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Abstract

We use the idea of the symmetry between the spacetime coordi-
nates z* and the energy-momentum p* in quantum theory to con-
struct a momentum space quantum gravity geometry with a metric
s, and a curvature tensor P’\Wp. For a closed maximally symmet-
ric momentum space with a constant 3-curvature, the volume of the
p-space admits a cutoff with an invariant maximum momentum a.
A Wheeler-DeWitt-type wave equation is obtained in the momentum
space representation. The vacuum energy density and the self-energy
of a charged particle are shown to be finite, and modifications of the
electromagnetic radiation density and the entropy density of a system
of particles occur for high frequencies.
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1 Introduction

The importance of the symmetry (reciprocity) between the spacetime coor-
dinate operator #* and the momentum operator p* in quantum theory was
pointed out by Born [I]. A free particle in quantum theory is described by a
wave function

P = exp(%pux“)- (1)
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The wave function is completely symmetric in the two 4-vectors z* and p*.
In a representation in Hilbert space of the operators z# and p* for which the
z# are diagonal, we have

P — (h/i)0/0x*, (2)
while for diagonal p*, we obtain
 — (=h/i)0/opt. (3)

A wave function in spacetime (x-space) can be Fourier transformed into an-
other wave function in momentum space (p-space):

o(p) = /d4xw(x) exp(%p“x“). (4)

When we consider gravitational phenomena, we picture the universe de-
scribed by a spacetime geometry with the line element

ds® = g, datdx", (5)

where g, is the metric tensor. In classical physics, the momentum is de-
scribe by mdx# /dT where m is the test particle mass and 7 is the proper
time, and the transformation laws for p* are determined by x*. However,
when we attempt to derive a quantum gravity theory, the particle motion is
not described by a geodesic, but by a wave function and a wave equation.
Following Born, we postulate a p-space line element

du® = s, dp"dp” (6)

with the metric s,,.
In analogy with the classical x-space geometry, we define the inverse p-

space metric tensor s*¥ by
M8\ = 0" (7)

Moreover, we define a p-space curvature tensor
OLY o\ OLY,,
OpH op?

Pua)\u = LVB)\LBOW + LVBMLBa)u (8)

where L*,, is the p-space connection

1 0s 0s 0s
L)\V:_ )\0’( Ho vo l“’>. 9
a 2 op? + Op* op° )
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We obtain from (§) the Ricci tensor

aLVaA aLyaV
op¥ op?

P=Ployw = — LY gaLP o 4 L7 g, LP . (10)

The p-space possesses a diffeomorphism invariance in that we can define

the transformation for an arbitrary contravariant p-vector:

) op'*
AP = A” 11
LA, (1)

and for a mixed p-space tensor such as A*,,:

A’“I/}\ == % aplg ap/T pO’T'
Opr Op'v Op'>

(12)

Our quantum gravity theory involving two quantum geometries, identified
with the x-space and p-space geometries, leads naturally to two universal
invariants, namely, the universal invariant value of the speed of light ¢ and
the invariant maximum momentum a (energy FE)s). There have recently
been interesting proposals to obtain two such universal constants, namely,
‘double special relativity’ and the kinematical structure of extended special
relativity, based on a Born-Infeld electrodynamics with a hyperbolic complex
structure [2, B].

2 Relating Momentum Space Coordinates to
Spacetime Coordinates

In quantum mechanics and relativistic quantum field theory there is a linear
relation between spacetime and momentum space through a Fourier trans-
form of a wave function or a field operator in flat spacetime, ¢,,, = 71,,, where
N = diag(+1,—1,—1, —1) is the flat spacetime metric. In the presence of a
gravitational field, we lose this simple mapping between p-space and x-space.

In quantum field theory, it is convenient to perform calculations, such
as Feynman diagrams, in the p-space representation. For closed loop dia-
grams these calculations are ultraviolet divergent, and in quantum gravity
for expansions about flat space

Guw = N + by + O(R?), (13)
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in which the p-space and x-space position coordinates are related by Fourier
transforms, the theory is not renormalizable due to the dimensional nature
of Newton’s constant G.

