Asymptotically hyperbolic manifolds and the mass. We define the mass
of an asymptotically hyperbolic manifold following Chrusciel and Herzlich, see [10]
and [I7]. In the special case of conformally compact manifolds this definition co-
incides with the definition given by Wang in [3I]. In what follows, n-dimensional
hyperbolic space is denoted by H™ and its metric is denoted by b. In polar coordi-
nates b = dr? + sinh? ro where ¢ is the standard round metric on S™~!.

Set N := {V € C°°(H") | Hess’ V = Vb}. This is a vector space with a basis of
the functions

Vioy = coshr, V(1) = zlsinhr, ..., Viny = 2" sinhr,

where 2!, ..., 2" are the coordinate functions on R" restricted to S™~!. If we con-

sider H" as the upper unit hyperboloid in Minkowski space R™! then the functions
V(i) are the restrictions to H" of the coordinate functions of R™!. The vector space
N is equipped with a Lorentzian inner product 5 characterized by the condition
that the basis above is orthonormal, n(V(o), V(o)) = 1, and n(V(;), V(;)) = —1 for
1 =1,...,n. We also give N/ a time orientation by specifying that Vioy is future
directed. The subset Nt of positive functions then coincides with the interior of
the future lightcone. Further we denote by N'! the subset of Nt of functions V
with n(V, V) = 1, this is the unit hyperboloid in the future lightcone of A. All
V € N'! can be constructed as follows. Choose an arbitrary point pg € H". Then
the function
V := coshdy(p, -)

is in AL

A Riemannian manifold (M, g) is said to be asymptotically hyperbolic if there
exist a compact subset and a diffecomorphism at infinity ® : M \ K — H" \ B,
where B is a closed ball in H", for which ®,¢g and b are uniformly equivalent on
H™\ B and

e? + |VPe|?) coshrdub < oo, 2a
H»\B

/ |Scal? 4 n(n — 1)| coshr du® < oo, (2b)
Hn\B

where e := ®,g —b and r is the (hyperbolic) distance from an arbitrary given point
in H™.

The mass functional of (M, g) with respect to ® is the functional on N defined
by

He(V) = lim (V(divbe —dtr¥e) + (trP e)dV — e(VPV, -)) () dut®
r—00 S'r

Proposition 2.2 of [10] tells us that these limits exist and are finite under the

asymptotic decay conditions (2a)-(2L). If @ is a chart at infinity as above and A

is an isometry of the hyperbolic metric b then A o ® is again such a chart and it is

not complicated to verify that

Haos(V) = Hg(V o A1),
If ®;, ®y are charts at infinity as above, then from [I7, Theorem 2.3] we know that

there is an isometry A of b so that &3 = A o &; modulo lower order terms which
do not affect the mass functional.
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The mass functional Hg is timelike future directed if Hg(V) > 0 for all V € N'T.
In this case the mass of the asymptotically hyperbolic manifold (M, g) is defined
by

1 .
M = Doy i e (V).
Further if Hg is timelike future directed we may replace ® by A o ® for a suitably
chosen isometry A so that m = Hg(V|g)). Coordinates with this property are called
balanced.

The positive mass theorem for asymptotically hyperbolic manifolds, [10, Theo-
rem 4.1] and [31, Theorem 1.1}, states that the mass functional is timelike future
directed or zero for complete asymptotically hyperbolic spin manifolds with scalar
curvature Scal > —n(n —1). In [I, Theorem 1.3] the same result is proved with the
spin assumption replaced by assumptions on the dimension and on the geometry
at infinity.

2.2. Asymptotically hyperbolic graphs. The purpose of this paper is to prove
versions of the Riemannian Penrose inequality for an asymptotically hyperbolic
graph over the hyperbolic space H"™. We consider such a graph as a submanifold
of H**!. In what follows we will denote tensors associated to H"*! with a bar. In
particular b will denote the hyperbolic metric on H™*!.

To shorten notation we now fix

V' = V) = coshr

for the rest of the paper. As a model of H**! we take H” x R equipped with the
metric

bi=b+V3ids®ds
Let Q) be a relatively compact open subset and let f : H"\Q — R be a continuous
function which is smooth on H" \ 2. We consider the graph
Yi={(z,s) e H" xR | f(z) = s}.
Define the diffeomorphism ® : ¥ — H"\Q by ®~*(p) = (p, f(p)). The push-forward
of the metric induced on X is
gi=®,b= (" HD=0b+Vdf ®df.

We will study the situation when the graph 3 is asymptotically hyperbolic with
respect to the chart @, that is when

e =V23df @ df
satisfies (2al)-([2h) and
le] = V2|df)? — 0 at infinity. 3)

Note that Condition (2al) is a consequence of the following condition:
/ (|df|4 + |Hess f|4) cosh® r dub < oo,
n\B

that is to say that df belongs to a certain weighted Sobolev space.

If this holds we say that f is an asymptotically hyperbolic function and ¥ is an
asymptotically hyperbolic graph. We define f to be balanced at infinity if ® are
balanced coordinates at infinity. In this case the mass of X is given by m = Hg (V)
with V' = V(g).
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In this paper we will prove the following theorem which gives estimates similar
to the Penrose inequality for asymptotically hyperbolic graphs. In certain cases
this theorem also describes the situation when equality is attained. For exact
formulations see Theorem 2] Theorem 4] and Theorem [5.13

Theorem 2.1. Let  C H" be a relatively compact open subset of H™ with smooth
boundary. Assume that Q contains an inner ball centered at the origin of radius ro.
Let f: H"\ Q — R be an asymptotically hyperbolic function which is balanced at
infinity. Assume that f is locally constant on O and that |df| — oo at OQ so that
0N is a horizon (H9 =0). Further assume that the scalar curvature of the graph of
f satisfies Scal > —n(n —1). Then the mass m of the graph is bounded from below
as follows.

e If 00Q) has non-negative mean curvature with respect to the metric b, H > 0,

we have .,

-2 Q"1

m > n—LV(TO) < 109 >
27(n — 1)n=»—1 Wn—1
and 09
1
>V .
mz g (rQ)wni1

o If Q) is an h-convex subset of H™ we have

1 l( 169 ) . |aQ|]
m>=|[—— + sinh g .
2 Wn—1 Wn—1

If equality holds and df (n)(z) — +oco as x — IQ where n is the outward
normal of the level sets of f then the graph of f is isometric to the t = 0
slice of the anti-de Sitter Schwarzschild space-time.

Note that since f is locally constant on 0f2, the areas of 92 computed using the
metric b and using the metric induced on the graph are equal.

2.3. The anti-de Sitter Schwarzschild space-time. We remind the reader that
the metric outside the horizon of the anti-de Sitter-Schwarzschild space in (spatial)
dimension n > 3 and of mass m > 0 is given by
2m dp?
_ 2 2 2
YAdS-Schw = — (1 +p = p"2> dt* + W + p7o,

- pn—2

where o is the standard round metric on the sphere S"~1. See for example [23]
Section 6]. The horizon is the surface p = po(m), where pg = po(m) is the unique
solution of

14+ p% — =0.

pn72

Its area is given by A,, = wn,lpgfl, hence multiplying the previous formula by
po 2, we get

(P62 + 3]

()7 ()
+
Wn—1 Wn—1

This justifies the form of the right-hand side of ().

