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1 Introduction

Fractons [1, 2] are novel, at this point theoretical, quasiparticles with the distinctive feature
of having only limited mobility [3-5]. Their underlying (exotic) dipole symmetry falls into
the broader class of generalized symmetries [6, 7] that challenge, and hence improve, our
understanding of quantum field theories.

One puzzling aspect is their coupling to spacetime [8, 9]. While the matter fields [10]
can be coupled to generic Aristotelian geometry [11, 12] the gauge theory [13, 14] that
mediates the forces puts restrictions on the admissible spacetimes [9, 11, 12]. The reason for
the restriction lies in the tension between general Aristotelian covariance and dipole gauge



symmetries. In Cartesian coordinates the latter gauge transformations with parameter A
act on the gauge fields ¢ and symmetric tensor A;; as

Sad = DA SaAij = —0i0;A, (1.1)

where 4, j are spatial indices. They couple to matter via pd¢p + J 0A;j, which leads to the
conservation equation

O+ 00,09 =0, (1.2)

which is at the heart of many of the interesting properties of this theory. It implies
for example the conservation of the electric charge Q = [ pdz and the dipole moment
D= [ Zpdx and that isolated monopoles cannot move. These relations also show that this
theory is nonlorentzian and that generalizing it to generic curved spacetimes is nontrivial.
In this work we will show that it is possible to couple fracton gauge fields consistently
to a particular Aristotelian theory of gravity.! We circumvent the earlier no-go results by
providing another gauge theory, which derives from gauging the fracton/dipole algebra in
a spirit similar to the gauging of spacetime symmetry algebras to obtain Einstein gravity
in the first order formulation (see, e.g., [21, 22]). In 2 + 1 dimensions this leads to a
fracton/dipole Chern—Simons (CS) theory [23].? One of our main results is to translate this
theory into second order formulation (see Section 3 for the definition of all expressions)

S[by Ay T ] = / Bre(—pph™ Ry, + 2uK,p Ay (R RPT — hFPRY7)
(1.3)
—I—H?HEPMTH(apTJ — 807'p)> .

This action provides a coupling of fracton gauge fields (¢, A,,) to the Aristotelian geometry
given by (7,,hu,) and can be generalized to generic spacetime dimension. Since the
gauge fields act as Lagrange multipliers for the geometry, it exhibits similarities to JT
gravity [28, 29] and BF models.

This coupling possesses the remarkable property that the action remains invariant
under the following generalization of dipole gauge transformations to curved spacetimes,
without requiring additional restrictions on the geometry

5 = n'd, A 0Au = =P, PIV 1051, (1.4)

where Pf = h,, h"P = 6/, —nPT, is the spatial projector and n* is the vector dual to the clock
form 7, i.e.,, n#7, = 1 and n*h,, = 0. This implies a generalization of dipole conservation,
i.e., Ou(eJ*) = 0 where e is the integration measure (analog of \/—g in a relativistic setup)
and where J* is the current

JH = pnt 4+ 9, (PLPLI) (1.5)

1For complementary approaches, see, e.g., [15-20].
2The existence of this CS theory already follows from the correspondence of the fracton and Carroll
symmetries [11, 24, 25] and the fact that theories with Carroll symmetry allow for a CS formulation [26, 27].



where for simplicity we have assumed that the Aristotelian metric-compatible affine connec-
tion V,, has no torsion. These are the curved generalizations of (1.1) and (1.2) (without
linearization or further restrictions on the geometry). Hence dipole gauge invariance puts
no restrictions on the geometry (in any dimension).

Following [11, 12] we show how we can couple the (2 + 1)-dimensional theory to matter
theories [10] (Section 3.5) and how we can add a cosmological constant term. In 2 + 1
dimensions we also construct a solution to the nonlinear equations and derive for negative
and vanishing cosmological constant the conserved charges. The geometry is spherically
symmetric and has nonzero electric charge and energy and we therefore interpret it as a
monopole. For negative A we also discuss the asymptotic symmetries which are given by an
infinite dimensional enhancement of the fracton algebra (cf., [30, 31]).

This work is structured as follows. In Section 2 we introduce the fracton Chern—Simons
theory, i.e., the first order formulation, with and without cosmological constant term. In
Section 3 we discuss the underlying Aristotelian geometry and translate to second order
formulation, which we use to generalize the action to generic dimensions (Section 3.4). In
2 + 1 dimensions we show that we can couple the theory to matter fields (Section 3.5).
In Section 4 we find static circularly symmetric solutions, interpret them as monopoles
and discuss their charges and asymptotic symmetries. We close by mentioning various
interesting generalizations (Section 5). We have delegated technical aspects concerning
the Aristotelian connection to Appendix A, its curvature to Appendix B and Lie algebraic
considerations to Appendix C.

2 Fracton Chern—Simons theory in 2 + 1 spacetime dimensions

In this section we introduce a Chern—Simons theory based on the fracton algebra, with and
without cosmological constant.

2.1 Fracton algebra and its invariant metric

The fracton/dipole algebra [32] in 2 + 1 dimensions is spanned by the set of generators
(J,H, P,,Q, D,), which are the usual generators of symmetry of Aristotelian spacetime,
i.e. spatial rotations, time and space translations, dual to the angular momentum, energy
and linear momentum, as well as two generators of internal symmetry dual to electric and
dipole charge, respectively. The non-vanishing commutation relations are given by

[, Py] = €a Py [J, Do) = €apDp [Pa, Dp) = 6ap@ (2.1)

where a,b = 1,2 and €12 = 1. It is a nonsemisimple algebra with a nontrivial central
extension (@) and a trivial one (H). In 2+ 1 dimensions there exist other nontrivial central
extensions, but since they do not persist for generic dimensions we will not consider them.