It seems unnatural to assume that position and momentum spaces are
independent, because this would not lead to a simple flat spacetime limit of
quantum theory or the gravitational theory based on the weak field expansion
of the metric tensor about flat spacetime.

We postulate that there exists a transformation 7 between x-space and
p-space with the mapping

o(p) = [ d'aTl(x),a"p,) (14)

where 7T is a matrix operator. The inverse transformation must also exist

V(@) = [ dpTI60),a"p,). (15)

We also postulate the mapping of the metric tensor operators

(@) = [ DT 15,0 (p), 2" (16)

and its inverse mapping. In the flat x-space and p-space limits, g, = s, =
N, We obtain the standard Fourier transform () and its inverse transfor-
mation.

We shall also postulate that for the transformations ([4l) and ([H) there
exists a transformation, U, between x-space and p-space such that for diag-
onalized z* in the Hilbert space of operators

. h 0

P U(G ) )
and for diagonalized z#:

:z“ %u(%ha%i) (18)

In the flat space limit these mappings reduce to the familiar ones (2)) and

@).



3 Momentum Space Action Principle and Field
Equations

We choose as our p-space action
1
Sy = 5= [ d'pV=SIP + 2] + . (19)

where P = s"P,, is the p-space scalar curvature, s = Det(s,,), & is a
constant and A, and S, are the p-space equivalents of the x-space cosmological
constant and matter action, respectively.

The field equations obtained from the action are given by

1

P, — §suyP — ApS = —RK,, (20)
where K, is the p-space equivalent of the x-space energy-momentum stress
tensor TH: 5 59

K, =——). 21
a vV —Ss (5 sV > (21)

It satisfies the identities
VK™ = 0. (22)

Here, V,, denotes the covariant derivative with respect to the p- space con-
nection L*,,.
The corresponding spacetime field equations are Einstein’s equations

1
Rul/ - §guuR - )\xg/u/ = _K'Tuua (23)

where k = 87G/c, )\, denotes the x-space cosmological constant and TH”
satisfies the identities
V., T =0, (24)

where V,,, denotes the covariant derivative with respect to the metric g,,.

4 Flat Momentum Space and the Momentum
Space Null Cone

According to the quantum gravity reciprocity symmetry, we shall identify
K% as the ‘density’ of spacetime curvature per p-space 3-volume Visp):

K" = X(E,p), (25)
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where X (F, p) denotes the spacetime curvature density as a function of the
energy E and the 3-momentum p. When the p-space curvature P*,,, = 0,
then the p-space is ‘flat’ with the metric s,, = 7,, and the line element

dEN >
du? = (7) — (dp? + dpE + dp?). (26)

We can now define transformations between p-space coordinates p; (i =

1,2,3) and energy F as
_ E —wp

J1—

n ()
= (28)

1 — w2

c2

pl2 = P2, (29)
P = Dps. (30)

Here, w is the ‘relative speed’ of the primed and unprimed p-space frames.
These transformations from the primed to the unprimed ‘p-frames’ leave
the line element (20) unchanged: du? = du®. For the p-space null cone
determined by du® = 0, we obtain

El/

p

dE
d—p = C, (31)

where p = |p|. The transformations (£7)-(B) form the p-space homogeneous
Lorentz group SO,(3,1).

5 Maximally Symmetric Momentum Space So-
lution and a Maximum Invariant Momen-
tum

We shall now assume that the p-space geometry is homogeneous and that
the tensor density K*¥ is independent of the spatial momentum coordinates
p’, and that it can only depend on the energy E. We further assume that
the p-space is isotropic on the large scale distribution of p-space points. The



mathematical expression of this postulate is that the 3-dimensional p-space
will be a space of constant curvature:

Pruwp = C(Sxu8up — SxpSuw), (32)

where C' = constant. We apply this equation to the 3-dimensional subspace
of the p-space, so we shall have

Pirim = C(SitSkm — SimSki)- (33)
Contracting (B3 with respect to s we get
Pkl = _203kl- (34)