N = N =

| S|
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Restricting to the slice t = 0, we get the following Riemannian metric.

dp?
T2 2m T plo. (4)
P

gAdS-Schw =

We want to explicit the spatial metric @) as the induced metric of a graph
Y AdS-Schw- By rotational symmetry, we choose the point p = 0 as the origin and
f = f(p). In this coordinate system, the reference hyperbolic metric b is given by
__dp?
1 4p?
The function V is given by V' = /1 + p2. Hence we seek a function f satisfying

2 (01 a 1 1
dp L4p2— 20 1+p%

pn72

b + po.

Note that when p is close to po, this forces g—f: = O((p — po)~2). Hence we can set

P 1 1 1
fp) = 2 2m_ 2
po VI+ 82\ 1+ -2  1+s
Similarly, when p — oo, f converges to a constant. This contrasts with the Eu-

clidean case where the Schwarzschild metric written as a graph is a half parabola
in any radial direction, see [22].

ds. (5)

3. SCALAR CURVATURE OF GRAPHS IN H"t!

3.1. Computation of scalar curvature. Let f : H" \ @ — R be a smooth
function. Recall that we defined its graph as

Y= {(z,5) e H" x R | f(x) = s} = F71(0),

where F(z,s) := f(z) — s. For vector fields X and Y on H" the vector fields
X =X+VxfO andY =Y + Vy f0, are tangent to ¥. We use coordinates on
H™ to parametrize .

Recall that we identify H**! with H” x R with the metric b = b+ V2ds ® ds.
When using coordinate notation, latin indices 4,75,... € {1,...,n} denote (any)
coordinates on H" while a zero index denotes the s-coordinate on R. Greek indices
go from 0 to n, hence denote coordinates on H"*!. The Christoffel symbols of b
are collected in the following Lemma.

Lemma 3.1.

Ty = 0

Ty = —VViV

F?o = V;VV

T =0

T, =0

ffj = Ffj (Christoffel symbols of H" ).
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The induced metric on ¥ is given by
g(X,Y)=bX.,Y)=bX,Y)+ V?Vx fVyf.

The second fundamental form S of ¥ is given by

o 1 —
S(X,Y):W v F
1

—2 =2 —2
- or (Ve F+ VxSV, v F + Vy [V o, F

—2
VXV [V 00 F}

1 VxfVyV +VxVV
e Va4 I I v, av) 99
V=2t |df |
Using component notation we get
Sy = s [ V2, + P TENL viap,av) 99, ]
1+ V2 |df|°

The metric g and its inverse are given by

gij = bij + V2VifV,f,
gij i V2vzfv7f
1+ V2|df|?

We compute the mean curvature of X,

L (i VAV
1+ V2|df|2

. {viijr Vifvjv‘tvivvjf + V(df, dV}Viijf}

- [Af +2 <df, d7V> + V{df,dV)|df?

1+ V2df2 (<Hess fodf  df) + 2|df[? <df7 %>

dv
L)

o V2(Hess f,df @ df) 2+ V2[df|> / . dV
~ A {Af‘ VIR T VRdR <df’7>] /

or

- 1 V2 (Hess f, df @ df) 1 dv
T (& e () (0 7))



PENROSE TYPE INEQUALITIES FOR ASYMPTOTICALLY HYPERBOLIC GRAPHS 9

The norm of the second fundamental form of ¥ is given by

\31 = glkgjls'jgkl

) VQVikaf . VQVJfV f
_ ik Gl
(b ) (b 1+V2|df|2> S S

1+ V2|df]?

G — V2uENI VL . VAVIIVIfVEFVLf
_ pikpilg _ . .
=b0"b"S;; S — 2 TE V2 SiiSk + L+ V22 SijSki

o2 VAVIY! VISV V)

‘5‘127 1 2f 2 Slﬂskl+< ( 2f £)>

g +V2|df| 1+ V2[df]

(4) (B) &

We compute each term separately. First

—2
(4) = ‘S‘b
V2 av |? av \ >
_ 2 2127 i
TSI [Hess f|” + 2|df | v +2<df, V>
av\? v
4 4 - -r
+ VEdf| <df, V> +4<Hessf,df® V>
2
+2V2 <df, %> (Hess f, df @ df) + 4V2|df |* <df, %>
Next,
V2bik o o
B)=-2——_VIf§,;V!
V4
g PO
v ol to dv LdV |?
——2W Hess f(Vf,-) + (1 + V7|df| )<df77>df+|df| E7a
V4 2

2
Hess F(91.)7 + (14 V20af 22 (af, 57 ) 112+ larl* | 7

AT VIR

+2(1 4+ V?|df)?) Hess f(V £,V f) <df, %> + 2|df |2 <Hess LVi® V—VV>

)

o1+ V2P dfP <df, dv>
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and finally

_(VE(VEYHN
- (W)

2
RESEBE { VNIV f A+ 20df)? <df, >+|df|4v2 <df,d7V>}

1+V2|df|
2
J 2 2 2
1+V2|df|23[va fVigf+( (2 + V2|df[*)|df | <df7 >]
V2 V2(Hess f, df @ df) 1 av\12
T 1+ V2 { TV <1+1+V72|df|2> V2|df? <df,7>} .
Hence
H —[S]3

B V2 V2(Hess f, df @ df)
T 1+ V2df)? QAJC_ 1+ V2|df|2 - < 1+V2|df|2) <df’ >}
V2(Hess f, df @ df) 1 \4
_ { TR +<1+71+V2|df|2>v2|df|2 <df,7>}
2 2
dV 2<df, %> — VAl <df, >

2
—4 <Hess f,df ® %> —2V? <df, %> (Hess f,df @ df) — 4V2|df |* <df, ﬂ>

— [Hess f|” —2ldf|* | =

V2
1+ v2[df|2

d
+ 2 V

s S5, + (4 v (4.5 ) + e |

+2(1 + V2|df)?) Hess f(V £, Vf) <df, %> + 2|df)? <Hess LVf® ﬂ>

)7 :

201+ V2 P)|df? <df, dv>
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and
- |S];

_ % qu b4 V) <df, d7V>]
[Af—TI%;@FGR%L#®@ﬂ+UfJﬂWV)G+E:?%EF>Qm%;ﬂ
e 174 2 s FOV1. 0~ s 2|
+ (=24 2V2(df)? + VAdf|) <df, %>2 - HV;‘;W <Hess V@ ¥>

+2V? (Hess f, df @ df) <df, %»

V2
T 1+ V2df?