If we want to use the symmetries (2.1) to construct a Chern—Simons theory one
usually requires the existence of an invariant metric, that is a symmetric, ad-invariant,
non-degenerate bilinear form on the Lie algebra. The fact that this algebra is nonsemisimple
makes the existence of such an invariant metric nontrivial. In contradistinction, for
semisimple Lie algebras there is of course always the Killing form (by Cartan’s criterion).



For the case at hand, the existence follows from the isomorphism of the Carroll and
fracton/dipole algebras [11], and the fact that the Carroll algebra has an invariant metric
in 2 + 1 dimensions [26, 27].

For the fracton algebra (2.1) the most general invariant metric is given by

<J7Q>:M <Paan>:_N6ab <H7H>:NH
(Ji ) =X (JLH) = xun (2.2)

which is non-degenerate for p # 0 # py. We will see below that since uy # 0, one can
without loss of generality always set x g equal to zero in the CS action.

2.2 Fracton/dipole CS action
With these ingredients we can write a Chern—Simons theory
Ses[A] = /(A/\dA—l— L[4, A A A) = /LCS, (2.3)
for the Lie algebra valued one-form A, decomposed as
A= Adt + Ajdz’ = 7H + *P, + wJ 4+ aQ + A°D,, . (2.4)

The Chern—Simons action for the fracton algebra (2.1) with invariant metric (2.2) is given
by

Sl e,w,a, Al = /2u(w/\da—eabe“/\dAb+e“/\Aa/\w) + pugT AdT
+ xJw Adw + 2xygw A dT . (2.5)

This theory was already discussed in [23], where the term proportional to py was mentioned,
but left implicit. Since 7 is a relevant part of the Aristotelian geometry we will keep it
explicit.

Using the fact that uz was assumed to be nonzero, we can rewrite the last three terms
of the above action as

wuT ANdT + Xgw A dw + 2xggw AdT = pg (T + aw) Ad(T + aw) + fw A dw , (2.6)
(up to a total derivative) where av and 3 are given by

o= Xja/mH B=xXs— X5/ 1H - (2.7)

By performing a redefinition of 7, given by 7/ = 7 + aw, we can remove the term with x g
entirely, and so without loss of generality we can set

For simplicity we will furthermore assume that

X7 =0. (2.9)



Like every CS theory in 2 + 1 dimensions, this theory has no local propagating degrees
of freedom and, without further input, it does not depend on any (non)lorentzian metric
or geometry. In the next sections we will however interpret some of these generators in
terms of Aristotelian geometry [11, 12], e.g., we will impose additional restrictions on the
vielbeine (see (3.1)). This means we introduce additional structure, which does not change
the degrees of freedom, but the theory depends then on geometric quantities, like the
Aristotelian analog of a metric.

2.3 Equations of motion, and gauge transformations

The equations of motion are given by the usual curvature equals zero equations where the
curvature is

F=dA+1[A/Al=0. (2.10)

In components, if we vary the fields in the action, this amounts to

oT : dr =0 (2.11a)
S dA® — egyw A A® =0 (2.11b)
da : dw =0 (2.11¢)
dw : da+e*NA"=0 (2.114d)
0A% : de® —egpw Ae? =0. (2.11e)

The gauge transformations are of the form dA = de + [A, €] where

e=A+CH+ (P, +AQ+ A*D,. (2.12)
In components this reads
0T =d¢ (2.13a)
de® = d¢ + Ne%pe? —wety b (2.13b)
dw = dA (2.13¢)
da=dA+e* Ay, — A%, (2.13d)
SAY = dA* + N AY — w ey A, (2.13e)

In Section 3 we provide a more detailed and general analysis, but let us first give some
intuition on how we can recover the dipole conservation (1.2) from the coupling to the
fields a and A® of the CS theory. We restrict ourselves to a flat background in Cartesian
coordinates, i.e., e,* = 4, T, = 5f¢ and w = 0, which allows to simply replace tangent
indices a, b into spatial ones i, j. The charge and dipole gauge transformations are then

given by
da; = AN+ A; day = O A SA7 = 0N 6A7 = O N (2.14)
and when we set A; = —0; A (which is the residual gauge transformation of the gauge choice

a; = 0) we find that a; and A;; transform precisely like the gauge fields in (1.1), which
implies the dipole conservation law.



2.4 Adding a cosmological constant

We can deform the fracton algebra (2.1) by adding curvature (“cosmological constant”) A,
which results in the algebra (see Appendix C for the details)

[Jv Pa] = €D [J7 Da} = €Dy [P(M Db] = 6abQ
Q, P.] = AD, [Py, Py) = NeapJ (2.15)

with the most general invariant metric

<J7Q>:M <Pa7Db>:_,U/€ab <H7H>:,UfH
(J,J) = xu (Pa, Py) = N X bab » (2.16)

which is non-degenerate for p # 0 # pg. With the connection (2.4) the CS action (2.5) is
then given by

A
SAlT, e,w, a, A] = /Q/J,(w Ada — egpe® ANdAY 4+ e N A% A w + §eabe“ Aeb A a)
+ pugT AdT + X J (w Adw 4+ Ne* N\ de® + egpe® A e’ A w)) ,  (2.17)

with equations of motions (for x; = 0)

ot : dr =0 (2.18a)

de : dA* — e N AP+ Na A e =0 (2.18b)
1

da : dw + 5/\eabe“ Aeb =0 (2.18c¢)

dw : da+e*NA"=0 (2.184d)

§A% : de® — egpw A el = 0. (2.18e)

Equation (2.18c) shows that A can be interpreted as adding a cosmological constant to the
geometry.

