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Abstract

We consider tubular neighborhood of an arbitrary submanifold embedded in a (pseudo-
JRiemannian manifold. This can be described by Fermi normal coordinates (FNC) sat-
isfying certain conditions as described by Florides and Synge in [15]. By generalizing
the work of Muller et al in [54] on Riemann normal coordinate expansion, we derive all
order FNC expansion of vielbein in this neighborhood with closed form expressions for
the curvature expansion coefficients. Our result is shown to be consistent with certain
integral theorem for the metric proved in [15].
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1 Motivation and summary

As it is well known, Riemann normal coordinate (RNC) system is a very useful tool in
differential geometry and general relativity [1]-[4]. In particular, it is used for computing
covariant Taylor expansion of tensors around a point in a manifold [5]-[10].

Fermi normal coordinate (FNC) system is a generalization of RNC in the sense that
the RNC-origin, which may be viewed as a zero-dimensional submanifold of the ambient
space, is replaced by a higher dimensional ond'] It is related to a general coordinate sys-
tem through the exponential map along the normal directions. The region surrounding
the submanifold where FNC is well defined, i.e. where the exponential map is a diffeomor-
phism, is called a tubular neighborhood. The existence theorem for such a neighborhood
suffices as a powerful tool for various analysis in differential geometry [16] [17].

The use of FNC can be found in various areas of physics. Some of them, which we will
briefly discuss below, are general relativity, multi-particle and string dynamics in curved

spacetime and constrained quantum mechanics. In all such applications one needs to know

IFNC was first introduced by E. Fermi for a curve in [II]. It was then followed by various other
generalizations (see [I2]-[I4] and references therein). Our consideration, which is same as that of [I5],
will be described in detail in



explicitly the covariant Taylor expansion coefficients of geometric quantities around the
submanifold. The same is true for certain applications outside physics also. For example,
see [18] which describes how this is used in computing volume of tubes [19]-[21].

In general relativity one is mainly interested in studying various physical effects around
a particle worldline (one dimensional submanifold) in a given background [22]-[42]. In one
line of research ([32]-[41]) FNC expansion around a worldline has been used to compute
curvature corrections to the energy spectrum of hydrogen-like atoms in curved back-
grounds. The reason for considering a worldline is the following approximation (see also
[42]): the center of mass (CM) of the system falls freely along a geodesic during the time
interval relevant for the study of the system (e.g. an atomic transition).

The above assumption is physically well-motivated and should work fine when the
CM-mass is large. However, it is also a simplifying assumption. Going beyond this
assumption requires a drastic change in the analysis where a different tubular geometry
around a higher dimensional submanifold becomes relevant. Let us explain this slightly
more elaborately. Physically one should expect that the internal dynamics of the atom
(or any other composite object) backreacts to the motion of the CM. In other words,
it should be possible to derive the geodesic equation for CM at the leading order in a
semi-classical expansionf| where the CM mass is large. Notice that this is a relativistic
bound state problem in curved spacetime. A completely satisfactory description of such
a problem has not yet been understood even in flat spacetime [43, [44]. However, one may
expect that the basic geometric structure underlying any manifestly covariant description
of an n-particle bound state problem in M is the tubular geometry around A — M™.
Here M™ := M x M X - -- (n —times) is the n-particle (extended) configuration space and
A(= M) is the diagonal submanifold of all possible locations of the CM (assuming equal
mass for all the particles). The reason why A is the subspace where the CM lies has been
explained in [45].