2 av 212 av
+ (2+1+V72|df|2) Af<df,7> - 1+V72|df|2 (Hess f, df @ df) <df77>

2 dv 2 4 av
- - A = | df @ —
> 1+V2|df|2 1+V2|df|2< eshdre V>

—c  lar =
+ v

By taking the trace of the Gauss equation for X, we finally arrive at the following
formula for the scalar curvature Scal of X

V2

T VI (|Hessf(Vf, P = Af (Hess f,df @ df>)

[(Af)z — [Hess f|* +2

|f|2

Scal + n(n — 1)

" -5
_ V2 2 2 v? 2
PSR [(Af) — |Hess f| +2W (|H€SSf(Vfa')| — Af (Hess f, df®df>)

2 av dv av

2
4 av
—W<Hessf,df® V >

1+V2|df|

(6)
In view of [22], Proof of Theorem 5] and [I7, Definition 3.3], we compute

1

div? | ———
v [1+V2ldf|2

(V divle — Vdtr® e — e(VV, ) + (tr° e)dv)}

with e = V2df @ df. We have
Vdive — Vdtr’ e — e(VV, ) + (trb e)dV
= 2V2(df,dV)df + V3Afdf + V3(Hess f,df @ -)
—Vdt® (V3 df|?) — V2 {df,dV) df + V?|df|?dV
= V3Afdf — V*(Hess f,df ® -) — VZ|df|?dV + V* (df,dV) df
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and
div® (Vdivhe =Vt e = e(VV, ) + (" )av’)
= div® (VPAfdf — V3(Hess f,df © -) — V|df |*dV + V2 (df,dV) df)
= 3V2AF(df,dV) + V3{dAf,df) + V3 (Af)?
— 3V%(Hess f,df @ dV) — V3(div® Hess f, df) — V3| Hess f]?
— 2V |df|?|dV|* — 2V*(Hess f,df @ dV) — V?|df|*AV
+ 2V {df,dV)? + V*(Hess f,dV @ df) + V?(df @ df, Hess V) + V2(df,dV)Af
= V3 [(Af)? — |Hess f|*] — 4V*(Hess f,df @ dV) + 4V>(df,dV)Af
+ V3{dAf — div® Hess f, df) — (n — 1)V3|df |?
+2V{(df,dV)?* — 2V |df|*|dV |?
= V3 [(Af)? — |Hess f|*] — 4V*(Hess f,df ® dV) + 4V?(df,dV)Af
+ 2V {(df,dV)* — 2V |df|*|dV |*.
Further,
<d (W) Vdivle —Vdtrbe — e(VV, ) + (t2® e)dV>
_ <—2V|df|2dV —2V?%(Hess f,df ® -)
(1+V2|df[?)

JVAAfAf — V3 (Hess s, df @ ) — V2|df|2dV + V2 (df,dV) df>

W [VAAF(df,dV) —2|df PV (Hess f,df @ dV) — V3|df |*|dV|* + V3|df |*(df,dV)?
+VPAf(Hess f,df @ df) — V°|(Hess f,df @ )[* + V(df,dV)(Hess f,df @ df)] ,

SO

div® [TM (V divle — Vdtib e — e(VV,-) + (tr® e)dv)}

! [V3 ((Af)? — |Hess f|?) — 4V*(Hess f,df ® dV) + AV>(df,dV)Af

T 11 V2df
+2V(df,dV)? — 2V |df|*|dV |?]
- W [VAAF(df,dV) — |df |PV*(Hess f,df @ dV') — V3|df|*|dV [* + V3|df |* (df,dV)?
+VOAf(Hess f,df @ df) — V°|(Hess f,df @ -)|> + V*(df,dV)(Hess [, df @ df)]
1 2
TS EriE V2 ((Af)? = |Hess f|*) — VT (VPAf(Hess f,df @ df) — V°|(Hess f, df @ -)|?)
4V2 2V ) o o
- W(Hessf, df @ dV') + TV ((df,dv)* — |df |*|aV |?)
4
—%@2 dV')(Hess f, df © df) + (2 + 1+V712|df|2) AfldfP(df, dV)] .

Comparing this formula with Equation (@) we get
V (Scal + n(n — 1))
(7)

1
=div® {W (V divle — Vdtr® e — e(VV, ) + (t e)dV)] ;
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where e = V2df ® df.

3.2. A mass formula. We now integrate Formula (7)) from the previous section
over an outer domain under the additional condition that f is locally constant on
the boundary.

Lemma 3.2. Let Q C H" be a relatively compact open subset of H™ with smooth
boundary. Let f : H" \ Q — R be an asymptotically hyperbolic function which is
locally constant on 02 and such that df # 0 at every point of 02. Then

_ 2| 7412
Ha(V) :/ V[Scal + n(n — 1)] s + HVM b, (8)
He\Q

1+ V2]df]? oo L+ V2[df]?

Here H is the mean curvature of OS2 with respect to the metric b.

Proof. Let v denote the outgoing unit normal to 02 and let v, = 9, be the normal
to the spheres of constant r. From Formula (7)) we get

/ V (Scal + n(n — 1)) du®
Hr\Q

= lim V (Scal + n(n — 1)) du®
720 JB,.(0)\Q

— 1 1 b b b b
_rli)rgo /ST(O) ST (lev e—Vdtr’e —e(VV,-) + (tr e)dV) (vp) dp

— ; vl e — b, _ b b
;/{m TE VIR (lev e—Vdtr'’e —e(VV,:) + (tr e)dV) (v)dp

— 1 s b b b b
=Ha(V) ;/BQ TS VIE (lev e—Vdtr’e —e(VV,-) + (tr e)dV) (v)dp’.

Here we used that e = V2df ® df satisfies (@) to replace the factor W by 1
in the limit of the outer boundary integral. We next compute the integral over 0f.
We will do the calculations assuming that v = ‘g—ﬁ‘, the case v = —‘g—ﬁ‘ is similar.
The last two terms are

—e(VV,v) + (tr? e)dV (v) = —=V2(df,dV ) (df,v) + V?|df|*(dV,v) =0,
and the first two give
Vdiv e(v) — Vdu® e(v) = 2V3(df,dV)df (v) + V3(Af)df (v) + V3 Hess f(V f,v)
—2V2|df |2dV (v) — 2V3 Hess f(V f,v)
=V3(Af)df (v) — V3 Hess f(Vf,v).
We next use the following formula for the Laplacian of f on 0€2,
Af = A% f 4 Hess f(v,v) + Hdf (v).
Since f is locally constant on 92 we obtain
Vdivle(v) — Vdtbe(v) = VEHAf (v)? = V3 H|df|?.

Hence,

/ V (Scal+n(n — 1)) du = Ho(V) =S [ VH V2|df|?
H”\Q

— L du.
T Joa 1+ V2[df? :

It then suffices to note that du? = /1 + V2|df|2du® to prove Formula (8. O
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4. PENROSE TYPE INEQUALITIES

4.1. Horizon boundary. From now on we assume that |df| — oo at 952, it then
follows that the boundary is a minimal hypersurface, or a horizon. This can be
seen by taking the double over the boundary of the graph of f. The double is then
a C! Riemannian manifold for which the original boundary is the fixed point set of
a reflection, and thus the boundary is minimal. It is not hard to prove that there
can be no other minimal surface in the graph which encloses 0f2.

