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ABSTRACT

Motivated by the recent detection of an enhanced clustesigugal along the major axis of
haloes in N-body simulations, we derive a formula for thesatibpic density distribution
around haloes and voids on large scales. Our model, whictreesslinear theory and that the
formation and orientation of nonlinear structures arersghp correlated with the Lagrangian
shear, is in good agreement with measurements. We also Babthe measured amplitude is
inconsistent with a model in which the alignment is produisgthe initial inertia rather than

shear tensor.
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1 INTRODUCTION

The clustering of matter at late times provides importanst@ints
on cosmological models. Our understanding of the signakg b
on large scales, where it can be described by perturbatiorih
well (see Peeblgs 1980). E.g., the Baryonic Acoustic Gimihs
in the power spectrum (BAO), which appear as a spike in the two
point correlation function, lie in this regime (see Eiseis2005,
and references to it). In addition to the simple correlafiorction,
there are other ways to extract information from the maitgridu-
tion. In redshift-space distorted measurements, the wintporre-
lation function is anisotropic (see Kaiser 1987 or the réeank of
Schlagenhaufer et lal. 2012), and this anisotropy can betaseah-
strain cosmological parameters. However, certain reatepea-
sures of clustering are also expected to be anisotropiev@alus-
ters are typically triaxial, and this triaxiality has longdn known to
align with the surrounding large scale structure (e.g..180maet al.
2012, and references therein). On smaller mass scalegyggims

are also known to align with the environment (elg., Lee & Pen

2001;Zhang et al. 2009; Jones etlal. 2010). Similar coiozlat
have also been seen in simulations of voids (Platen et ag)200

Recently, Faltenbacher et al. (2012) showed that, in their n
merical simulations of hierarchical gravitational clustg, the
cross-correlation function between haloes and the sudiogn
mass was anisotropic: this correlation between halo shapds
large scale structure extended even to the large scalegamele
to BAO studies, and affected the zero-crossing of the catiosl
function. This motivates our work, which attempts to modes t
anisotropy.

Our model, which is described in Section 2, is based on the as-

sumption that halo shapes (Lee et al. 2005; Rossil et al. 281d)

orientations|(Lee & Pen 2000; Lee & Pen 2001) at late times are

correlated with the properties of the initial Lagrangianditrom
which they formed. This is a fundamental ingredient in medel

where haloes form from a triaxial collapse (Bond & Myers 1996
Sheth et al. 2001). In such models, the Lagrangian defoomaii
shear tensor plays a key role, as its eigenvalues can beasést t
tinguish between haloes, filaments, walls and voids. Wetilate
our model for the two extreme cases: haloes and voids. A fewl s
tion discusses potential applications and extensions ofvork.

Although our analysis is general, when we illustrate our re-
sults, we will assume ACDM model withh = 0.73,Qgm= 0.205,
Qpar = 0.045,Q = 0.75, andag = 0.9. These values allow a di-
rect comparison with the simulations|of Faltenbacher gal 2),
which we provide.

2 ANISOTROPIC DENSITY DISTRIBUTION AROUND
HALOES

Despite the fact that haloes are highly nonlinear objedtsir t
formation encodes information about the initial (Lagramji
fields from which they formed (e.gl, Press & Schechter 1974;
Sheth et all. 2001). So, for example, one expects the shape, sp
tial orientation and spin of a halo to be correlated with the
initial tidal field (e.g., Lee & Pen 2001; Rossiefal. 2011} a
though nonlinear evolution may alter the form of this catiein
(van Haarlem & van de Weygaert 1993).

2.1 The shear

The initial tidal field or shear tensor is defined as

gy~ 1 9%%(a)
Gij ( ):Fo(?qiﬁq,”

where A®(q) =6(q), @)

whereq is the Lagrangian spatial coordinate,is the Lagrangian
potential atg, and ag is the variance of the Lagrangian density
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smoothed on scalR. This variance depends on the power spectrum J/0p = 3 &ii, whereop was defined in equatiofil(1), we find

P(k) and the smoothing filta/\R:

oF= o / dkk2(+D) P WE (K). @)

For theACDM parameters given earlier, we obtain the linear theory

P(k) from CAMB (Lewis et all 2000). The resulting; decreases
monotonically asR increases. As a result, in the excursion set
description of haloes or voids (Bond etlal. 1991; Sheth & Tenm

2002),09 decreases as the halo mass or void radius increases. This

will be important when we wish to relate our results to theohal
based measurements in simulations.

