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A spectral action for a generalized bosonic sector corresponding to the Dirac operator of

Euclidean supergravity is proposed. We calculate, up to a4, the Seeley-Dewitt coefficients

in the expansion of the spectral action. It is in general not known how to construct a

“matter fermionic” supersymmetric partner to the spectral action. The action we propose

provides the effective action to be completed to get, at any order of the expansion, the

corresponding supersymmetric action.
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1. Introduction

The equivalence principle and gauge invariance are the fundamental pillars of the

two most successful theories in physics, general relativity and Yang-Mills theory.

They lead to a greater understanding of the basic interactions in our Universe.

However, these theories seem to be incompatible at the quantum level. This in-

compatibility might suggest that they are theories arising from some other more

fundamental principle. One of the most interesting proposals in the literature is

the spectral action of noncommutative geometry. It involves a spectral geometry

consistent with the physical measurements of distances. The usual emphasis on the

points x ∈ M on a geometric space is replaced by the spectrum Σ of the Dirac

operator D and it is assumed that the spectral action depends only on Σ. This is

the spectral action principle. The spectrum is a geometric invariant that replaces

diffeomorphism invariance. By applying this basic principle to the noncommutative

geometry defined by the standard model, it has been shown1 that the dynamics of

all interactions, including gravity, are given by the spectral action. Its heat kernel
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expansion in terms of the Seeley-DeWitt coefficients an gives an effective action

up to the coefficient considered. Assuming the Riemannian spin connection for the

gravitational sector of the spectral action, the first three terms in the expansion

correspond to a constant, the usual Einstein-Hilbert action plus Weyl gravity and a

Gauss-Bonnet topological invariant. As is well known, if one would apply a Palatini

formalism to this effective action one would get a non-Riemannian connection and

this result will also be different at any desired order in the expansion, namely for

each effective action.

The Dirac operator is an essential element in the physical action of noncommuta-

tive geometry. It encodes, together with representation of the algebra of coordinates,

both geometry and physics. It was stated in Ref. 2 that in the case of gravity one can

consider the eigenvalues of the Dirac operator as observables if they satisfy certain

constraints that restrict the phase space and the structure of the space-time man-

ifold. The same type of analysis was later performed for Euclidean supergravity3, 4

where also the eigenvalues of the appropriate Dirac operator can be understood as

observables that must satisfy a set of generalized constraints. We were motivated

by this last result and in this work we calculate the first three terms of the spectral

action restricting our calculations to the Dirac operator of simple Euclidean super-

gravity. As is well known, the spin connection of this operator corresponds to the

standard Riemannian connection, by means of which the gravitational sector of the

spectral action is usually constructed, plus a contortion term due to the presence

of the Rarita-Schwinger field. First, in Sec. 2 we review the well known1 spectral

action construction related to pure gravity based on the standard Riemannian con-

nection. Then in Sec. 3 we present the calculation of the first three Seeley-DeWitt

coefficients of the heat kernel expansion based on the trace of the square of the

supergravity Dirac operator. This procedure, however, will not provide in general

a supersymmetric effective action at any desired order in the expansion.18 As is

well known, a supersymmetric “matter fermionic” partner to the spectral action is

in general not known. We are providing the procedure to obtain the bosonic part

of the spectral action, here we calculate it up to the a4 coefficient. We will get an

“effective generalized bosonic action”. Based on our proposal at certain order in the

expansion one could, in principle, supersymmetrize the effective action of interest to

get the appropriate “matter fermionic” terms. This is a complicated task and, not

knowing a general “matter fermionic” action, the calculation must be performed at

each desired order in the expansion, namely for each effective action independently.

We will not attempt to complete the supersymmetry, up to the a4 Seeley-DeWitt

coefficient, corresponding to the “generalized spectral bosonic action” we propose.