From Lemma we conclude the following proposition.

Proposition 4.1. Let Q C H"™ be a relatively compact open subset of H™ with
smooth boundary. Let f : H*\ Q@ — R be an asymptotically hyperbolic function
which is locally constant on O and such that |df| — oo at Q. Further assume
that Scal > —n(n — 1). Then

He(V)> [ VHdu" 9)
a0
Applying the Hoffman-Spruck inequality or the Minkowski formula we get esti-
mates of the boundary term in (@) and conclude the following Theorem.

Theorem 4.2. Let  C H" be a relatively compact open subset of H™ with smooth
boundary. Assume that Q contains an inner ball centered at the origin of radius ro.
Let f : H"\Q — R be an asymptotically hyperbolic function which is locally constant
on OQ and such that |df| — oo at Q. Further assume that Scal > —n(n — 1) and
that 02 has non-negative mean curvature H > 0. Then

n—2 90 \ 7t
Hy(V) > mv(To)wn—l <wn—1> (10)
and
Ha(V) > (n — 1)V (r0)|09. (1)

Proof. The Hoffman-Spruck inequality, [I8] 28] [30], applied to a compact hypersur-
face M of hyperbolic space H" tells us that

( [ v dub) T<cn [ (anl+ nlar)) apt (12)
M M

for any smooth non-negative function h on M. Here

1
n n n=1
Cp=2""" .
n—2 <wn_1>

Setting h =1 and M = 9Q in ([I2)) yields ([Q).

The estimate () follows from the Minkowski formula in hyperbolic space, see
[24, Equation (4’)] with the point a = (1,0,...,0) (note that in the cited article
the mean curvature is defined as an average and not a sum). g

Neither of the inequalities (0] and () is optimal, so we do not get a charac-
terization of the case of equality in the corresponding Penrose type inequalities.
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4.2. Changing to the Euclidean metric. We will now find an estimate of the
boundary term in (@) by changing to the Euclidean metric b:i=b+dV ®dV. In
the hyperboloid model of hyperbolic space this transformation can be viewed as
the vertical projection of H” onto R® C R™!,

Lemma 4.3. Let v be the outgoing unit normal to 9. The second fundamental
form of 0Q2 with respect to the metric b is given by

~ \% VvV
Sij = ——— (51'3' - 7“/}%‘) ;
V2 — (dV,v)? \%4
where Y is a defining function for OQ) such that Vi = v. Further, we have
HVdpu= | Hdi+ (n— 1)/ (dV,v)dp
1) o0

) o0 (13)
—__(S(VTV, VTV YWV = |[VTV |2 aV,v)) d
[ e STVVIVY - 9IVE@Y) da

where VTV is the gradient of V for the metric induced by b on 0S.

Proof. The second fundamental form of 02 with respect to the metric bis given by

~ 1 -~
5.- Loy,
gl Y

We compute
Vi-Vi= (FZ‘ - fﬁ') .

At the center point pg of normal coordinates for the metric b the difference between
the two Christoffel symbols is given by
~ 1~ ~ ~ ~
l—‘fj — F;—Cj = 5()“ (Viblj + vjbil — Vlbij)
L VvV ViV
2 1+ |aV|?
A VFVVV
1+ 1]dV|?
A%
- " vy
1+ 1dV]z "/
VWV

= ——byj,

%

where we used that Hess’V = Vb and 1+ |dV|?> = V2 in the last line. Further, we
have

) Vi(VIVY,V) 4 95(VV VIV — ViV, V)]

) ViVV3,V

dV,v)? 1
vl = /1= 1<+ Icﬂzl2 A A GRS

Hence,
~ \%4 VEV V)
Sij = —— P — ——by;
k
(s ),
V2 — (dV,v)? 14
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We take the trace of this formula with respect to the metric b. For this we select
an orthogonal basis (e1,...,en—1) of Tp,, 08 for the metric b such that e, € kerdV

for £ > 2. An orthogonal basis for the metric b is then given by
~ 1

€1 = ————e¢;,
(Vv

Ek:ek fOI‘k22.

Thus, we find
H= i&@fh)
k=1
n—1 ~ 1 N
— 2 S(ek,er) — (1 — W) S(e1,e1)
V(g pldVidn)\ (Ve VR (o (dVidy)
T VI (V.02 [(H (n—1)—; ) (V. V) (S( 1,e1) - )}

1 o (VP
- [(HV (n = (V. d0) — T

Next we note that (V, V)% = [dV|? — (dV,v)? is the norm of dV restricted to the
tangent space of 0€2. Hence the measure dp induced on 92 by b is given by

dji = \/1+[dV]? = (dV,v)2 dp = \/V2 = (dV,v)2 dp

where dy is the measure induced on 02 by b. Finally we conclude

Hai= [ (HV = (0= 1){aV.dv)) dn
o0 o0

(S(er,e0)V — (dV, dw)] |

Ve,V 2
- [ e StenenV — avidu)) de

The assumption S>0is equivalent to
VEV Vi b
V 3
where this inequality is to be understood as an inequality between quadratic forms

on T'0€. This notion of convexity is not invariant under the action of isometries of
the hyperbolic space. Since |dV| < V, it is natural to replace this assumption by

S >b.

This new assumption is equivalent to the definition of h-convexity (see for example
[3]). Assuming that Q is h-convex, we get the following inequality from (L3]).

S >

HVdp> | Hdi+ (n— 1)/ (dV,v) dp. (14)
a0 a0 a0
We estimate the first term of the right-hand side by the Aleksandrov-Fenchel

inequality, see [16, Theorem 2], [22] Lemma 12], [28] or [8].

_ o0\ "1 =
Hdp > (n— 1wy (Q) >(n—1wy—1 (|8Q|b) .

Wn—1 Wn—1

o0
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Equality in the first inequality here implies that 02 is a round sphere in the Eu-
clidean metric 3, equality in the second inequality tells us that it must be centered
at the origin.

To estimate the second term of ([4]), we rely on [3, Theorem 2]. Assuming that
the origin is the center of an inner ball of 2 and denoting by [ the distance from
the origin, we have, for any point p € 99,

tanh® §
(v, Vi) > anZQ—(M—i—T’
tanh 5(p)(1 4 7)
where 7 = tanh % and rq is the radius of an inner ball of Q. Hence, setting
t = tanh £ (p), we have

/ (dV,v) duz/ sinh I{V1,v) du
o9

[219]

t2
z/ sinhl—T_ g
o0 t(l + 7')

2t P47
= —2751#
agzl—t t(1+T)

2 / 4T,
14T Joq 1 —t2 a
2 7247
— 00
1—|—7'1—7'2| o

> sinh r|0Qp.

Y%

It is also easy to check that the equality
/ (dV,v) dp = sinhro |0
a0

holds if and only if € is the ball of radius ry centered at the origin.
Combining the last two estimates, we get the following inequality:

<|8Q|b) " L sinhrg |8Q|b] . (15)

Wn—1 Wn—1

HVdu > (n—1wp-1
o0

From Proposition 1] and Inequality (IH), we immediately get the following
theorem.