In what follows, we would like to estimate the anisotropy in
the correlation between the density distribution at onetjoos(r)
given that the shear at another position (which we will takée
the origin) satisfies some set of constraints. That is towayare
interested in

Jed€ p(&) [dd(r) S(r) p(5(r)|&)

(eme) Jod p(E) ’
~ JcdEp(§)(d(r)&)
where & = (€11, &2, &33,&12,€23,&13) is a 6-dimensional vector

made from the components of the symmetric shear tensor and, f
simplicity, we omit the distance argument if the quantityqunes-
tion is taken at the origin: e.d = &(0). In the expression above,
C is the region inf-space where the conditions on the shear field
(associated with halo or void formation) are satisfied; weR(E)

to denote the integral over this region. For Gaussian Iirstadi-
tions, p(&) is a multivariate Gaussian; in the principal axis frame,
this distribution, first derived by Doroshkevidh (1970)gisen by

our equation[(AB).

2.2 Average ofd(r) with conditions on the shear

The Gaussianity op(5(r)|€) means that
(B0)IE) = (8N @E) (E0) ¢ @

where neithe5(r) ® &) nor (§ ® E>71 depend or€ (see Ap-
pendix D of Bardeen et al. 1986). Therefore

(3([C) = (3 @& (Ex&)  (E[C). ®)

The first two terms depend only on the correlations be-
tween O at one position and the shear tensprat another.

(B(1)©E),; /0o = ~Bal1)if + 2 (Bo(r) +8o(1)8),  (7)
with f being a unit vector and
800) = gz [ HE MK 19P(0) ®
wherejn, is a spherical Bessel function.

Since
08 Da(r) = Eop(r) — o (1) 9

where &opi (1) = g 2Mo(r) is the usual angle-averaged two-point
correlation function, and

()= [ 6P em()

is its volume average, equatidd (7) can be cast into a manéiiret
form:

(0N ®&);;

Jo

(10)

_ Sep(n) - 1)

In this expression, one should think éfzm as the overdensity

withinr, andfzpt — &opt as the difference between the overdensity
within r and that at itself.

Inserting equationg16) andl(7) in equatiéh (5) and averpgin
over @ in a spherical coordinate system defined(Bsfo,f3) =
(cosB,sinB cosy, sinB sing) yield

(81, 1)[C) = (SIC) Bo(r) —5(¢IC) Aa(r) Pa(), (12)
wherepy = cos8, Po(u) = (3u2 —1)/2 is a Legendre polynomial,
(3IC)y = o0o(&11+ &0+ E33[C), (13)
(he) = ao(en- 2L 14)

In this form, it is clear that the first term on the rhs of equa-
tion (12), (5|C) &2t (r) /03, is the spherical average of the full ex-
pression. Therefore, the prefactor should be thought of lasear
bias factor’

be = (3/C)/a§

coming from the constraintS. (We provide an explicit example
of this in the next section.) The angular dependence conees fr
the second term, which, in fact, quantifies the local anigtrThe

result is intuitive: for spherical objectg & 0), the anisotropy on

(15)

Such correlations have been computed before (Doroshkevich large scales also disappears; while larger local anisptpopdicts

1970; Bardeen et 5l. 1986; van de Weygaert & Bertschinge€;199
Crittenden et al. 2001; Catelan & Porclani 2001; DesjacR068;
Lavaux & Wandelt 2010; Rossi 2012). Although these expoessi
can be worked out exactly for thex66 covariance matrix associ-
ated withé&, it is simpler to work in the coordinate system which
is aligned with the principal axes of the shear tenggp & &13 =

&>3=0). In the rest of the paper, the subsciiptefers to the diag-
onal components of the shediy = (§11, §22, &33). In this case, we
find that
6 —3/2 -3/2
<ED®ED>71= (—3/2 6 —3/2) (6)
-3/2 -3/2 6.

Similarly, using the form for(&(r)éq) that is given in
the Appendix of _Desjacgues (2008) combined with the fact tha

larger anisotropy on large scales.

Since bothbc &2t (r) and its angle averaga;gfzpt(r) can be
measured (indeed, these are the traditional 2-point measnts),
our model can be written as

(é(r,wic)y Do(r)
where
Ac =5((|C)/(3|C). (17)

The left hand side is the ratio of observables, and the rightiiside
shows that it is the product of a scale-independent amgljtadd a
separable function of scateand angle. Since thedependence is
completely specified by measurable angle-averaged gesntind
the u dependence is simply that of a quadrupole, the amplitude is
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Figure 1. Comparison of our model with measurements in simulatioosafrange of mass scales as indicated in each panel. Thiekcolves show
our equation[(T12), witty; &; > 1.686/0dp and &2233 > €11 > 0.41/0p, anddp determined by the mass. Cyan shaded regions show data figureFl of
Faltenbacher et al. (2012). In each case, theory and measnotéave been averaged over the same range of orientatitesaco® > 0.66 and co$ < 0.33

respectively.

the only free parameter in our model. In this respect, theesgion
above should be thought of as providing a generic fitting fdam
with just one free parameter, the amplitude. In our modéd, am-
plitude encodes information about the alignment betweetrécter
field and the large scale environment.