3 Second-order formulation

In this section we will translate the Chern—Simons action to the second-order formulation.
Roughly speaking and similar to general relativity, we integrate out w and find a connection
that is built out of the Aristotelian metric like fields 7, and h,,,. We show that the resulting
action is gauge invariant and derive how to couple it to matter. With the exception of the

matter coupling we show how we can generalize to generic dimension.

3.1 Integrating out fields

We will assume that (7, ,e,%) forms an invertible set of vielbeine whose inverse is given by
(n#,et,) where
(3.1)

12 — a v v __ SV
ntr, =1, €,eq + Tun” =9,



We define £ as ¢ = £#'7, and ¢ = e, so that we have a bijective correspondence between
&* and (¢, ¢%). Using the equations of motion, i.e., that F' = 0 it then follows that the
(¢, ¢*) transformations are on shell equivalent to Lie derivatives along &*.

Since (7, ,e,") are invertible, the gauge transformation can also be written as

6A, = Oue + [Ay el = LeAy + 0,5 + [Ay S + & F = 6A, + €'F (3.2)
where the last equality defines SAM and where
e=¢MA,+ X Y =M +AQ+AD,. (3.3)

Because the difference between A, and 5A“ is proportional to the equations of motion it
follows that SAM is also a gauge symmetry of the theory. Basically this is because we have
§7(FuFe) = 0. The variation of the CS action is (up to boundary terms)

5Scs = 2 / (FAGA, (3.4)

and the above conclusion follows from (F Ai¢F') = 0 where i¢ denotes the interior product
with respect to the vector .

The equations of motion allow us to solve for some of the fields algebraically in terms
of the other fields. If the set of fields we vary can be solved for that same set of fields
algebraically we are allowed to substitute these back into the action and obtain an equivalent
description in terms of fewer fields. Since the w connection is one of these fields the resulting
action will be a second order formulation of the theory.

Consider equations (2.11d) and (2.11e). The latter can be written as

oues —0ve,” — eqp (wueyb — wye“b) =0. (3.5)
By contracting this equation with n* and e”. we can solve for w, leading to
nfw, = %eacn“e”c(aueua —0veu”) (3.6a)
etqw, = %ecde‘c‘e”d(ﬁueya —0veu”). (3.6b)
Equation (2.11d) can be written as
Opay — Opay + e, A —e, A, =0, (3.7)
from which it follows that

ntA," =nte”,(0pa, — Oyay) (3.8a)

ey A — el ALY = el ey (D, — Byay) . (3.8b)

The second equation tells us that the most general solution to A, is given by

1 -
A= 56'/“(55 +nf1,)(0par — Ova,) + Sabe#b = A,"+ S“be“b, (3.9)



where S% is symmetric in a and b, but otherwise arbitrary, and the a,b,... indices are
raised and lowered with a Kronecker delta, and where we defined fl,ﬂ. The solution for w
is equivalent to imposing (2.11e) whereas the solution for A% = A% + §%e® where A® obeys
(2.11d). Using the solutions for w and A% the Lagrangian can be rewritten (up to a total
derivative) as

Lcg =2 A (da + e* N A%) — eqpde” /\Ab)—i—,uHT/\dT

capde® N Soe€ — eqpde® A Ab) + pugT ANdT

€apde® N Sbce +wA da) + pgT AdT

p(wn
2(~
u( eapde® N SPee —w Ae /\Ab>+uHT/\dT
2(~
1

2 (a A dw — egpde® A Sbcec) + pgT ANdT, (3.10)

where w is no longer an independent connection, but where S% = $(@) is an independent
variable (as are 7,,€e,% and a,).

3.2 Aristotelian geometry

The goal is to rewrite (3.10) in terms of an affine connection and its associated curvature
as well as possibly torsion terms of said affine connection. In order to introduce such a
connection we invoke the following vielbein postulate

0=0um — I, (3.11a)
0=0ue," — eabwueyb — Ffwepa . (3.11b)

If we solve these two equations for I'},, we obtain
I, =nPoum, + €y (auel,b — ebcwue,,c> . (3.12)

It can be shown (see appendix A) that for w, given in (3.6a) and (3.6b) we can write the
affine connection as

Iy, =n’0um + %h”"(auhw + Ovhyuo — Oohy) — W1, K0 (3.13)
where we defined
hyw = 5abeuaeub R = §%el eV (3.14)
as well as 1
K = §th,w. (3.15)

This connection is metric compatible in the sense that
Vur, =0 Vihy, =0, (3.16)

which follows from the vielbein postulates and is thus true by design. This also implies that
Vun? =V, h"? = 0. Furthermore, it has nonzero torsion. Explicitly the torsion is given by

=217

] = =nf(Outy — Ou1y) + WP (Tu Ko — T Kpuo) - (3.17)



The torsion is thus determined by dr and K,,,. One could formulate this as saying that the
torsion is equal to the intrinsic torsion of an Aristotelian geometry [33]. Intrinsic torsion
loosely speaking is a torsion tensor that is constructed from the geometric data 7, and h,
that is first order in derivatives.