Theorem 4.4. Let Q) be a non-empty h-convexr subset of H® admitting an inner
ball centered at the origin of radius ro. Let f : H™\ Q — R be an asymptotically
hyperbolic function such that f is locally constant on 09, |df| — oo at ON. Assume
that the scalar curvature Scal of its graph is larger than —n(n — 1). Then

He(V) > (n—1wp—1 l< 199 )ﬁ + sinh 7 |8Q|] . (16)

Wn—1 Wn—1

Moreover, equality holds in ([I8) if and only if Scal = —n(n — 1) and IQ is round
sphere centered at the origin.

We make a couple of remarks concerning this theorem.
Remark 4.5.



18 MATTIAS DAHL, ROMAIN GICQUAUD, AND ANNA SAKOVICH

1. If Q is a ball of radius r then ro = r and
|09 = wn—1 sinh™ ™! 7o,

so ([I0) coincides with the standard Penrose inequality (I)) in this case.
2. The second term of (I4) can be written as follows,

/ (dV,l/)du:/AVduzn/Vdu.
o0 Q Q

Thus this term may be thought of as a volume integral. Compare with [29].
Let V,, := coshdy(p,-). Changing the origin p of hyperbolic space leads to

considering the function
D / Vp dp.
Q

It is fairly straightforward to see that this function is proper and strictly
convex. So there exists a unique point pg such that, choosing pg as the origin,
this integral is minimal. Obviously, pg € 2. From symmetry considerations
this point can be seen to coincide with the center of an inner ball for many
O’s.

3. It follows from the previous remark, that it is possible to prove a Penrose
inequality when 2 has several (h-convex) components assuming for example
that if one component contains the origin then it is the center of one of its
inner balls. For each of the other components, simply remark that translating
them using an isometry of the hyperbolic space so that the origin becomes
the center of one of its inner balls makes the integral [ HV du smaller. Hence

we get the following inequality.
n—2
(o)™ sthM] |

Wn—1 Wn—1

He(V) > (n— Dwn 1Y

where €); are the connected components of €2 and r; is the inner radius of
Q.

5. RicipiTy

In this section we will prove the rigidity statement concluding Theorem 2.1l The
scheme of the proof we give differs very little from [19]. As a first step, we prove
the following proposition which is similar to [T9, Theorem 3].

Proposition 5.1. Let f : H" \ Q — R be a function satisfying the assumptions of
Theorem [2.1] and let 3 be its graph. Assume further that § is conver. Then the
mean curvature H of ¥ does not change sign.

The proof of this proposition requires several preliminary results. The main
observation is the fact that the assumption Scal > —n(n — 1) is equivalent to
’5‘2 < H’. This follows at once from the Gauss equation. In particular, any point
p € ¥ such that H(p) = 0 has S(p) = 0. We denote by ¢ the set of such points,

o = {p € int(X) | H(p) = 0},
where int(X) = X\ (99 x R).
Lemma 5.2. Let X{ be a connected component of Xo. Then X, lies in a codimen-
sion 1 hyperbolic subspace tangent to ¥ at every point of Xj).
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Proof. Let Vigy,..., V() be as in Section 2.1l and let v be the unit normal vector
field of ¥ in H"*!. For any vector X € TY at a point of 3, we have

—2 —
Vx(dVii(v)) = Vx Vi) +dViy) (Vxv)
= Vipb(X,v) + dV;(S(X)) =0,

where S(X) denotes the Weingarten operator which is zero by assumption. From
[25, Theorem 4.4] we conclude that dV{;) () is constant on . If we consider H"*!
as the unit hyperboloid in Minkowski space R**11, then the V(i) are the coordinate
functions of R" 1! restricted to H™*! so v is a constant vector in R**1!. Further,
v is tangent to H" ! so it is orthogonal to the position vector in R"*1:1, This means
that v is everywhere orthogonal to a linear subspace W C R"*11. We conclude
that X ¢ W NH" ~ H". O

The next result is taken from [20, Proposition 2.1].

Lemma 5.3 (A matrix inequality). Let A = (ai;) be a symmetric n X n matriz.

Set
O'l(A) = Za“—,
i=1

o1(Alk) = <Z aii) — Qkk,
i=1
oa(A) == Y (aiaj; —al)).

1<i<j<n
Then we have
n
Aoy (Alk) = 02(A) + ————01(A]k)?
o1(A)or1(Alk) = 02(4) + 3= 1)01( k)
1
2 2
+ Z %t ST Z (ai — aj5)
1<i<j<n 1<i<j<n
ik, ik
for each 1 < k <n. In particular,
n
> - 2
01(14)01(A|]€) = UQ(A) + 2(n_ 1)01(A|k) 5
where equality holds if and only if A is diagonal and all a;; are equal fori=1,... n,

i k.

Proposition 5.4. Let ¥ and sg be given. Assume that sg is a regular value for
fonX. Set X(so) = XN f1(so). Let v be the unit normal vector field of ¥ in
H"*Y, let 0 be the unit normal vector field to X(so) in H™ x {so} and let H(sg) be
the mean curvature of X(so) in H™ x {so} computed with respect to n. Then
— Scal +n(n —1 n
(1),

(v,n)HH (s9) >

> enty gy ) H (o)

FEquality holds at a point in X(so) if and only if
o Y(sg) € H" x {so} is umbilic with principal curvature k, and
e (v,m)K is a principal curvature of 3 with multiplicity at least (n — 1).
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Proof. Let p be a point in X(sg). We compute the second fundamental form of
Y(sp) in H™! at p in two different ways. Let e; € T,X be a unit vector field
orthogonal to T}, ¥(sg). We denote by Sg the second fundamental form of ¥(sg) in
H"*!. This is a symmetric bilinear form on T,¥(sg) taking values in the normal
bundle N,X(so) C T,H""!. Further, we denote by S; the second fundamental form
of ¥(sp) in ¥ computed with respect to the vector e;. Since H" x {so} is totally
geodesic in H" ™!, we have

So = Son.
Similarly,
So = Sv+ Sie;.
Hence, taking the scalar product of the last two equalities with v, we get
(n,v)Sp = S.
Let {eq,...,e,} be an orthonormal basis of T%(sg), then {ej,...,e,} is an or-

thonormal basis of T},X. Set
gij = ?(ei, ej).
Then, using the notation of Lemma [5.3] we have

01 (g)

I
el

3

g(ei, 61')

I

||
N

o1(S|1) =

K3

= (n,v)>_ Solei,e:)
i=2

— (1,v)H(s0),
0(8) = 3 (7~ [5])

~ Scal + n(n—1)

_Seldnln )

Proposition 5.4 now follows from Lemma [5.3] O

The proof of Proposition [B.1] will also require following two lemmas, analogous
to [19, Lemma 3.3 and Lemma 3.4].