This is a specific particular task for each order in the expansion. It will be shown

that the effective generalized bosonic action has the curvature term in the first or-

der formalism and we know, at this level in the expansion, that we should add the

Rarita-Schwinger action to get N = 1 supergravity. At any desired order in the
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expansion in the Seeley-De Witt coefficients, one can construct generalized bosonic

actions based on the Dirac operator of N = 1 supergravity and the effective actions

one is able to construct are the ones one should supersymmetrize, for each particular

case, to get an effective supergravity spectral action. Then, we present the “bosonic

action” up to the a4 term. Finally, Sec. 4 is devoted to conclusions and outlook.

2. Spectral action of pure gravity

Instead of the well known geometry of space-time, the basic data of noncommutative

geometry consists of an involutive algebraA of operators in a Hilbert spaceH, which

plays the role of the algebra of coordinates, a self-adjoint operator of Dirac type D
in H which plays the role of the inverse line element. A fundamental principle in

the noncommutative approach is that the usual emphasis on points in space-time

is replaced by the spectrum of the operator D. An operator is of Dirac type if its

square is of Laplace type. Locally such operators can be expressed as

D = −(gµν∇µ∇ν + E), (1)

for a unique endomorphism E acting on vector bundles of M. The spectral triple

(A,H,D) encodes the geometry of every noncommutative space. A Riemannian spin

manifod M is completely characterized by the algebra of smooth functions on M,

A = C∞(M), the Hilbert space of square integrable spinors, H = L2(M, S) and

the Dirac operator D of the Levi-Civita spin connection. On Riemannian manifolds

D is an elliptic operator. The selfadjointness and ellipticity of D is essential for

the construction of (A,H,D). The spectral action principle states that the physical

action depends only on the spectrum of the Dirac operator. These ideas were the

origin of the spectral action given in Ref. 1. The bosonic part of the spectral action

is

S = Tr

[

f

(

D

Λ

)]

. (2)

For a specific choice of the cutoff function f , the spectral action (2) is expressed up

to the first three terms of its asymptotic expansion5

S = Tr

[

f

(

D

Λ

)]

∼ 2Λ4f4a0 + 2Λ2f2a2 + f0a4, (3)

where f4 =
∫

∞

0
f(u)u3du,f2 =

∫

∞

0
f(u)udu, f0 = f(0), and the an are the Seeley-

Dewitt coefficients of the heat kernel expansion of D. Every an is function of ge-

ometric invariants of order n constructed from E, the field strength Ωµν and the
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Riemann tensor.6 The relevant an’s are

a0 =
1

4π2

∫

d4x
√
g, (4)

a2 =
1

16π2

∫

d4x
√
gT r(E +

1

6
R),

a4 =
1

16π2

1

360

∫

d4x
√
gT r(12R µ

;µ + 5R2 − 2RµνR
µν

+2RµνρσR
µνρσ + 60RE + 180E2 + 60E µ

;µ + 30ΩµνΩ
µν).

For the gravitational Dirac operator D we have

D = eµaγ
a(∂µ + ω̃µ) , (5)

E = −1

4
R ,

Ωµν =
1

4
R ab

µν γab ,

where ω̃µ is the spin connection on M, ω̃µ = 1
4
ω̃ ab
µ γab with ω̃µ related to e a

µ

by the vanishing of the covariant derivative ∇µe
a
ν = 0, this allows us to express the

ω̃ ab
µ as functions of the tetrads as in standard Einstein tetradic gravity, applying

the Riemannian torsion free condition. The coefficients (4) take the form

a0 =
1

4π2

∫

d4x
√
g , (6)

a2 = − 1

48π2

∫

d4x
√
gR ,

a4 =
1

4π2

1

360

∫

d4x
√
g (−18CµνρσC

µνρσ + 11R∗R∗) ,

where Cµνρσ is the Weyl tensor of conformal gravity CµνρσC
µνρσ = RµνρσR

µνρσ −
2RµνR

µν+ 1
3
R2 and the Euler characteristic χE is given by, χE = 1

32π

∫

d4x
√
gR∗R∗

with R∗R∗ = RµνρσR
µνρσ−4RµνR

µν+R2, the Gauss-Bonnet topological invariant.