Recently the above approach has been pursued in an analogous system in [45]. Here the
analogue of a multi-particle bound configuration is a closed string in M, the configuration
space is the corresponding loop space LM, the relativistic quantum theory is the loop
space quantum mechanics [45]-[48] and the analogue of (CM-mass)™! is the parameter

o/. It was shown that in a semi-classical limit (o’ — 0) the string wavefunction localizes

2What we have in mind is an expansion in inverse of the CM-mass. The quantum mechanical A may
be set to 1.



on A(= M) - the subspace of string CM, which is same as the space of vanishing loops.
Moreover, the semi-classical expansion is obtained from the tubular expansion of geometric
quantities around A < LM f

Another application of tubular geometry around a higher dimensional submanifold is
found in the context of what has been termed in the literature as constrained quantum
systems [49, 50]. Here one considers a non-relativistic classical system in an ambient space
with a potential that tries to confine the motion into a submanifold. The idea is to realize
this constraint at the quantum mechanical level through localization of wavefunction [51]-
[53]. The mechanism of finding the effective theory on the submanifold is very similar to
that of the string case discussed above.

As mentioned earlier, the basic raw data that goes into all the above computations are
the tubular expansion coefficients of geometric quantities around the submanifold. So far
only a few such coefficients have been known. The goal of this paper is to obtain closed
form expression for the expansion coefficients of vielbein to all orders in a completely
generic situation where an arbitrary submanifold is embedded in a higher dimensional
space.

We now briefly discuss the technical points relevant to our analysis. In [I5], Florides
and Synge (FS) constructed the special coordinate system under consideration for an
arbitrary submanifold embedded in a higher dimensional (pseudo-)Riemannian spaceﬁ.
They wrote down the special coordinate conditions in terms of the metric and proved an
integral theorem describing its behavior away from the submanifold. We will review the
basic results in §2]

In [54], Muller, Schubert and van de Ven considered the RNC coordinate conditions
written in terms of the vielbein and spin connection. Using certain differential geometric
techniques it was possible to write down an integral equation for the vielbein in terms of
the Riemann curvature tensmﬂ The authors were able to solve this equation to produce
the complete RNC expansion of vielbein with a closed form covariant expression for the

curvature expansion coefficients.

3Therefore, according to this analogy the corrections to the CM motion of any quantum mechanical
bound state in M are analogous to o’ corrections in string theory.

4The authors of [I5] called it a submanifold based coordinate system. However, following the modern
nomenclature (see, for example [I8]) we will continue to call it FNC.

®As mentioned in [54], such coordinate conditions are the gravity analogue of the Fock-Schwinger
gauge [55] in gauge theory which can also be used to write down an integral equation for the gauge
potential in terms of the field strength [56].



Here we will use the same techniques to generalize the results of [54] to the case
of FNC. In particular, we derive the integral equation for the vielbein and closed form
covariant expressions for its curvature expansion coefficients in the set up considered in
[15]. The results are different when the vector index of the vielbein takes values along
the directions tangential and transverse to the submanifold. The transverse results are
exactly the same as that of [54], as expected. This will be discussed in §3| In §4] we
show how our result is consistent with the metric integral theorem of [15]. We discuss a
demonstrative example in §5(and finally conclude in Explicit numerical results for the
expansion of vielbein and metric up to 10-th order in FNC have been presented in one of

the appendices.

2 Metric-integral-theorem due to Florides and Synge

We consider an arbitrary D-dimensional submanifold M embedded in a higher dimensional
pseudo-Riemannian space L of dimension d. Our notation for indices is as follows: Greek
indices (a, 8, --) run over D dimensions, capital Latin indices (A, B, ---) run over (d —
D) transverse dimensions and small Latin indices (a,b,---), over all dimensions. Other
notations and conventions essential for the rest of our discussion are presented in appendix
[Al

The work of [I5] proved the existence of a coordinate system z* = (z%,y*) (that
will be called FNC following [18]), where z* is a general coordinate system in M whose

embedding is given by,

and the following conditions are satisfied for the transverse coordinates,

9an(@,9)y" = nuy” (2.2)

where g.(z,y) is the metric tensor in FNC and 7, is as define in eq.(A.63)).