Lemma 5.5. Let W be an open subset of H", possibly unbounded. Let p € OW,
and let B(p) be a geodesic open ball in H" centered at p. Consider f € C*(W N
B(p)) NCY(W N B(p)) and let H denote the mean curvature of its graph. If f = C
and |df| = 0 on OW N B(p), where C is a constant, and H > 0 on W N B(p) then
either f = C in W N B(p), or

{r e WnB@p)| flx)>C}#0.

Proof. If f = C then there is nothing to prove. Suppose therefore that f # C and
assume to get a contradiction that f(z) < C everywhere in W N B(p).

We first note that in fact f < C everywhere in WNB(p). Indeed, let ¢ € WNB(p)
be such that f(¢) = C. Then ¢ is an interior maximum point of f in W N B(p),
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whereas
T-_ vV (bz‘j _ m>
1+ V2 |df| 1+ V2|df|?
VifV;V + ViVV,
|+ PRI g avivireis] 20

in WNB(p), see Section Bl By the Hopf strong maximum principle it follows that
f=C in WnN B(p), which is a contradiction.

Now suppose that B(p) = B,(p) is the ball of radius r around p. Fix a point
q € B, 2(p) and define v’ := sup{r | B.(q) C W}. It is clear that B,.(q) C WNB(p)
and B, (q) NOW # ). Consequently, there is a point s € W such that the interior
sphere condition holds at s. Then by the Hopf boundary lemma [I5] Lemma 3.4],
we have |[df| > 0 at s, which is a contradiction. We conclude that f > C holds
somewhere in W N B(p). O

Definition 5.6. Let W be a bounded subset of H” and let W be its closure. A
point p € W is called convex if there is a geodesic (n — 1)-sphere S in H"™ passing
through p such that W \ {p} is contained in the open geodesic ball enclosed by S.

Note that every bounded set in H™\ {2 has at least one convex point. This follows
from the assumption that € is convex. We only sketch the proof of this fact leaving
the details to the reader. Choose a point p € W and let ¢ be the projection of p
onto 0f). Then the hyperbolic subspace passing through ¢ and orthogonal to the
geodesic joining p to g cuts H" in two half-spaces, a “left” one containing Q2 and
a “right” one containing p. Then if O’ is located very far on the left side of the
geodesic (gp), it is clear that the smallest sphere S centered at O’ containing QUW
has a non-trivial intersection with 0W. Any point in S N OW is then a convex
point.

Lemma 5.7. Let W be an open bounded subset of H'™ and let p € OW be a convex
point. Suppose that f € C™(W N B(p)) N C*(W N B(p)) is such that f = C and
|df| =0 on OW N B(p) for some constant C. If the graph of f has scalar curvature

Scal > —n(n—1), then its mean curvature H must change sign in W N B(p), unless
f=Cin WnB(p).

Proof. Suppose on the contrary that H does not change sign and f # 0. By possibly
reversing sign and adding a constant to f we may assume that H > 0 and that
C=0.

Let S, be a geodesic (n — 1)-sphere of radius r as in Definition [5.0] centered at
a point O’ € H", and such that S, NW = {p}. Let u be a positive number strictly
less than the distance from W \ B(p) to S,. Then for every sphere S,/ of radius
r’ € (r — p,r) and centered at O’ we obviously have S, N W C B(p). Let fo be a
continuous function on B(p) such that fo = f on WNB(p) and fy = 0 on B(p)\W.
Define the function

g(r') == sup  fo(q)
q€S,,NB(p)

for ' € [r — p,r]. It is easy to check that ¢ is continuous and satisfies g(r) = 0.
Next, we observe that by Lemma the ball B,(p) contains a point ¢ such that
fo(g) = e > 0. By the Morse-Sard theorem [27, Theorem 7.2] we may assume that
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each connected component of the corresponding level set
%(e) ={z e WN B(p) | fo(z) =€}

of fo inside W N B(p) is a C™ hypersurface. It is clear that g([r — u,7]) = [0, €],
where € < &/, and hence
ro:= max {r']|g(r')=c¢}
r'er—pup,r]
is well-defined. Then S,., N X, # 0, whereas S,» N X, = () for o < v’ < r, thus S,

is tangent to X(¢) at some interior point ¢q. Let U be the open subset of W N B(p)
bounded by S,, and OW,

U={zeWnB(p)|dO, z)>re},

then ¢ € OU. We have f(q) = ¢ > f(z) for any € U, H > 0 holds in U, and
the interior sphere condition is obviously satisfied at ¢ € S,,. Since n = —E—J-f‘ is
orthogonal to QU at g, it is easy to conclude by the Hopf boundary lemma that 7
is the inward pointing normal to OU. Hence 7 is the outward pointing normal for
both S,, and X(g) at ¢q. By the comparison principle, the mean curvature H(g) of
3 (e) satisfies H(e) > 0 at ¢g. On the other hand, since the scalar curvature of the
graph of f is nonnegative, by Proposition 5.4l at ¢ we have

(v,nYHH () > 0.

Here (v,n) < 0 since v = %, H >0, and if H = 0 then H(¢) = 0. This

means that H(¢) < 0 at ¢, which is a contradiction. Hence H must change sign in
W N B(p). O

Proof of Proposition [Z1. We assume by contradiction that H changes sign, both
sets {H > 0} and {H < 0} are nonempty in . Our first observation is that each
connected component of these two sets is unbounded. Indeed, let ¥ be a bounded
connected component of {H > 0} and let 9y3; be its outer boundary component.
By Lemma [5.2] we know that dpX lies in an n-dimensional hyperbolic subspace
II. We view H*t! as IT x R with the metric b + V2ds @ ds, and we let W be a
subset of {§ = 0} bounded by dpX;. Then in some neighborhood of OW we can
write ¥4 as the graph of a function u such that v = 0 and |du| = 0 on OW. Now,
considering a sufficiently small ball B(p) around p € OW, we immediately arrive at
the contradiction, since H must change sign in W N B(p) by Lemma 5.7

We have just seen that if ¥ is a connected component of {H > 0} then it
must be unbounded, and the same is clearly true for a connected component ¥_ of
{H < 0}. Moreover, it follows by Proposition [Al in Appendix [A] that one of the
connected components of its boundary 9% is unbounded, and the same holds for
0%_. Let us denote such an unbounded component by dp>. By Lemma we
know that 9pX lies in an n-dimensional hyperbolic subspace II tangent to ¥ at
every point of 9ypX4. Since X is asymptotically hyperbolic, f tends to a constant
value C at infinity, so the fact that 02 is unbounded forces II to coincide with
the plane {s = C}.