For a 3-space, Eq.([B3) is equivalent to (B4]), so that the line element is spheri-
cally symmetric and each of the 3-dimensional points can be taken as the ori-
gin of the p-space coordinate system. The metric for constant 3-dimensional
p-space curvature is

dp? .
— L+ X + sin® xdg?), (35)
=G

where a is a constant invariant momentum and ¢ has the values +1, —1,0.
For ¢ = +1 the p-space is a closed space of constant curvature. We shall
choose ( = +1 so that there exists a mazimum momentum a corresponding to
a maximum invariant energy Ej; = ca. The line element (B3) is the p-space
equivalent of the Friedmann-Robertson-Walker line element in 3-dimensional
x-space:

daﬁ = yipdp'dpt =

2 dr? 2/ 102 . 9 2
do; = ————— + r*(df” + sin” 0d¢p~), (36)

=

where 7 is a constant.
The 3-volume of our p-space is given by

2
b
/dgpﬁ = 47T/dp\/ﬁv (37)

where v = Det(7;;). This leads to the differential volume element

2 .
dQ, — p“dpdxd§ sin ) (39)

-2

7




We can now introduce the p-space 4-velocity, w* = c¢*p*/E, 1 satisfying
the condition
spwrw” = 1. (39)

Let us consider a fluid description of the p-space source tensor
K" = [X(FE)+ Z(E)|wrw” — Z(E)s", (40)

where X (F) denotes the density of spacetime curvature per p-space 3-volume
Visp) and Z(E) the elasticity of space. These quantities correspond recipro-
cally to the energy density p and pressure p, respectively, in the x-space
representation of the perfect fluid energy-momentum tensor

T = (pc* + p)uru” — pg™”, (41)

where u* = dz* /dr.

We choose w* to satisfy the condition

wh = (1,0,0,0). (42)
Then the 4-dimensional p-space metric line element has the form
FN\2
du® = (%) — B(E)do?, (43)

where do? is given by ([BH) and B(FE) is a scale factor that depends on the
energy E. The volume of 4-dimensional p-space is given by
4 B3(E)p?
/d4p«/— _ T /dEdpJ (44)
c

J1-2

There are two other maximally symmetric solutions to the p-space field equa-
tion, namely, the maximally symmetric de Sitter and anti-de Sitter solutions.

We can also consider the spherically symmetric energy independent solu-
tion of the p-space field equations (£0) for K,, = A, = 0:

P, =0. (45)
The line element is given by
dEN? 2A dp?
du?® = (7> (1 - ?> — L P (A s’ xd€). (46)
p

!The Hamiltonian definition of the velocity is v = dE/dp.
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Here, A is a constant of integration associated with the singularity at the
origin of the p-space coordinates p = 0, corresponding to 2GM/c? in the
Schwarzschild solution in x-space. The solution has the asymptotically flat
p-space boundary condition s,,, — 7,,,. We see that the line element exhibits
a momentum space ‘event horizon’ at p = 2A, equivalent to the spacetime
Schwarzschild black hole event horizon at r, = 2GM/c?.

6 Uncertainty Principle for Spacetime and
Momentum Space Metrics

We shall postulate that our quantum gravity theory possesses an uncertainty
principle for the x- and p-space metric operators g,, and 5,,:

. . h
Ag;wASpcr Z Ec,uypoa (47)

where a denotes as before the maximum momentum, ¢ denotes a miminum
length and

Cuvpe = MupTlve + Nuolvp = NuwMpo- (48)

We then have the quantum commutation relation for the metric operators

[gulM spo] = Zﬁcuupad(xap)' (49)

7 Momentum Space Wave Equation

We must obtain a wave equation for a particle to complete the p-space dy-
namics. To this end, we derive a p-space Hamiltonian formulation of grav-
ity []. For our p-space compact manifold with boundary dM, we require
that a variation of the metric s,, vanishes on M but its normal derivative
does not. Then we must add a surface term and the action becomes

Sl =S, + % / &p\/fF, (50)

where F'is the contraction of the extrinsic p-space curvature Fj; of the bound-
ary 3-surface, and f is Det(f;;) induced on the 3-surface.



The p-space metric is now given by

= () () s () )

Cc

where W is the p-space lapse function and W* is the shift function. The
extrinisic curvature is

1 .

Fig = 5 [ W+ Wi = f] (5)
where | denotes covariant derivative with respect to f;; and f” denotes dif-
ferentiation with respect to the energy F.