The following integral theorem was proved in [15],

1
gas(z,y) = nap+2y°y" / dt Fy(t)lacps(z,ty) ,
0

1
gas(®,y) = y“gapc+2y y" / dt Fy(t)lacps(z,ty)
- 0

bt



1
9as(@,y) = Gas() + Y gapc + 2y y" / dt F3(t)lacps(,ty) - (2.3)
0

For any function f(z,y) in L, we have defined: f = f(2,0). A comma in the suffix

indicates ordinary derivative with respect to the argument. For example,
— tim -7 g,5(2.1) (2.0
YaB,C = yl_ff(l) aycgaﬁ r,Yy) - .

Gop = gap is the induced metric on M and the functions Fj(¢) (i = 1,2, 3) are defined as

follows,

Fut) = t(1 1) | FQ(t):%u_t?), Fy(t)=1—t. (2.5)

Finally,

1
lacdb ($, y) = §(gab,cd + gcd,ab - gad,cb - gcb,ad)($> y) ) (26)

is the linear part of the covariant Riemann curvature tensor.

3 FNC expansion in arbitrary tubular neighbourhood

The above metric-integral-theorem involves the linear part of the curvature tensor. This
form is not very useful for deriving the curvature expansion. Below we will use the
technique of [54] to derive the curvature expansion for vielbein. In §4| we will show how

our result is consistent with that of FS.

3.1 Integral equations for vielbein

We will first derive the integral equations satisfied by the vielbein (egs.(3.23) below).
To this end, we define, following [54], the radial vector field (see appendix [A| for our

notations),
r = yAgA . (37)

Then the coordinate condition (2.2)) can be rewritten in terms of the vielbein and the

connection one-form in the following way,

irE@ = 548 (3.8)



where ir denotes the interior product [57] with respect to the vector field r and 6%, is the
Kronecker delta functionfl

The next step is to relate the second order Lie derivative of £@ and the curvature

two-form. Using eqs. , one writes,
LrE® = W@ 4irE® + dipE@ . (3.12)
Then using the following result, which can be easily proved by using ,
LydipE@ = dip€@ | (3.13)
one arrives at,
Lr(Lr — 1D)EW = Lrw@yirs® . (3.14)

Finally, one calculates two sides of the above equation independently. The left hand side

is directly calculated by noting,

~

EW = el (2, y)E + el a(w,y)EY (3.15)

and the right hand side can be calculated by using eqgs.(A.67 [3.9). This leads to the

following second order differential equation for the vielbein,
2@ _ (@ ()
d(d_'_ 6)6 b(l’,y) =p (c)(x7y73/)€ b<x7y) ) (316)

where

P(a)(b)(flf,y;ﬂ) = T(a)CD(b)(l"»y)QcﬂD . (3.17)

We convert the non-coordinate to coordinate indices and vice-versa by using the vielbein

and its inverse. For example,

d
ropey = rg@mece@p . (3.18)
5To see how and (2.2) are equivalent one first shows that (2.2 implies,
Vge(,y)y ye =0, (3.10)

and wvice versa (7., being the Christoffel symbols as defined in eq.(A.64) ). One then rewrites the above
equations in terms of the vielbein and spin connection coefficients to derive (3.9) and,

9ae g (2, y)yty® =0, (3.11)

which, in turn, is solved by ({3.8]).



Moreover, for any function f(z,y) we have defined,

df(z,y) = y*oaf(z,y) (3.19)
and,

b { 1 when b= B,

‘71 -1 when b= . (3.20)

Following [54], we Taylor expand both sides of (3.16]) around y = 0 and equate the

n-th order terms. This gives,

n _(a n—1 n— a c
doe( )B(x70) = n -+ 1d0 ? [p( )(c)(x707y>6( )B(‘IL‘70)} ) n Z 1 )

dle@s(z,0) = dp? [p(“)(c)(a:’,O;y)e(c)g(:c,O)} : n>2, (3.21)

where we have introduced a new notation,

n . — AL AR
dolf(2,0:)9(x,0)] = y™ -~y lim Iy

The integral forms that solve the above equations are as follows,

1
€ p(z,y) = 8%+ / dt Fy(8)p® (1, tys y)e (e, ty) |
0

1
e(“)g(x,y) = e(“)g —i—yAe(“)g,A +/ dt Fg(t)p(“)(c)(a:,ty;y)e(c)g(x,ty) )
0

(3.23)