The Riemann tensor associated with this affine connection is

Ry’ = =0Ty —T0\T0, — (u > v). (3.18)
A straightforward calculation tells us that
R’ = ebcepbegc(auwl, — Oywy,) - (3.19)
The Ricci tensor is defined as R, = R,,,”. It follows that
W Ry = €ePyet (8w, — Dpwy) - (3.20)

3.3 Fracton gauge fields on an Aristotelian geometry

From the torsion constraint de® — e®®w A e, = 0 we can deduce (by applying the exterior
differential) that

d?e® — €®dw A ey + €Pw A dey =0 & e"Ndw=0. (3.21)

Using this it can be shown that the first term on the last line of (3.10) can be written as

¢

alAdw=¢T Adw = gepaeab(apwa — Opwp)T N e A et = )

R Rt Aet Ne?,  (3.22)
where ¢ is given by ¢ = n*a,. In other words we decompose the gauge potential a, as
ay = (bTu + ¢a€ua ) (3'23)

where ¢ = nta, and ¢, = e#,a,. In order to rewrite the second term on the last line of
(3.10) we use that

Koy = el qe"y Ky = %npeaa(apegb — Osepp) + (a < D). (3.24)
Using this we can write
de® A eCeqp SPe = K“dSbc(5ad5bc — OpgOac)T N et A e, (3.25)
The last term on the last line of (3.10) can be written as
Loabp o 121 o 1, 2
TAdT = € e a€%p(0pTe — OpTp)T NE™ Ne” = 55” Tk(0pTe — 05Tp)T Ne” Ne”, (3.26)

where eP7% = e~ 1eP7% with €’7" the Levi-Civita symbol and e = det(7,,e,%). Hence, we
obtain the following expression for the Lagrangian (3.10)

Lcg = (—,uth“”RW — 4,uK“d5’b'35d[a5b]c + %6"”7‘,{(8,)70 — 807',,)>7' Aet Ae?. (3.27)



Let us define the following symmetric tensor

A = eu®e,’Sap = A" Pl ey (3.28)

where PP = h,,h"P = 6f, — 7,n”. We can then finally write the action as

16 AT ) = [ & € (=l Ry + 208, Ay (W7 — 90H77)
(3.29)
+ %8"””7‘,{(3[,70 — 807'p)> .

This is a gauge invariant coupling of an Aristotelian geometry to fracton gauge fields. We
will refer to this action as the second order formulation of the theory given in (2.5).

We will next consider the gauge symmetries of this theory. In particular, with a
generalization to higher dimensions in mind, we will try to understand it independently
of its Chern—Simons formulation. We will use the SA# transformations of (3.2) which we
repeat here are defined as

6A, = LeAy+ 0,5 + [A,, %], (3.30)

where ¥ is given by (3.3). In components we have

da, = Leay, + O + e, A (3.31)
Likewise, we have
e, = Lee,™ + Aepe,l (3.32)
as well as
SAMG = LgAMa + 8MAa + 5\6abAub - wueabAb . (333)

For the clock form 7 we can write
67, = LeTyy (3.34)

Using the definition of the inverse vielbeine (3.1) we find
del, = Leet'y + ealety (3.35a)
Snt = Lent . (3.35b)

The field ¢, does not enter the action. In fact we can gauge-fix it to be zero. This is
because we have

5¢a - 5(e#aa,u) - e“aau[_x + Aa + S\Gabfbb + guau(pa y (336)

so that for A, = —e“aauj_X, we can set ¢g = 0 = d¢,.
The diffeomorphisms and gauge transformation for the remaining second-order fields
entering the action are

6¢ = d(n*a,) = Leg +ntO,A, (3.37)
and
0Au = —P{,PIV 1051, (3.38)

~10 -



where we used A, = —e”aaul_&

Finally we will verify that the second order action is gauge invariant with respect to
the A gauge transformation. If we take the second order action (3.29) and vary it with
respect to A, i.e., using (3.37) and (3.38), then after performing a few partial integrations®
and using the identity (B.9), we end up with

- 1
538 = —2u / dze AW PR K, <Rpg — 2hpgh“5Ra5> : (3.40)
We can see that this identically zero since
1
KpAC e
h*Ph (Rp(, — Shooh BRaﬁ> =0, (3.41)

following from (3.19).
If we add the cosmological constant term of section 2.4 and go to the second order
formulation we end up with

16 AusTus by = [ & € (=g (0™ Ry = 20) + 2K Ay (W77 — R"7)
(3.42)

+ %Iefmm(apra — 807'0)) )

3.4 Generalization to higher dimensions

It is only in the last step, equation (3.41), that we explicitly use that we are in 2 + 1
dimensions. One of the benefits of the second order formulation (3.29) is that it can be
straightforwardly generalized to higher dimensions.

Explicitly, if we take the action

S[y Ay Ty ] = / d g e (— PSP R+ 20K 1y A (W 1P — h“”h”)) +S8,5, (3.43)

where all fields are now defined in d + 1 dimensions, then if we modify the gauge transfor-
mation of A,, under A to

8¢ = nt9,A (3.44a)
. - 1
0 Ay, = —Pf, P, [vpaC,A - A(Gpa — d_lhpghmemﬂ , (3.44D)

in which we defined 1
Gu = R — 5hwhaﬁRaﬁ : (3.45)

whose spatial projection is a d-dimensional Einstein tensor, it follows that (3.43) is gauge
invariant under the A transformation. Note that in (3.43) we left out the term proportional
to pp in (3.29). This is because that term does not generalise so straightforwardly to higher

3Since the connection has torsion it is useful to note the following when performing partial integrations
VX" =e 'O (eX") + TV X", (3.39)

for any vector X*.