The variable conjugate to f;; is

5L, _ VI(FY — f9F)
5fij 2K ’

I = (53)

where £, is the Lagrangian density associated with the action \S,. The Hamil-
tonian for a closed p-space geometry is given by

H), = /dgp (Hijfij + W, + W — £P> - /d?’p(Wer +Wit,),  (54)

where
VIEGFT = F2 = P®) o g YIPY
Hp = J 2/% = 2/€Qijklﬂ ]Hkl - 7 (55)
Here, P® is the 3-curvature and
Qijr = f(fzkfgl + fafix — fijfu)- (56)
We have two primary constraints
oL, . oL
I=-"-2=0 1II'==2=0. (57)
ow oW,
Because 0H/0W = dH/dW; = 0, we have the secondary constraints
H,=H=0. (58)
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We now define a p-space wave function U[f;;] and obtain the wave equa-

tion

Quu 0 0 VJ(PY —2))

(2/%)2 5f” 6fkl 2K
where ¢ denotes matter fields. This is the p-space equivalent of the Wheeler-
DeWitt equation in x-space [b]. The wave function associated with the
Wheeler-DeWitt equation in x-space does not depend on the time t. Equiv-
alently, for the reciprocity symmetry we have postulated, the wave function
U[fi;, @] does not depend on the energy E but only on the 3-geometry f;;
and the matter fields ¢. Likewise, this means that the role of energy in the
p-space geometry is unclear.

_KOO \Il[fwagb] :O> (59)

8 Applications of Invariant Maximum Mo-
mentum

Let us consider an electromagnetic radiation field with a vector potential
A, = (A,U) in a small localized region of spacetime, which is approximately
flat g,, ~ 7. Then, the Fourier series representations of the scalar and
vector potentials U and A are

T\ 1/2
U:c(‘ix)) ;Qs(t)cos(G)s), (60)

and

T\ 1/2
A:c(vix)) 3 B.(1)sin(®,). (61)

where V{3, is the x-space 3-volume and

2Ty,

0. = T2 (n,,x) + B, (62)

Here, n, is a unit vector giving the direction of the standing wave and f; is
a constant.

In our quantum gravity momentum representation there is an upper limit
to the momentum, p = a. We assume that in an approximately flat spacetime
this remains true. This means that for a quantum system of independent
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particles the increment number density of quantum states of weight f in a
momentum element dS2, is, according to (B), given by [I]:

dn — <}{3>d9 _ (é;)(fg—])p) (63)

Because of the square root there is a maximum number of allowed states in a
quantum system. Thus, the total number density of quantum states is finite:

47rfa f7r2a3

n = h3
/ _a_2 / _y

Let us consider the zero-point energy associated with a system of oscilla-
tors. For stationary states we have

(64)

1

5) (65)

E,. = Zhl/s(ns + 5

By using the formula (64]) with f = 2, the zero-point vacuum energy is given
by

1 4 dpp?
Pvac = Z 5}“/3 Zps = 71-C/O i

87rca

47rca /
/1—y 3h3

We see that the zero-point vacuum density of oscillators is finite, and its
magnitude is determined by the momentum scale a,.
The modified energy density of radiation takes the form

(66)

E= 01 deZ/{(V T). (67)

Here, we have
8mwhy?3

, (68)
3 (exp(hu//fT) — 1) (1—(vb)?)
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where p = hv/c and b = h/ac. Eq.([@0) gives for b = 0(a = 0o) the result
& =apT* (69)

where ag = 7.56 x 107 ergem ™3 K—*. Eq.(69) is the Stefan-Boltzmann law.
We see that at very high momentum (frequency) p ~ a the Planck radiation
density and the Stefan-Boltzmann law are modified by the magnitude of the
maximum momentum a. Such a change at high frequencies could possibly
be detected in the CMB Planck spectrum.