The first term in the first equation and the first two terms in the second equation are
“initial conditions”. The former is obtained by contracting the first equation with y?,
using (3.8) and then noticing that the integral term does not contribute under such a

contraction because of the anti-symmetry property of the Riemann tensor. For the latter
we haveﬂ

e(o‘)g = E(a)g(:v) , e(A)ﬁ =0, yAe(“)g,A = yAwg(“)A , (3.24)

“In the rest of the discussion in this subsection, we will refrain from explicitly writing down the
arguments. It is understood that a geometric quantity denoted by a lower case symbol without a bar has
an argument (z,y) and the same with a bar has an argument (z).



where E(® 4 is the vielbein of the induced metric G, on the submanifold. While the first
equation is obvious, the second equation is required by consistency with (2.2)). The third

equation is obtained as follows. Using the following relationﬁ ,

(9a€(b)c — ’}/gce(b)d + Wa(b) (e)e(e)c =0 ) (325)
and (3.8) one gets on the submanifold,
8a€a = 7isea = wpa (3.26)

Then using ([3.25)), (3.26)) and (3.9) one arrives at the third equation in ((3.24)).

3.2 Closed form expressions for curvature expansion-coefficients

We write,

ey(x,y) = Y el(xy) (3.27)

p=0
where e, is the contribution at p-th order in curvature, such that,

(a) a
€ B — Op,

E(a)ﬁ + WQ(Q)CyC , fora=a,
ey = (3.28)
wB(A)CyC , fora=A.

To obtain the curvature-expansion we proceed as follows. First we use (3.27)) in egs. (3.23))
iteratively to obtain, for p > 1,
' 2p—2 ! 2p—4 '
(o) = [ an@ R [ @ Ew) - [ R
0 0 0
(. iy, y)p(a, titaysy) - - plasty -ty y)eo(a, tr -+ 1,y)] @y (3.29)

where ¢ = 1,3 for b = B, respectively. Then we Taylor expand each p factor (around

origin of the second argument) in the above equations to get,

cWp(ry) = Y FP(s180,00,8) (1Y) (2, 05y) - (3.V) 7 p(x, 0;9)] e

81,,5p 20

8The LHS of eq.(3.25) is usually called the total covariant derivative of vielbein. The vanishing of this
is sometimes referred to as wielbein postulate. However, this equation directly follows from (A.65)) and
therefore can be viewed as the defining equation for spin connection.



eaey) = Y FP(s1,0,0,5) [(3V)p(2,0,9) - (3.9) p(a, 0;9)] 1y

51,7,8p>0

+ D FP(s1ys00 0, 5,) [(0V) (2, 05y) - (31.9) p(a, 0:9)] yws P ey

81,,8p>0
where,
1 ! 1oL 2p— ! o+ +sp+2p—
FP(s1,80,-,8) = — l/ ity 2Fq(t1)/ diaty TR (1)
51.~~15p. 0 0
/ dt v Fy(ty) q=1,3, (3.31)
0

and Fi(t) and F3(t) are defined in egs.([2.5]). Explicit calculations give the following results,

Cl(p)(317 S, 75p)
(s1+s2+---+s,+2p+ 1)
Oép)(slvs% e 7817)

}_(p) _ 3.32
3 (817327 7810) (51+52+"‘+5p+2p)! ’ ( )

fl(p)(sla'gZa"'vSp) =

where,

(p) — s1+s2+-+sp+2p—1 ¥sa+s3+-+sp+2p—3 spt+1
Cl (Sl,SQ,“‘,Sp) — CSI P 082 P CSIZ,) ,

(p) +so4-Fsp+2p—2 vs2+s3+-+sp+2p—4
C37 (51,82, +,8p) = QT2 mswmpm2grarss i T pTE L] (3.33)