For this particular Dirac operator the spectral action is

S =

∫

d4x
√
g {α+ βR + γ(−18CµνρσC

µνρσ + 11R∗R∗)} , (7)

where α, β and γ are constants. The spectral action gives the Hilbert-Einstein

action with corrections. The action above is of particular interest, because this same

expression has been considered as a good candidate for a renormalizable and ghost

free theory of gravity.7, 8 In the next section we consider the Dirac operator of N
= 1 Euclidean supergravity and calculate the Seeley-Dewitt coefficients associated

with its spectral action. The calculation of this action gives a “generalized effective

bosonic action” being the natural supersymmetric extension of the spectral action

for gravity, not including the appropriate matter fermionic terms that we would

need to complete the supersymmetry. A procedure that one should perform at any

desired order in the expansion due to the fact that we do not know a general



October 8, 2018 15:48 WSPC/INSTRUCTION FILE NCGS-ijmpa

Toward a Supergravity Spectral Action 5

expression for the “matter fermionic” supersymmetric action corresponding to the

spectral action.18 As mentioned in the introduction, it has already been shown that

under certain conditions3, 4 the eigenvalues of the supergravity Dirac operator we

use can be considered as observables of Euclidean supergravity.

3. Spectral action and Euclidean Supergravity

Let M be a compact Riemannian spin manifold without boundary in four dimen-

sions with metric gµν = e a
µ eνa, the tetrad fields are labeled with greek space-time

and latin internal indices respectively. The Dirac operator D given by the spin con-

nection in (5), is an elliptic operator on M and is formally selfadjoint on H. Because

M is compact, D admits a discrete spectrum of real eigenvalues and a complete set

of eigenspinors Dψn = λnψn. The λn’s define a discrete family of real valued func-

tions on the phase space of smooth tetrad fields and as it was shown in Ref. 2, these

eigenvalues are invariant under diffeomorphisms of M and under rotations of the

tetrad fields, so they form a set of observables for general relativity. These ideas

were extended in Ref. 3, 4 to achieve the geometric construction of Euclidean su-

pergravity. This involving a supersymmetric partner of the graviton, the gravitino,

and also imposing local supersymmetric invariance. The gravitino is represented

by a Euclidean spinor vector ψa
µ defined by a Majorana condition, ψ̄ = ψTC. The

phase space will be the space of all pairs (e, ψ) that are solution of the equations

of motion modulo gauge transformations, which are the ones needed in the non

supersymmetric case plus the transformations of local N=1 supersymmetry. The

supersymmetric Dirac operator DSG is given by

DSG = iγaeµa [∂µ + (ω̃µbc +Kµbc)σ
bc] . (8)

The difference between DSG and D is the additional ψ dependent term,9, 10 Kµab =

− 1
4
(ψ̄µγbψa − ψ̄aγµψb + ψ̄bγaψµ). DSG is an elliptic operator defined on the full

spin bundle and it is possible to define an inner product such that DSG is formally

selfadjoint.3 Here we calculate the Seeley DeWitt coefficients of the square of DSG.

The square of this Dirac operator can be expressed in the form of (1) with

E = −1

4
R− 1

4
∇µ(ψ̄

µγνψ
ν) +

1

16
ψ̄αγ

αψβψ̄
νγνψ

β (9)

+
1

32
ψ̄νγαψβψ̄αγ

βψν − 1

64
ψ̄νγαψβψ̄

νγαψβ ,
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where R is the curvature scalar of standard general relativity. The field strength is

Ωµν =
1

4
R ab

µν γab (10)

+
1

16
[ψ̄µγ

σψaψ̄νγ
bψσ − ψ̄µγ

σψaψ̄σγνψ
b + ψ̄µγ

σψaψ̄bγσψν

−ψ̄aγµψ
σψ̄νγ

bψσ + ψ̄aγµψ
σψ̄σγνψ

b − ψ̄aγµψ
σψ̄bγσψν

+ψ̄σγaψµψ̄νγ
bψσ − ψ̄σγaψµψ̄σγνψ

b + ψ̄σγaψµψ̄
bγσψν ]γab

−1

4
∇µ(ψ̄νγ

bψa − ψ̄aγνψ
b + ψ̄bγaψν)γab − (µ↔ ν).