- 11 -



dimensions. We replaced it with the action S;j; which only depends on the fields 7, and
huy. For example we can take for the action Sy, the following [34],

S,

b= i/ddﬂx e hM'PhY? (0uty — 0yT)(0pTo — 05T)) - (3.46)
In principle we could take a Hotrava-Lifshitz type action for S;; whose diffeomorphism
invariant formulation can be given in terms of Aristotelian geometry [35].

If we are in 2 + 1 dimensions, i.e., we consider (3.43) for d = 2 with (3.46), then we
know from the rewriting of the first order action that the 7, equation of motion (upon using
all the other equations of motion) cannot receive any contributions from the terms in (3.43)
that are proportional to p. If vary (3.43) in which we use (3.46) with respect to 7, we get
that 7, must obey [34],

PR (0yTy — 0yT)(0pTo — 057,) =0, (3.47)

which is equivalent (in form notation) to 7 A dr = 0. To get this result it is sufficient to
vary 7, as 07, = 07, where ) is an arbitrary function (while keeping h,,, fixed). This says
that 7 must be hypersurface orthogonal which is less constraining than what we had for
the 3D CS theory in which we found that dr = 0. The variation of S; ; with respect to h,
vanishes upon using the condition (3.47). It would be interesting to work out the equations
of motion of (3.43) with (3.46) in general dimensions.

We can generalize (3.43) by adding a cosmological constant. The action becomes
&V:/d“hw%—mﬂﬁwﬁw—2M+QMKWAWMWM”—MWWﬂ)+SMJ (3.48)

where the only modification is the appearance of a “cosmological constant” term e ¢ A,

. d(d—1
with A =0 (%2 )

transformations are then modified to

where 0 = —1,1 and / is a length (see Appendix C). The fracton gauge

5¢ = n*d, A (3.49a)
o A 1 « 1 A
0A, = —P(’;PV) [VpagA — (GPU — ﬁhp(,h BGa,B — d_lhpg/\) A] . (3.49b)

All theories (in three or higher spacetime dimensions, with and without cosmological
constant) share many similarities with magnetic Carroll gravity defined in [36] and studied,
e.g., in [37, 38]. Besides the issue of interpreting the different fields entering the action,
the main difference between these two physical situations lies mainly in the treatment
of the clock form and the issue of boost-invariance. While magnetic Carroll gravity is a
boost-invariant theory for the Carrollian metric, the equivalent gauge-invariance in fractonic
theories has been exploited to arrive at the transformation laws (3.38) (or (3.44b) or (3.49b)).
The clock form in Carroll gravity is a dynamical object while here it is a fixed part of the
geometry, subject to the constraints obtained by variation of Sr .

- 12 —



3.5 Coupling to matter

In [11, 12] it was shown that the complex scalar field ® with global dipole symmetry can be
coupled to an arbitrary curved Aristotelian geometry leading to the following action (where
we adapted the result of [11] to the notation used here)

Sicalar = / A1 e[(n'9,@ — ig®)(n" 0,* + ip®*) — m@[2 — AR X,,, R, |
(3.50)

where

X = P(, P)(0,20,% — @V ,0,®) — i A, P, (3.51)

in which V,, is covariant with respect to the Aristotelian connection (3.13). The parameters
m? and \ are real numbers.
The Lagrangian (3.50) is gauge invariant under the gauge transformations
8¢ = nt9,A 0Au = —Ff PV 0, 60 = iAD. (3.52)
Comparing (3.49a) and (3.49b) with (3.52) we see that the coupling to (3.50) only works
in 2 + 1 dimensions (with A = 0). We can now simply add the actions (3.43) and (3.50)
and set d = 2 leading to

S = / &z ¢ (—poh™ Ry, + 21Ky Ay (WY RP7 — HHPRY7) 4
+(1HOu® — i6®)(n”0,B* + ip®*) — m?|®* — AWEP X, XS, ) + Sen, (3.53)

where Sr, is for example given by (3.46) or by the term proportional to pg in (3.29).

If we now vary ¢ and A,, we get equations for the curvature that are determined by
the scalar field. Hence, this theory is not necessarily restricted to maximally symmetric
spacetimes (as was the case in [9, 11| where the dipole gauge theories were quadratic in the
gauge fields).

4 Solutions and charges

In this Section we will derive circularly symmetric solutions of the Chern—Simons theory
(for any A). Geometrically they share similarities with the spatial geometries of 2 + 1
dimensional gravity, but our analysis of the charges shows that they carry electric charge
and we therefore interpret them as monopoles. We also comment on asymptotic symmetries
which infinitely enhance the fracton algebra.

4.1 Circularly symmetric solutions in 2 + 1 dimensions

In this section, we will discuss circularly symmetric solutions to the field equations (2.18),
which describe the field generated by an electric monopole in a curved background with
and without a cosmological constant.
We will make use of the first order formulation. Let us consider a circularly symmetric
ansatz of the form
1

T = N(r)dt et = mdr e? =rdf a = ¢(r)dt Sap = S(1)0ap , (4.1)
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where 6 is 27 periodic. We only specify S,, which we defined as A* =: A% + S%¢b, since A
will be determined by a (as we have already discussed around (3.9)).