C' being the binomial coefficients.
In order to present the results in convenient matrix forms we introduce d x d matrices

Ell EX, W and Ry, (2, y) such that their elements are given as follows,

() = =
Bl = {5 =0 (3.34)

0 otherwise

(3.35)

B, — B fora:.A, b=~B
= 0 otherwise |

ws@oy®  forb=p3

Wa = {O otherwise (3:36)

Rots(. )] = V)0 ey(2,0;9) . (3.37)

10

(3.30)



Notice that Rg, s is linear in curvature, but (s + 2)-th order in y. Using these we further

define the following two matrices:
E(I(x7y) :I[_'_Z Z fép)<817"'7SP>R2+81(xvy)'”R2+sp(x>y> y 4= 173 7(338>
p=1 s1,,5,>0
where I is the d x d identity matrix. The vielbein matrix is given by,

E(z,y) = El(z,y) +E(z,y),
]EH(QZ,ZA = ]E3($>y>]E;“+]E1($>y>W ) EJ—(x?y) = El(x7y>E;l 9 (339>

such that the nonzero elements of El(z,y) and Et(x,y) are given by e@4(z,y) and
e g(z,y) respectively.
The metric is given by,
gan(,y) = €@, y)nianye™u(z, y) . (3.40)

In matrix form we write,

g(z,y) = EX (v, y)nE(z,y) = g + h + h" + g+ | (3.41)
where
g = ENE! = @) XE! + E)YW + WIYTE! + WTZW
ho= (E)'E" = E)YE: + W ZE:
g = (EHgEL = (EHTZE (3.42)

are all d X d matrices whose non-zero elements are,

[9"10s = 9as(z, ), (Mo = ga(z,y) . [97]as = gan(z,y) . (3.43)
Equations and imply,
X =E)"Es, Y=(E)'E , Z=(E)E,. (3.44)
where,
E, = nE, . (3.45)

We will display explicit results for the matrices E,, E3, X, Y and Z up to 10-th order
in y in appendix [B]

11



4 Alternative proof of Florides-Synge theorem

Here we prove the integral theorem in starting from our result in . Analogous
integral equations for vielbein, namely , were derived from a set of equations
describing all the necessary transverse derivatives of the vielbein evaluated on the sub-
manifold. We will first derive the analogue of egs.(3.21) for the metric (egs.(4.54) below).
The integral equations in (2.3)) will then follow as solutions to eqs..

Writing gqp = €q.€5 = n(cd)e(c)ae(d?, and using (3.16)) we get,

dzgab + gdea.eb + gea.deb = 2(7"aCDbycyD + de,.dey) . (4.46)

Next we show that the right hand side receives contribution only from the linear part of

the curvature tensor, i.e.,
racopy<y” + deq.dey = Loy y” (4.47)
where [ypcq 18 as defined in eq.(2.6). To establish the above equation we first write,

Tabed = labcd + Qabed 5 (448)

where the quadratic part of the curvature tensor is given by,

Qabed = gef<f>/6ad’yfbc - ’Yeacf)/fbd) . (449)

The condition in (3.10)) implies that the first term does not contribute in the contraction

Gacpvy Yy . The contribution from the second term can be calculated by using,

Augvcy© = (e — gc )85 (4.50)

which follows from eq.(2.2]). The result is,

1
QaCDbyCyD = —ZQCd(dgca + gac5cc - gcC(sc;)(dgdb + ng(;% - ngfS%) )
= —de,.dey , (4.51)

establishing (4.47). To arrive at the second line we used the following result,
deg.ep — eadey, = Y (G ca = GuaV'en) 5
= 9ac0G — 98, (4.52)

12



where the first line is obtained by using an analogue of eq.(3.25) with indices properly
placed and (3.9)). The second line results from a direct calculation using the explicit form
of the Christoffel symbols in terms of metric.