By this means, and in a similar procedure as in pure gravity, we get the spectral

action related to this particular Dirac operator and the constrained geometry defined

by it. The first non constant term is

a2 = − 1

48π2

∫

d4xe(R − 1

4
ψ̄αγ

αψβψ̄
νγνψ

β (11)

−1

8
ψ̄νγαψβψ̄αγ

βψν +
1

16
ψ̄νγαψβψ̄

νγαψβ).

The term a4 is a combination of terms quadratic in ψ and non trivial interactions

between the graviton and the gravitino

a4 =
1

4π2

1

360

∫

d4xe[−18CµνρσC
µνρσ + 11R∗R∗ (12)

−14RµνρσΦ
µνρσ(ψ)− 106RµνΣ

µν(ψ) + 10RΓ(ψ)

−7Φµνρσ(ψ)Φ
µνρσ(ψ)− 62Σµν(ψ)Σ

µν (ψ) + 5Γ2(ψ)].

The cuadratic terms appearing in (12) are given by

Φµνρσ(ψ) =
1

4
∇µ(ψ̄ργσψν + ψ̄ργνψσ + ψ̄νγρψσ) (13)

+
1

16
(ψ̄ργαψµψ̄

αγσψν + ψ̄ργαψµψ̄
αγνψσ

+ ψ̄ργαψµψ̄νγ
αψσ + ψ̄ργµψαψ̄

αγσψν

+ ψ̄ργµψαψ̄
αγνψσ + ψ̄ργµψαψ̄νγ

αψσ

+ ψ̄µγρψαψ̄
αγσψν + ψ̄µγρψαψ̄

αγνψσ

+ ψ̄µγρψαψ̄νγ
αψσ)− (µ ↔ ν),
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Σµν(ψ) =
1

2
∇µ(ψ̄νγ

αψα)

−1

4
∇α(ψ̄νγ

αψµ + ψ̄νγµψ
α + ψ̄µγνψ

α) (14)

+
1

8
(ψ̄νγβψµψ̄

βγαψα + ψ̄νγµψβψ̄
βγαψα

+ ψ̄µγνψβψ̄
βγαψα)

− 1

16
(ψ̄νγβψαψ̄

βγαψµ + ψ̄νγβψαψ̄
βγµψ

α

+ ψ̄νγβψαψ̄µγ
βψα + ψ̄νγαψβψ̄

βγαψµ

+ ψ̄νγαψβψ̄
βγµψ

α + ψ̄νγαψβψ̄µγ
βψα

+ ψ̄αγνψβψ̄
βγαψµ + ψ̄αγνψβψ̄

βγµψ
α

+ ψ̄αγνψβψ̄µγ
βψα),

Γ(ψ) = ∇µ(ψ̄
µγνψν)−

1

4
ψ̄αγ

αψβψ̄
νγνψ

β (15)

−1

8
ψ̄νγαψβψ̄αγ

βψν +
1

16
ψ̄νγαψβψ̄

νγαψβ.

We recognize in the a2 term the “bosonic” part of the N=1 supergravity action

written as a second-order formalism. Now, as is well known, we can write it in

terms of the curvature scalar that is function of the spin connection including the

torsion term

R(e, ψ) = R− 1

4
ψ̄αγ

αψβψ̄
νγνψ

β − 1

8
ψ̄νγαψβψ̄αγ

βψν (16)

+
1

16
ψ̄νγαψβψ̄

νγαψβ.