The Aristotelian geometry given by 7 and e® is completely determined by (2.18a),
(2.18¢) and (2.18¢). Indeed, the equation of motion (2.18a) shows that N(r) is constant. In
particular, by selecting an appropriate time normalization, N can be set to one, resulting in

T=dt. (4.2)
Additionally, equations (2.18¢c) and (2.18e) imply
w= f(r)df, (4.3)
with
Fr) = VAT, (44)

where M is a real constant.*
The fractonic fields are determined by (2.18b) and (2.18d). One finds

¢(r) = goV—Ar? = M S(r) = S0 (4.5)

where ¢g and Sy are integration constants and A% = 6fAr¢odt + Spe®.
In sum, the Aristotelian geometry of the circularly symmetric solution is described by
the following clock form and spatial metric:

dr?

T=dt huydl’udﬂfy = m

+ r2df?, (4.6)

while the fractonic fields are given by (cf. (3.28))
¢) = ¢0 \/m7 AMV - SOh;u/ . (47)

In analogy to their lorentzian geometries we called the integration constant M, but it should
not be interpreted as a mass, but rather as a charge. This can be inferred from the fact
that the curvature of the geometry (2.18c) comes from the coupling a,J* rather than from
coupling to ej;.

Let us first focus on the flat case, which is the well-defined limit A — 0 with metric
—d—]\’j + 72d#? (for the following remarks further details are, e.g., in [39, 40] and references
therein). For M = —1 this is the plane with flat metric, while for —1 < M < 0 the plane is
deformed into a cone, which is metrically flat except at the tip which can be interpreted as
a point particle. When M — 0 the geometry approaches a cylinder and when M < —1 it is
a conical excesses. When M > 0 we can think about it as a Milne universe. The ansatz
in (4.1) assumes a static and circularly symmetric configuration, thereby precluding the
possibility of deriving a rotating solution from it. In relativistic gravitational theories, a
common technique to obtain rotating solutions involves applying an improper boost to a

4Strictly speaking there is the freedom to have both signs, i.e., f(r) = £v/—Ar2 — M, but since we can
absorb this freedom into the orientation of € in (4.3) we will restrict henceforth to the positive root.
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static and circularly symmetric solution. However, this method is not applicable here due
to the absence of boosts. Nevertheless, one could consider a more general ansatz that is
stationary and invariant under the Killing vector 0y, allowing the metric to include cross
terms with dtdf. We will explore this possibility in the future.

Let us from now on focus on A < 0 where the spatial metric takes precisely the same
form as the spatial metric of a nonrotating BTZ black hole [41, 42] in general relativity
in 2 4+ 1 dimensions. However, the clock form is different since the clock form does not
depend on any integration constant of the spatial geometry as would have been the case for
the lorentzian geometry. Furthermore, the geometry does not depend on the integration
constants ¢y and Sy of the fractonic gauge fields, meaning there is no backreaction of
the gauge fields on the geometry. This is similar to the case of Einstein gravity in 2 + 1
dimensions coupled to U(1) abelian Chern-Simons fields (see, e.g., [43]).

The gauge connection associated with this solution is given by

Ay = H + dov/— N2 — M Q + Aréy Dy (4.8a)
1 So

A= e P+ 20D 4.8b

V—NZ—M VNI (4.80)

Ay =1 Pyt VAT =M J + 18 Ds. (4.8¢)

In complete analogy with the Chern-Simons formulation of Einstein gravity, it is possible to
gauge away all the dependence on the radial coordinate r, such that the physical information
is encoded in an auxiliary connection a = a;dt + agdf, where A = h=1(d + a)h for some
gauge group element h. For the circularly symmetric solution, one explicitly finds that

h = exp , (4.9)

VvV—A

1 M
Arcoth( 1+ /\7“2) (Py + SoDy)

where the auxiliary connection is given by
o= (H + \/—Mgon)dt +V/=M.Jdb. (4.10)

The removal of the radial dependence via (4.9) can only be achieved for negative values of
A and M. For vanishing cosmological constant the auxiliary connection takes exactly the
same form as (4.10) and the group element h simplifies to h = exp[\/%—M(Pl + SoDl)}.

4.2 Charges and asymptotic symmetries

The charges of this theory are related to large gauge transformations. To determine them we
need to find gauge transformations that preserve the form of the auxiliary connection (4.10),
i.e., we must find an e such that de + [a,e] = 0 and which leads to non-vanishing charges.
The charge associated with these large gauge transformations can then be obtained using
the canonical formalism [44] and it is given by the following expression [45]

5[] = —27{d9<55a9>. (4.11)
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When a transformation changes the charge it should not be thought of as a nonphysical
gauge redundancy, but as an observable physical change.
For the case at hand large gauge transformations are generated by

e=AQ, (4.12)
for a constant A.> When A has no functional variation we find the electric charge
Qle] = —4mAuv/—M . (4.13)

This shows that the integration constant M, which geometrically shares some similarities
with mass (but is not the mass of the system), is associated to the electric charge of the
system.

The total energy can be obtained by considering the charge associated with time
evolution and can be derived from

SE =2 f d6(a,5ag) (4.14)
Then, if one assumes that d¢g = 0, then the energy of the solution takes the form
E = -2wu¢poM . (4.15)

Therefore the total energy and the electric charge are related E ~ ¢9Q2. The constant
So does not appear in the charges. Indeed, since A,,, = Soh,., the constant Sy can be
interpreted as as labeling a particular ground state of the symmetric tensor A, .