For the entropy density of a system of particles with temperature T, we
obtain

= (03T> /l/b\/ﬁ{len (1 — exp(—hv/ET)) v
* (exp(hl/h/yle) 1 } (70)

By making the substitution y = br this becomes

In[(1 — exp(—hy/bkT)) "' ]y*

:(C3T>/ \/1_7{< )

+<IZ> [exp(hy/ybng) _ 1]} (71)

The total entropy for a system of particles is finite.
For the Coulomb energy associated with charged particles, we get

E. = ( L )Z%eszz, (72)

7TVY(3$

where e;, is the charge of the kth particle and

O O Visa d?
RMZZ(COS( k]);os( l)) — }(53)/ P cos(Oy) cos(6y).

(73)
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By taking the mean value of cos(0y) cos(0,) over all directions of propagation
and phases, we find

1 dpdp cos (27Tp,urkl/h>

m= (22 [, Ji-e)

2 dp sin<27rprkl/h)
- , (74)
h2ry Jo

(%)

where ry; = r, — 1, denotes the distance between the charges e, and e;.
We introduce

sin(ya) _ [ dzaa), (75)

2y
f(Q)_ﬂ'/O\/m y

where Jy(z) is the Bessel function. Substituting f(q) into ([Z4) gives

T™Vi3z) 1 < r kl)
Ry = —fl2— 76
M 2h2 Tkl f To ’ ( )

where "
= —. 7
ro=— (77)
Inserting ([Z6) into ([[J), we arrive at the modified Coulomb energy [1I:

1  exe < T kl)
E.== —f(2—). 78
2 %z: Tkl f To ( )

We have f(q) — 1 for ¢ — oo and f(q)/q — 1 for ¢ — 0, so that we retain
the classical Coulomb energy for ry; > ¢ and a finite self-energy of a charged

particle for r — O:

62

E.= - (79)
This result is similar to the regularization of Coulomb’s law in Born-Infeld
electrodynamics [6].

The result that a maximum momentum a leads to a regularization of
Coulomb’s law in electrodynamics, leads one to believe that a similar reg-
ularization of the Schwarzschild singularity in the spacetime Schwarzschild

solution of Einstein gravity could be realized in quantum gravity theory.
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9 Conclusions

We have proposed that the symmetry between the two vector operators pt
and T in quantum theory is a fundamental property of nature, that should
be exploited in a quantum gravity theory. Two metric tensor operators g,
and §,, associated, respectively, with the geometries of spacetime (x-space)
and momentum space (p-space) are introduced with their respective pseudo-
Riemannian geometries. Field equations for both geometries are postulated
with the x-space equations being the Einstein field equations with an energy-
momentum tensor density 7}, while the p-space field equations are associ-
ated with a tensor density K,,, identified with the density of spacetime
curvature reciprocal to the energy-momentum density in spacetime. The
absence of spacetime curvature produces a flat p-space geometry. This sug-
gests that the existence of a curved spacetime manifold is associated with a
curvature of the momentum p-space.

By assuming a closed, homogeneous and isotropic p-space geometry, we
find that the volume of the space has a maximum invariant momentum (en-
ergy) a (Ey), which leads to a finite statistical number density of quantum
states. This is in contrast to the spacetime volume, which for cosmological
scales can be open and infinite. Thus, the quantum gravity momentum space
geometry leads to a natural invariant, ultraviolet cutoff, Ey,, for all particle
interactions in a closed particle system. We apply this result to the calcula-
tion of the vacuum density p.. giving a finite value. We also find that the
self-energy of a charged particle is regularized.

The quantum gravity theory proposed leads to an uncertainty principle
for the two reciprocal metric tensor operators g,, and 5,,, involving the
maximum momentum a and a mimimum length ¢. The momentum repre-
sentation geometry lends itself best to describing microscopic particle physics
and quantum gravity, while the spacetime representation geometry describes
the macroscopic properties of the universe. Both representation geometries
complement one another and describe the quantum and large scale properties
of the universe.

For a compact p-space the x-space at short distances will be discrete and
described by a lattice structure with a minimum length ¢, which we can

identify with the Planck length ¢ = ¢py, where {p; = /hG /3.2 In order

2A discrete lattice structure of spacetime has been promoted as a basis for quantum
gravity [7].
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to preserve local Lorentz symmetry, the discrete spacetime corresponds to a
noncommutative geometry [8]. For long wave-length gravity using our space-
time metric g,,,, we must assume a limit exists that gives us the macroscopic
continuum for distances much greater than /py.
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