Having modified the Dirac operator in a consistent way, summing the torsion term,

the spectral action includes the geometric part of the N= 1 supergravity action. The

full supersymmetric action is not known. There is not a general “matter fermionic”

supersymmetric partner of (2), in particular not one constructed with the Dirac

operator (8). It is however possible, as we show, to provide at any desired order in

the expansion of the action in the Seeley-DeWitt coefficients a “generalized effective

bosonic action” and at the order of interest one can, in principle based in our result,

supersymmetrize that effective particular bosonic action. The bosonic action (up to
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a4) is then a higher order theory represented by the spectral action

S = Tr[f(
DSG

Λ
)] (17)

=

∫

d4xe[α+ βR(e, ψ)]

+γ

∫

d4xe[−18CµνρσC
µνρσ + 11R∗R∗

−14RµνρσΦ
µνρσ(ψ)− 106RµνΣ

µν(ψ) + 10RΓ(ψ)

−7Φµνρσ(ψ)Φ
µνρσ(ψ)− 62Σµν(ψ)Σ

µν (ψ) + 5Γ2(ψ)],

with α, β, and γ constants. It is of interest to notice that the spectral action (2) for

D = D2 is a theory of gravitation. It includes in a natural way the Einstein-Hilbert

action. A general higher order theory of gravity suffers from ghosts, a scalar and

a spin-2 mode, both massive. However, the particular theory of gravitation that

emerges in the non commutative geometry framework, up to the a4 term, is of the

type

I =
1

2κ2

∫

d4xe

(

R− 2Λ +
1

2
αCµνραC

µνρα

)

, (18)

this form of the theory, without a cosmological constant, was considered first in

Ref. 11 and it was argued that it is renormalizable. It was then reconsidered in

Ref. 7 including Λ because in this case the scalar mode is absent and for a special

value of α in terms of Λ, the massive spin-2 mode also disappears, leaving a theory

consisting only of a massless graviton and is possibly renormalizable. The spectral

action we propose (17) is the “bosonic” part of the supergravity spectral action, that

one should construct in a supersymmetric procedure at each order in the expansion

in the Seeley-De Witt coefficients. It will correspond to the gravity action (18) in

Ref. 8. The action (17) gives, up to a2, the usual simple supergravity by adding the

Rarita-Schwinger action 〈Ψ, DSGΨ〉. The supersymmetric action up to a4 could be

written in the form of an Einstein-Weyl supergravity without the scalar and vector

auxiliary fields and it could also be studied in relation to its renormalizability. On the

other hand, the Seeley-Dewitt coefficients have been calculated, in particular, when

totally antisymmetric torsion is present and by these means the associated spectral

action.12–17 The motivations of doing so are based on some physical arguments, for

instance the coincidence of geodesics in both manifolds, one in which there is torsion

and another where it is absent. Torsion in supergravity is of a more general kind

and there is no reason, physical or mathematical, for not considering its associated

Dirac operator as we have done.

4. Discussions

The spectral action allows us to construct a modified theory of gravity as well as

the “bosonic” part of a generalized supergravity at the desired order in the Seeley-

DeWitt coefficients. The fact that makes this possible is that simple supergravity



October 8, 2018 15:48 WSPC/INSTRUCTION FILE NCGS-ijmpa

Toward a Supergravity Spectral Action 9

and pure gravity can both be viewed as theories with well defined, mathematically

consistent, Dirac operators. This is not, in general, the case for extended super-

gravities. We were partially motivated by the result that the eigenvalues of the

supergravity Dirac operator can, with certain constraints, be considered as observ-

ables.3, 4 We were able to calculate the expansion up to a4 of the spectral action (2)

for the supersymmetric Dirac operator (8), and we have constructed a generalized

bosonic effective action that provides at each order in the expansion of the Seeley-

DeWitt coefficients an effective action that is the appropriate to be, in principle,

supersymmetrized to get an effective supergravity action. The gravity action (7,18)

has been constructed with the pure gravity spin connection (5). This gravity action

was already known8, 11 and may be considered to possibly be renormalizable. The

corresponding supergravity action would be given by the supersymmetric comple-

tion of our action (17). It is a matter of further work to search for the calculation

of this effective supergravity theory and look for its possible renormalizability.
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