Note that the components of the auxiliary connection (4.10) are defined along the
generators H, J and (), which form a set of commuting generators. This suggests that
a natural set of asymptotic conditions that accommodate this solution could be given by
“soft hairy asymptotic conditions”, similar to those introduced in [46, 47] whose asymptotic
symmetry algebra is given by a set of U(1) Kac-Moody current algebras. This aligns
with the fact that the dipole algebra with a negative cosmological constant is isomorphic,
apart from the central element H, to the three-dimensional Poincaré algebra. Indeed, this
isomorphism allows us to map all the known results in three-dimensional general relativity
in flat space to the case of the dipole algebra with a negative cosmological constant. Indeed,
based on the results in [48], after a suitable gauge transformation, it would be possible to
write a set of asymptotic conditions in the flat space analogue of the highest weight gauge
[49-51], where

L(t,0) 1

(J +¢P) — (Q+ D2> H(t,0)

2

M(t, 0)
2

ag = (J —LP) — H. (4.16)

2 l
Here / is the AdS radius related to the cosmological constant by A = —¢~2. The asymptotic
symmetry algebra is then given by the three-dimensional BMS algebra with an additional
U(1) current, which contains the cosmological dipole algebra as its wedge algebra. The

5When x is nonzero there are more large general transformations that lead to non-vanishing charges,
but they will not provide additional information since they will be proportional to this charge.
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case when the cosmological constant vanishes is less clear, as the previous asymptotic
conditions do not appear to have a natural flat limit. However, (4.10) suggests that soft
hairy asymptotic conditions might naturally be applicable. We plan to investigate this
further in the future.

5 Discussion

We conclude by recalling that the main result of the paper is a metric formulation of a
fracton gauge theory (3.29) obtained from a Chern-Simon action in 241 dimensions, with
gauge fields A, and ¢ coupled to dynamical Aristotelian gravitation fields h,, and 7,. We
want to emphasize that the invariance of the action under the dipole gauge transformations
given by Egs. (3.37) and (3.38) imposes no restrictions on the geometry, in stark contrast
to previous no-go results. [9, 11, 12]. This theory was generalized to higher dimensions
without (3.43) and with (3.48) a cosmological constant. Additionally, we showed that the
three-dimensional theory can be consistently coupled to fractonic matter fields (3.50).
This work opens various interesting avenues for further exploration:

Other multipole symmetries The tools we have used in this work are of course not
restricted to dipole symmetries and it could be interesting to generalize to higher

multipole moments.

Supersymmetrization An immediate generalization is the supersymmetrization of the
CS theory. Again using the correspondence to Carroll symmetries [11, 24, 25] it is
clear that such a theory exists [52] and it could be interesting to generalize the work
of Huang [23] and ours to this framework.

Fracton BF gravity There also exist generalizations to (1 + 1)-dimensional gravitational
models [53, 54] in particular there is an analog proposal for fracton BF gravity [55] to
which much of what we have done could be applied.

Relation to scalar charge gauge theories In order to make contact with more stan-
dard gauge theories of fractons on flat space [13, 14] let us take the action (3.29)
and choose a background configuration which satisfies the equations of motion at
0th-order, given by the flat Aristotelian background 7, = 1 and iLZ’j = 0;; and all
other fields are zero. Linearizing the theory (3.29) up to quadratic order around this
background yields, among others, the term E% Aij + qﬁ(?iajEij (where E;; is related
to the metric perturbation e;; = h;; — }_‘Lij by E;; = e;j — Jijekk) which is ubiquitous
in the Hamiltonian treatment of fracton gauge theories performed, e.g., in [11]. We
reserve a more thorough study of the Hamiltonian formulation of the theory displayed
in (3.43) or (3.48) and its relation to the theories (or others) described in [11, 13, 14]

for future works.

Infrared triangle, memory effects It was recently shown [30, 31] that fracton theories
allow for interesting interrelations, called infrared triangle [56], between asymptotic
symmetries, soft theorems and (double kick) memory effects. The fracton CS theory
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also allows for infinite dimensional asymptotic symmetries (cf., Section 4.2) which
makes it natural to expect related soft theorems and memory effects. What makes
the case at hand an interesting challenge is that the gauge theory is topological and
therefore has no propagating degrees of freedom.

Applications to condensed matter systems We briefly suggest a possible application
of our fractonic Chern-Simons theory in the framework of topological phases of matter.
We first observe that our action (2.17) can be seen as an one-loop effective topological
field theory induced by integrating out some massive degrees of freedom. In particular,
in a (24 1)-dimensional microscopic system made by non-relativistic massive fermions
with conserved electric charge, dipole and rotational symmetry but broken time-
reversal symmetry, (2.17) can describe the topological response of the system to
external probings. In fact, the first term is known in the condensed-matter literature
as first Wen-Zee term [57] and in absence of dipole conservation, it has been employed
to study several kinds of topological systems, such as quantum Hall insulators and
higher-order topological phases in two space dimensions [58-62]. The first Wen-Zee
term, entirely related to the charge conservation and rotational symmetry of the
system, gives rise to the shift invariant and corresponding Hall viscosity. On the
other hand, the first term related to the cosmological constant A in the same action
coincides with the topological response of an atomic insulator in two space dimensions
[63], which only depends on charge conversation and translation symmetry. Finally,
the first term related to x; in (2.17) is known as second Wen-Zee term and plays a
role mainly in the fractional quantum Hall effect [64, 65]. Thus, we expect that our
(2 4 1)-dimensional fractonic theory with a non-zero cosmological constant represents
the low-energy description of suitable topological phases augmented by the dipole
symmetry, namely topological dipole phases (see [66] for an example of topological
dipole insulator) that will be investigated in detail in a future work.
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A Affine connection