The component > is the graph of f over some open subset W of H". Moreover,
there is an unbounded component dyW of the boundary W such that f = C and
|df| = 0 on 9yW. By Lemma 0.5 there exists ¢ € W such that f(q) = C + ¢ for
some € > 0. By the Morse-Sard theorem we know that there is an £ such that
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C + ¢ is a regular value of f, so that the corresponding level set f~1(C' +¢) = {p |
f(p) = C + ¢} is a C™ hypersurface with |df| > 0 at each point. Suppose that
U is a connected component of {H > 0} in H" which contains W. Then, using
Proposition [A.T] and the fact that f tends to C at infinity, it is easy to check that
if some connected component of f~1(C + ¢) intersects U, then it is contained in U.
It is also obvious that f~1(C + ) N U is nonempty and bounded, so we can find a
point p in this set which is at the largest distance d from the origin O of H". Let
%(C + €) be the connected component of f~1(C + ¢) which contains p. Then the
geodesic sphere of radius d centered at O touches X(C + ¢) at p, and there are no
points x such that f(x) > C+e¢in {r > d} NU. Arguing as in the proof of Lemma
BT we can show that n := —% = 0, at p, that is, v is an outgoing normal to
3(C +¢). The mean curvature H(C +¢) is then positive at p, whereas Proposition
B4 tells us that H(C +¢) < 0 at p, which is a contradiction. O

Let f be as in Theorem 21l We recall the expressions for g, S, H, and Scal
obtained in Section 2.2, and rewrite them as functions of the arguments D f and
D?f, where Df and D?f denote the Euclidean gradient and the Euclidean Hessian
respectively:

V2fifj
S, D) =~ |y = T fi o L

V14 V2|df|? 14

. B v ik Vit
Sj(DfaD2f)_ \/W(b B 1+V2|df|2>
Vi + Vi f;

<fkj — T4 i+ — T V{df, dv>fkfj) ;

B - v y szz‘fj
H(Df D*f) = JII VIR (bJ B 1+V2|df|2>
Vi + Vif;

<fij — T fi+ — tV{df, dV>fz‘fj) ;

Scal(Df, D*f) = —n(n— 1)+ T (Df, D*f) = 5/(Df, D*f)S;(Df, D*f).

g7 (Df) = b7 —

+ V{df, dV>fifj:| ;

Following [T9, Section 4], we will now prove maximum principles for the scalar
curvature equation Scal(Df, D?f) + n(n — 1) = 0. The lemma below concerns
ellipticity of this equation.

Lemma 5.8.

OScal 2V (ngj _ gij) '

Ofi; 1+ V2[df?
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Proof. A straightforward computation gives

OScal o7 9 0H _ 93" 8Sk

ofy; 0fi Lfi

_ 2V ( Sk lm afmk)
vsvaaE 1 or,
2V (ﬁgij _5Y ) .

VTR

O

Proposition 5.9. Let f be as in Theorem (21 Suppose that the scalar curvature
Scal and the mean curvature H of its graph satisfy Scal > —n(n — 1) and H > 0

Then the matrix (ﬁgij — gij) is positive semi-definite everywhere in H™ \ Q.
Proof. We work at a point p € H" \ . Since Hg" — 57 = >k (F(Si - ?i) g’
where ¢** is positive definite, we only need to show that (Féi — ?i) is positive

semi-definite. After possibly rotating the coordinates, we may assume that S =
(gi) = diag(A1, ..., An). Then, in the notation of Lemma [£.3] we have

(m;’ - Ei) = diag (o1 (S|1), ..., 01 (Sn)) .
By Lemma [B.3]it follows that
0’1(?)0’1(§|I€) Z UQ(?) +

n =1 2

—_— Sk

s (2 B10)°.

for k =1,...,n. If 01(5) = H > 0, since 02(S) = 3(Scal + n(n — 1)) > 0, it is
obvious that a1 (S|k) > 0 for every k = 1,...,n. Otherwise if H = 0 then S = 0
and hence ¢y (S|k) = 0. This proves that o1 (S|k) > 0. O

In the next two propositions we prove versions of the maximum principle for the
scalar curvature equation, the first one for points in the interior and the second one
for points on the boundary.

Proposition 5.10. Let f; : H*\ Q — R, i = 1,2, be two functions satisfying the
assumptions of Theorem 21l Suppose that f1 > fo in H"\ Q, and that f;, i = 1,2,
satisfy the inequalities

Scal(Df1, D f1) = —n(n —1),  H(Df1,D*f1) >0,

Scal(Dfs, D*f2) > —n(n —1),  H(Dfs, D*f2) >0
in H™ \ Q. If the matriz (ngj — ) is positive definite in H™ \ Q for either fy
or fa, and if fi = fa at some point of H" \ Q, then f1 = fo in H™ \ Q.

Proof. We consider the scalar curvature operator as Scal(p, £) € C* (R",R™ x R").
Then

0 > Scal(Dfy, D*f1) — Scal(D fa, D* f5)
= Scal(Dfy, D*f;) — Scal(D f1, D? fg) + Scal(D f1, D?fy) — Scal(D fy, D? f5)

= Zaij((fl)ij = (f2)i5) sz 2)i);



PENROSE TYPE INEQUALITIES FOR ASYMPTOTICALLY HYPERBOLIC GRAPHS 25

where 1
bt = / 8Sca1(thl + (1 - t)Df27 D2f2) dt,
o Opi
and 1
a” = / Ocal (Df1,tD*f1 4+ (1 — t)D* fo) dt.
o 0&;
Note that by Lemma [5.8 we have
1
a = aSCSLl(Dflﬂf]yfl +(1—=1)Df>) dt
o 0&;

2V L, i =i ik ) ,
:W/O (TTg" = Sig™) (Df1,tD*f1 + (1 =)D fz) dt

2V (T 2145 ¥ 20 ik
NS [/0 t(A(D 1, D2 f)g (D 1) = Su(Df1, D2 f1)g™ (D)) dt

+ / (1—1) (ﬁwfl,D?fg)g“(Dfl)—§i;<Df1,D2fz>g““<Df1>) dt]
0

= L [(F(Df17D2fl)gij(Dfl) _Ei(thD%l)gik(Dfl))

VITVaE
+ (A(Df1, D2f2)g"(Df) = Su(D 1, D f2)g™ (D)) |

If fi = fo at p € H™\, then p is a local minimum point of f; — f2, hence D f; = D f5
at p. Consequently, a¥/ is positive definite at p. By continuity, a*/ is positive definite
in some open neighborhood U of p in H"\ Q. Then f; = f» in U by the Hopf strong
maximum principle. It follows that the set {p € H* \ Q | fi(p) = fa(p)} is both
open and closed in H" \ﬁ Since H™ \ﬁ is connected, we conclude that f1 = f
everywhere H™ \ Q. O

Proposition 5.11. Let f; : H* \ Q — R, i = 1,2, be functions satisfying the
assumptions of Theorem [Z1. Suppose that fi > fo > C in H" \ Q, and that f;,
1 =1,2, satisfy the inequalities

Scal(Df1, D*f1) = —n(n —1),  H(Df1,D*f1) >0,

Scal(Dfs, D*f2) > —n(n —1),  H(Dfs, D*f2) >0
in H" \ Q. If the matriz (ngj - ?ij) is positive definite in H™ \ Q for either fi
or fa, and if fi = fo = C on 0RQ, then fi = fo in H"\ Q.
Proof. Let 3; denote the graph of f;, i = 1,2. Take p € 9% = 9%y C {s = C},
and let v(p) be the common normal to ¥;, ¢ = 1,2, at this boundary point. Suppose
that IT is the hyperbolic subspace orthogonal to v(p), then II is isometric to H". Let
B,.(p) be a geodesic ball of radius r in II centered at p, and let U = B,.(p)N{s > C}.
If r is sufficiently small, we can write ¥; near p as the graph of f; : U — R, 1 = 1,2,
in U x R with the metric b+ V2d5® ds, where b is the hyperbolic metric on U, and
s is the coordinate along the R-factor. It is obvious that Vf; =0 at p for i = 1,2.
We also have f; > fo in U, and