2.3 lllustrative constraints

The averages ové€rin equations(113) anf (14) can be calculated for
many scenarios. To gain intuition, suppose that we ideigfipes
with regions in the initial field for which all three eigenuak were
positive (Lee & Shandarin 1998). Note that this is only r&tadiat
large masses; a significant fraction of halos at lower mdszesne
negative eigenvalue (Despali etlal. 2012). In this caselireg

C={&s3> &> 11> 0} (18)
means that

(EnC) = Wip(q(m_m)’ (19)
(&2C) W&w(e) (14v15-13V10), (20)
(&33[C) WirP(C) (-5v15+14V/10), (21)
where

The above values were obtained from equations (15), (A3}, an
(A3) of |Lee & Shandarin| (1998). (Our equatidn22) is the -inte
gral of their equation (15) fokz > 0. However, they state that this
simple integral equals/25 whereas it is in fact only a very good
approximation to the exact answer, which we have given apove
This makes

_(9[e) __ vio
- o8 72ymP(C)

3V6-2 5
0o

be

~ 30 (23)

monopole part of the signal increasing as mass increasgtbdna-
tio of the monopole to the quadrupole is independent of haesn

2.4 More realistic conditions for haloes and voids

More realistic conditions for haloes and voids may requim@en
than just the joint distribution ofj; in the principal axis frame
(equatior’Ab). E.g., the inertia tensor, and the alignmetvben
the shear and inertia tensors may play a role. But even irstims
plest case, the moments of the distribution, that appeéf@&)

in equation[(IPR), can only be calculated analytically fa&r simplest

C conditions. Figurgll shows the result of evaluating equafld)
numerically withC given by the requirement that &; > 1.686/ 0y
andépp 33> &11 > 0.41/ 0y for a range of choices afy. These con-
straints on thej; were motivated by the spherical collapse model
and additional analysis in Lam et al. (2009). The valuegoivere
chosen to match the halo masses quoted by Faltenbacher et al.
(2012) in their analysis of the anisotropic clustering abhaloes

in simulations.

The agreement between theory and measurement is excellent
for scales above 100AMpc but it slightly underpredicts the clus-
tering for lower scales. This discrepancy can be attribtded least
two reasons. First, our model of the Lagrangian patcheshnbée
come haloes is crude, and may be inadequate. Second, out mode
is based on linear theory; van Haarlem & van de Weygaert (1993
argued that nonlinear effects matter, and more recent wask h
shown that nonlinear evolution will induce a quadrupolereife
none is initially present, and will modify it if there is onaitially
(Chan et al. 2012, although, on the scales of most interest ties
is expected to be subdominant).

Other nonlinear structures include filaments, sheets, and
voids. In triaxial models, this classification is relatedhe eigen-
values of the shear (Shen etlal. 2006). All positive eigeresbe-
scribe a halo, one negative gives a filament, two negativeeets
and all three negative a void (elg. Hahn et al. 2007). Forsvaid
reasonable set of conditions on the eigenvaluesiség, 33 > €11
andy; &i < —2.8/0p (the latter condition comes from the spheri-

and Ac =~ —7/4. This shows that the bias factor increases as cal evolution model, e.g.. Sheth & van de Weygaert 2004 )urféig
0y decreases. We remarked earlier that, in the excursion set ap[2shows the result. In the direction of the major axis, theeposi-

proach, large masses have snwml Therefore, this model has the

tive boost similarly to the case of haloes. Of course, sirdsvare
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Figure 2. Equation [(IP) for voidsy; &; < —2.8/0p and 0> &2233 > &11.

driven towards spherical symmetry, their orientation meharder
to measure accurately.

2.5 The shear vs the inertia tensor

the quantity? = (v — yx)/(1— y?) is a Gaussian variate (see
van de Weygaert & Bertschinger 1996; Lavaux & Wandelt 2010;
Ross| 2012), and itis independent of the This means that we can
choose the constraints @rto match the monopole of equatiénl12),
leaving us to perform an independent average over thehlision

Haloes have been shown to align with the Lagrangian shear of parameters, y, andz(e.g. Appendix C of Bardeen et|al. 1986).

(Dubinskil 1992} Lee & Pen 2001), and triaxial collapse medet

late halo shapes to the initial shear (Sheth =t al. |2001; tak e
2005%;| Rossi et al. 2011). Similar arguments have been made fo
voids (Platen et al. 2008). These findings single out thersiesa

sor from others that could potentially define the axes ofcstimes.

An alternative to the shear is the initial inertia tensoe (thatrix of
second derivatives of the density field). E.g., in the peaédahof
(Bardeen et al. 1986), haloes form at the peaks of the Lagmang
density field so their shape is given by the inertia tensor.