The purpose of this appendix is to show that equation (3.13) follows from (3.12) in which
we substitute (3.6a) and (3.6D).
First we use completeness to write (3.12) as

Ffw =nPo,T, + e”baue,,b — "ePrey. (T#ngwo + eude"dwg> . (A1)

In this equation we substitute (3.6a) and (3.6b) leading to (after some straightforward

algebra)
Ffw =nPo,1, + W1, Ky e — W T her0n"™ + Xﬁy , (A.2)
where
Xﬁy = hpAhfw (e/\bha,uanesz + eubhau (a/qe,\b — a}ﬁ,f)) . (A3)
Using completeness once more we can write
Xﬁy = Tyno‘Xﬁa + P,;’Xﬁa , (A4)
where we have
Xfan® = =PjP0xn™. (A.5)
In order to rewrite P X/, we use that
h”/\Pl’fP/f {egb (8H6Ab - 8,\651)) + cyclic permutations of o, x, )\} =0. (A.6)

Applying this identity to one-half of X7, while using (A.4) for the other half we find
1
X, =mn,X0n" + ih"’\PI’,‘Pg(aﬁhU,\ + Oshre — Onhox) - (A7)

After a bit of furthermore straightforward algebra we then find (3.13).

B Curvature

In this appendix we will collect some useful formulas for affine connections I'/),, with nonzero
torsion.

The covariant derivative will be denoted by V,, the Riemann tensor by I,,,,” and the
torsion tensor by 7% ,,. The latter are defined via

[vua VV]XO' = R;u/Upo - Tpul/vaa (Bla‘)
[V, Vo XP = R0 X — T°,,V, XP (B.1b)

from which it follows that

Ryuvo” = =00y + 0,10, =T/, T0, + 10,17, (B.2a)
TP =27, . (B.2b)
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The algebraic and differential Bianchi identities are

Riwe)’ =TT’ on = VTl v (B.3)
ViR = T puBupe” - B.4)
The Ricci tensor is defined as
R =Ry’ . (B.5)
Our connection satisfies the property that
I, =0duloge, (B.6)
where e = det(7,,, ej;) is the integration measure. From this it follows that
R, =0. (B.7)
The antisymmetric part of the Ricci tensor is then
2Ry =TT np + VuTP0p — VTP 1y + VT (B.8)

Consider the differential Bianchi identity (B.4) and contract x with v. Contracting the
resulting identity with n*h* and using the torsion tensor (3.17) leads to

0 = Va(n*h' Ryg ) + 20" WP Ryy Ko (B.9)
f2<hmhp>\ - hnphko) ViV, EKxoe — Vi (Ko LnTp) + KnoLnTelnTy — VK)o Ln T -

This identity is used in Section 3.3 to prove gauge invariance of the second order theory.

C Fracton algebraic considerations

We start by defining the (anti) de Sitter Carroll algebras in generic spacetime dimension
d+1

[Jabs Jed) = Obedad — Oacdbd — Ovadac + dadJbe [Ba, Py = 0apH
[Jaba ] - 5bc 5acBb [Ha Pa] = —A\B, (Cl)
[Jaba ] = 0pePa — dac Py [Pa; Pb] =—NJy.

where A = 7 with o =1 (—1) for (anti) de Sitter Carroll and is related to the cosmological
constant (d A1) \ (we follow [67, 68]).

We now replace the Carroll boost by dipole moment B, — D, and Carroll energy by
charge H — —(@ and add a central element H to the new algebra. This curved fracton
algebra is then spanned by g = (Ju, H, Pa, Q, D) and given by

[Jab’ ch] = 5cha,d - 5achd - 6bd<]ac + 5ad<]bc [Pa, Db] = 6abQ
[Jabu ] = 5bc a 5aCDb [Qa Pa] = /\Da (CQ)
[Jab7 ] = 0pclPa — dacPy [Pa, Pb] =-—NJy.
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To obtain further geometric understanding let us think about the homogeneous space
where we quotient g by h = (Ju, @, Ds). The homogeneous space is a curved Aristotelian
homogeneous space’® either R x S% or R x H¢, for positive or negative A, respectively.

When we restrict to 2 + 1 dimensions the rotations commute and with J = —J15 we
obtain the algebra

[Jv Pa] = e Dy [J7 Da} = eapDp [P(M Db] = 6abQ
[Q, P.] = AD, [Pa, Py] = AewyJ (C.3)

where €19 = 1. The most general invariant metric is

<J7Q>:/‘ <Paan>:_€abH <H3H>:HH
(J,J) =X (Pas Py) = X7N\oab (C.4)

which is nondegenerate for p # 0 # pp, i.e., we are free to set x; to zero. The flat limit
A — 0 is well defined on the Lie algebra and invariant metric and consequentially also for
the action. The main change is that we have the freedom to add an additional element
(J, H) to the invariant metric which leads to

(J,Q) = (Pa, Dy) = —€appt (H,H) = py
(L, J) = X7 (J,H) = X - (C.5)
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