SC&I(DE,DQﬁ):—n(n—l), F(D}TlaD2f1) ZO)

Scal(Dfo, D*fo) > —n(n—1),  H(Dfs, D*f5) > 0.
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Moreover, either fl or ]72 has positive definite matrix (ﬁgij — gij) at p. Arguing
as in the proof of Proposition (.10, we see that (]71 - f;) satisfies

0> Zaij((fl)ij — (f2)i5) sz (f1)i = (F2):),

where we may assume (after decreasing r) that a¥ is positive definite on U. If we
assume that f; > fo in U then by the Hopf boundary lemma we have V( fi— fg)( ) #
0, a contradiction. Consequently, fl( ) = fg( ) at some interior point ¢ € H™ \ Q.

Apphcatlon of Proposition (.10 completes the proof. O
We recall that p := sinh(r). The hyperbolic metric b takes the form
(dp)* 2
b =
1_|_ p2 + P o,

and the function V' = cosh(r) = /1 + p2.
Proposition 5.12. The second fundamental form of the graph given by () is given

by
gz_n—Q \/%pi dp —|—\/_p5 o
2 1+4p%2-— p
In particular, the pmnczpal curvatures of the graph 3 are ——\/_ mp~ % with mul-
tiplicity 1 and /2mp~2 with multiplicity n — 1. The mean curvature H is given
by
H= g\/%pfg

Hg—S=(n-1) mp dp? + t V2mp~: 20

is positive definite.
Proof. Straightforward calculations. O

We are now ready to prove the result on rigidity for the case of equality in
the last inequality of Theorem [Zl From Theorem 4] we know that in this case
Scal = —n(n—1) and 9 C H" is a round sphere centered at the origin. The result
thus follows from the next theorem.

Theorem 5.13. Let f : H™\Q — R be an asymptotically hyperbolic function which
satisfies the assumptions of Theorem[2.1] and such that the graph of f has constant
scalar curvature Scal = —n(n —1). Also assume that OS2 is a round sphere centered
at the origin and that df (n)(x) — oo as © — OQ where 1 is the outward normal of
the level sets of f. Then the graph of f is isometric to the t = 0 slice of the anti-de
Sitter Schwarzschild space-time, as described in Section [2.3.

Proof. By adding a constant to f we assume that f = 0 on 02. From Proposition
5.1 we know that H does not change sign. Proposition [5.4] together with the fact
that H is positive on 9f tells us that ‘H > 0 on the boundary, and thus H>0
everywhere. The maximum principle applied to H together with df () — +oo at
00 tells us that limsup,_, ., f(x) > 0. Since f is an asymptotically hyperbolic
function we conclude that lim,_, f(x) = C where 0 < C' < co.
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Let fads-schw be the asymptotically hyperbolic function whose graph is isometric
to the t = 0 slice of anti-de Sitter Schwarzschild space-time, with mass parameter
m such that its horizon is exactly the sphere 0€2. This function vanishes on 02 and
has limy, o0 fads-Schw = Co where 0 < Cy < 0.

If C < Cp we set uy = fads-schw + A for A > 0. If A is large enough then uy > f.
We decrease A until finally uy(p) = f(p) at a point p, possibly p = co. If p is an
interior point then Proposition tells us that uy = f, if p is a boundary point
then Proposition 51Tl tells us that uy = f. There is however one more situation to
consider, namely when uy > f and lim,_,o(uyx — f) = 0. Since both the graph of
uy and the graph of f have Scal = —n(n—1), arguing as in the proof of Proposition
we conclude that uy — f satisfies the equation

Yo a(ux = i+ ) b'un— f)i = 0.
i, i

In this case, the Hopf strong maximum principle tells us that uy — f attains its
positive maximum either at an interior point or at a point of 0Q2. Let us denote
this point by ¢ and suppose that (uy — f)(¢) = S > 0. Clearly, f > uy — 8, and
f(q@) = (ux — B)(q). By either Proposition 510 or Proposition [BIT] we conclude
that uy — 8 = f.

If C > Cy we set vy = fads-schw — A for A > 0. For A large enough we have
vy < f and we decrease A until vy hits f. Arguing as above it is easy to show that
VN = f

In any case we have found that f and faqs.schw differ by a constant, which is
the conclusion of the theorem. O

APPENDIX A. A PROPERTY OF UNBOUNDED OPEN SUBSETS OF R"

In this appendix we will prove the following result on the boundary components
of an unbounded open subset of R™.

Proposition A.1. Let H : R" — R, n > 2, be a continuous function which
takes both positive and negative values. Assume that each connected component of
H=1((0,00)) and H='((—00,0)) is unbounded. Then there is a connected compo-
nent of H=1(0) which is unbounded.

To prove the proposition we use the following lemma.

Lemma A.2. Let K C R", n > 2, be compact and connected. Let U be the
unbounded connected component of R"\ K. Then U, :={x € U | d(x,K) < €} is
connected.

Proof. Let F:=R™\U. This set is closed and bounded and therefore compact. We
show that F'is connected. Let f : F — {0,1} be continuous. Then f is constant on
K. Take x € F\ K. For 0 # a € R"™ consider the half-line {x+ta | 0 < t¢}. Let tg be
the smallest number so that z+toa € K. Then the line segment {z+ta | 0 <t <t}
is a subset of F, and we conclude that f must be constant on F' so F' is connected.
Next define F, := {x € R" | d(x, F) < €}. Since F, = Uper Bc(p) this is a connected
set. Note that F, = U, U F. The Mayer-Vietoris sequence for homology tells us
that
o= Hi(R™) = Ho(Ue) = Ho(U) ® Ho(F.) = Ho(R™) — 0,

from which we conclude that U, is connected. O
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Proof of Proposition[Adl. Let V be a connected component of H~1((0,00)). Let
V' C R™ be the image of V' when compactifying R™ with a point at infinity and
then removing a point p lying in an unbounded component of R™ \ V. The set V'
is open, bounded and connected, so the closure K := V"’ is compact and connected.
Let 0K be the part of the boundary of K facing the unbounded component of
R™\ K. Since the intersection of a nested sequence of compact connected sets is
connected we conclude from the Lemma that 9°° K is connected. Going back to V'
this means that the union 0°V U {oo} is connected, where 9°°V is the part of the
boundary facing the component of R™ \ V' containing p. From this we see that all
components of 3°°V must be unbounded, since if there was a bounded component
this would remain disconnected from the others when adding the point at infinity.
Finally, every component of 9V is contained in some connected component of
H~1(0), and those components of H~1(0) are therefore unbounded. O
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