Using (4.47) and (4.52)) in (4.46]) we now rewrite the relevant second order differential

equations for various metric components in the following way,

d*gap +dgas = 2¢“y"lacps ,
d*gas — gas = 2y°y"lacps ,
dzgag — dgag = QyCyDlacpﬁ . (453)

Following the method of §3.1], we Taylor expand each of the above equations around y = 0
to find the analogues of eqs.(3.21)). The results are as follows,

n n—1 e
digap(xz,0) = 2n+ 1yCde0 QZACDB(I,O) , n>1,
n 2n C_ D_yn—2
dogAﬂ(.fE,O) = n+1y Yy d() ZAC'D,B('Tao) ) nZQ s
dggas(2,0) = 2y%yPdilacpp(x,0), n>2. (4.54)

The integral equations that solve the above equations are precisely the ones in egs.(2.3)).

5 An example

Here we briefly discuss a demonstrative example of our general result. In [58] Klein and
Collas discussed a class of physically interesting backgrounds. For a specific worldline
the exact FNC was constructed and the metric was computed in that system. Here we
will demonstrate how our result reproduces the same metric up to second order in Fermi
expansion.

In an a priori coordinate system z% = (2%, 2%), (i =1,---d — 1)EL the metric is given
by,

d—1

ds* = —(1— f()dz"d2" + > dz'dz’ + (1 — kI*)~" — 1]dldI , (5.55)

=1

90ur notation is different from [58]. We leave the total spacetime dimension d arbitrary.

13



where, [> = }".(z%)%. The local coordinate chart is defined over a region such that (1 —

kI?) > 0. Furthermore, the function f(2?) satisfies the following conditions,
f0)=0, 8 f(0)=0, (5.56)

and (1 — f(z%)) remains positive within the local chart. The one-dimensional submanifold

under consideration is given by,
L=z, 2=0. (5.57)

According to the general result of the present paper, the FNC expansion of various

components of the metric are given by the following expressions up to second order,

go = Goo+ QM?JC + (wo”cWoap + Tocpo)y Y"

g = wopcy” + gwyczp :

gaB = NaB+ %M@F@/D ; (5.58)
where Ggg = —1 is the induced metric on the worldline and the signature is given by
n = diag(—1,1,---,1). Following our notation in this paper, in the above equations we

have used lower case symbols to denote tensors in FNC. To denote tensors in a prior:
system we will use the same symbols with a™at the top.

In order to evaluate the above expansion, one has to relate the expansion coefficients
to tensors in a priori system which can then in turn be evaluated from the metric in
(5.55)) in a straightforward manner. Although the complete transformation relating z*
and z® has been found in [58], for our purpose only the Jacobian matrix evaluated at
(5.57) is needed. It turns out that this is simply given by the identity matrix. Therefore,
for example,

Wabe = 5255 *Wabs - (5.59)

The specific results that we need are as follows,

Woak = é@)a(_éoé(g)k +7gké(5)3) =0,

1-
Tojro = §8j8kf , o Tigko =0, Tijr = K(minje — nanje) (5.60)
where in the first line we have used the fact that the metric in (5.55) and hence the

vielbein is independent of 2° and that 4%, = 0 which can easily be verified through

explicit computation.

14



Using the above results we find,

1
go = —1+ 5303nycyD ;
JoB = 0 ) I
gaB = T1AB — g(nABnCD — nacnsp)y Y (5.61)

This is precisely the results in eqs.(15 - 20) in [58] expanded up to quadratic order in our

notation.

6 Conclusion

The result derived in this work can be viewed as a general theorem. It says that given any
tubular neighborhood, it is possible to construct a special coordinate system as described
by eqs., such that the vielbein components in this system satisfy the integral
equations as given in and have the Taylor expansions as given in eqs., ,
3.30)).

As demonstrated in §5] this can be used to compute FNC expansion of tensors when
the metric and the submanifold under question are known in an arbitrary a priori system.
The above example is particularly simple because of its special nature. It will be useful
to have a completely general framework that works for an arbitrary submanifold.

One specific example is the multi-particle and string dynamics in M as mentioned in
g1} Since both M™ and LM are constructed entirely using M, all the geometric properties
of these two spaces are expressible in terms of the geometric data of M (M-data). This
is true, for example, for the tubular expansion of the action or the Hamiltonian that
describe a system with the above two spaces as configuration space. The problem at
hand is therefore to express such tubular expansions in terms of M-data. Investigation

to answer such questions is in progress [59)].

A Notations and conventions

We denote the coordinate and non-coordinate bases of the tangent space by &, and c‘j’(a)

respectively,

51, = 6((1)1)5 a) s A.62
(a)



e(?), being the vielbein-components. We denote by 7 the diagonal matrix with indicators

of the non-coordinate basis as diagonal elements,

~

Nab = (Eay, Ep))- (A.63)

The bases dual to &, and f:’(a) are denoted by £¢ and E@ respectively. We consider the

torsion-less situation and denote the Christoffel symbols by ~%_,
Vi€e = Ve, & =7%:Ea s (A.64)

where V is the Levi-Civita connection. The connection one-form w(b)(c) = w(a)(b) (C)g (@) is

given by,

V€ = Ve Eo=wa e - (A.65)

€

Cartan’s structure equations in our case are given by,

dE@ + @Dy NE® = 0, (A.66)
dw'® v + w'® 20) A w(c)(b) = T(azb) , (A.67)
where r(azb) = % (@) (b)(0)(d) 0 A G@ is the curvature two-form,
@ 5( 5
"o = €Y VoV = VaVe = Vig, fu)E®) - (A.68)

[.,.] being the Lie bracket [57].

B Coefficients up to tenth order

Here we will display the expansion coefficients up to 10-th order in y for the matrices Eq,

E;z, X, Y and Z. We first expand these matrices in the following way,

E, = H+iEgp)(:c,y), ¢=1,3,
p 2

X = n_i_ZX(P _77+Z E(p +EP)T ZE(P)TE(Q)
p—2 pq 2

Y = n+ZY —77+Z P EPT Z]EP)T

P,q=2

16



oo

=+ 2P =p+> EP+EP) + D EPE?, (B.69)
p=2 p=2 P,q=2

where Egp) (z,y), XP(2,9), YP)(x,y) and ZP)(z,y) are contributions to the relevant

matrices at the p-th order in y. The results up to p = 10 are given below. The following

notation will be used in writing down results for X, ¥ and Z. Given a matrix of the form:

R.R, -+ =nRnR, -, we define,

{RyRy- -y =nRuRy-+n- R,Rp, . (B.70)
Results for E;:
<
EP = 1—12R3 :
EY = 4—0R4 + 120R§ ;
EP) = LRt L RiRy + —RuRs ,
. 180 180 360, IV
B = 10108R6 i @R“RQ * 16810R2R4 N 5041R 5040R21’
B = o720 * 2016R5R?Ir Taaa B g Rel g R B3+ 10080R2R5
8 * 110080R2R5"’R12 * 20160R2P1{3 ’
B = 51840 T 103681316R2 * 5184R51R3 * 5760R4 %7280R4R2
T 2060 s+ 129601R3R2 + 259201R3R2R3 - 725716R2R6
9 +3§5288R2R4R21+ 36288R2R3 * 120960R§R4 * 362880R31’
B = 153600 0 T 64800R71R2 * 25920P‘6R31Jr 21600R5P‘41Jr 64800R5R2 132400R4R5
T aap0 e ReRe + greng RelteRs + gropReRe + pappRatalte + MR3
T 15100 eReRe mRSRg T Goasop 2R T Tgpagp el e T ppagp Rettlts
+201?00R2R3R4 i 6041800R2R3R2 o 907200R2R5 * 907200R2R3R2
§ Jr1814400R3Rg . 1 1 1
E{? = me + Jraang R + Trggog s + qgsggg ReRa + mR6R§
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