The matter distribution around a peak with conditions on the
inertia tensor is given by equation (7.8)/of Bardeen et é186).
Angle averaging their expression oveyields
o(r, H) V—yx y—Xx

TO 1—V2 Bo(r) — Do(r)

1—y2
P2 o R,

—5(A\1 (24)
where/\1,/\» andA3 are the eigenvalues efdzé(o)/dqidqj, X=
SiNi, v =3/00, y=0f/(0002), and
Bn(r) = 5o [ K in(rkVR(KPK)
It is worth noting thai\; — (A2 +A3)/2is (3y+2) /2, wherey and
z are the anisotropy parameters of Bardeen fet al. (1986).
Although we have yet to average over flse comparison with
equation[(IR) shows that the first two terms in equation (24) w
yield the monopole, and the final term a quadrupole. Althotigh
guadrupole here depends on the eigenvaluesthe inertia tensor
in the same way that the quadrupole in equafioh (12) depentieo
eigenvalues of the shear tensor, we might expect the ardglfare
will be much smaller. This is because the integral which st
has two additional powers afcompared to that which definés.
However, we must also check that the average oveftlimes not
yield a large amplitude to compensate for this difference.
To see that this will not happen, note that on large scales,
the leading order contribution to the monopole is given bg th
first term on the rhs of equatiof {24). With the peak constsain

(25)

The resulting angular dependence is multiplied by 100 ireotd
produce the cyan curves shown in Figlie 3. Since the nomlinea
evolution effects described by Chan et al. (2012) cannotheir
own, account for the signal seen by Faltenbacher|et al. {[20d&2
conclude that the initial shear tensor matters for the argié¢pen-
dence, whereas the inertia tensor does not.

3 DISCUSSION

In this paper, we calculated the anisotropy in the lineasigfield
when conditions are placed on the Lagrangian shear fieldhelf t
shear field is strongly correlated with the shapes and @iiemis of
nonlinear haloes, then this calculation should be closelbted to
the anisotropy of the halo-mass cross-correlation fungtidich is
most easily seen when the mass field around haloes is staftéed a
aligning along the major axis of the halo (e.g. Faltenbaeheai.
2012).

For haloes, our model (equatibnl 12) captures the main festur
of the cross-correlation function measurement. The sigioalg the
long axis is stronger than perpendicular to it, but producésss
prominent BAO feature (Figuifd 1). We predict a similar efffor
voids (Figure®). Overall, the signal is slightly weaker arales
below 100hIMpc than in simulations. This may be due to inad-
equacies in our crude model which relates halo formatiorhéo t
local shear; or nonlinear evolution may have had a smalteftze
Section 2.H).

Formally, the approximations involved can be summed up as
P(8(r)|&n) ~ Pas(3(r)|&n = &,C),

where the |hs is the true distribution &fatr relative to a halo ori-
ented in the direction d@&,, while the rhs is the usual Gaussian con-
ditional probability ofd with C denoting the previously discussed
conditions on the shear tensor (Secfiod 2.4) @apdhe direction of
the eigenvector that belongs to the smallest eigenvaluptave-

(26)
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Figure 3. Comparison of our model in which the deformation tensor plakey role with the prediction of a model in which it is therlf@tensor which
causes the correlation. Blue curves show our model; thetharsame as those in Figure 1. Cyan curves show the sum offikécad term of equatiod_(12)
with 100x the anisotropy term (the one coming from the final term of €qu&4).

ments can be devised along the following identity:

PGEMI&) = [ P(B()|{en&i} &)
X P({&n. &i}[en)d{&sn. &ii}.

where {és, &ii} and d &g, &i} are a parametrization of the shear
and its volume element respectively. As the final orientatb a
halo @&,) results from the nonlinear evolution of the Lagrangian
field, itis a function of the local Lagrangian field and itsidatives.

In Sectio 2.5, we showed that on large scales in the Gauigsiiin
higher order derivatives had a small effect(@¥{r)|...) compared

to the shear. In this limit, the first term behind the integmadqua-
tion (22) turns intd®(8(r ) [{&n, &i }, &) ~ Pas(8(r)[{&n, &i}). To
improve on this approximation, the nonlinear evolution afdes

27)

has to be understood better. The second term in the integral i

equally challenging.

A practical approach can be taken by fitting a phenomenolog-

ical formula to measurements in N-body simulations, sirtyilto

Lee & Pen|(2001), who parametrized the angular momentum of a

halo as a function of the shear. E.g., a simple model is giyen b

P({&i}IC)
21 x

(F’Hd)(lfén'ésh)Jr(l*PH)),

P({&n.di}l&n) =
(28)

which assumes that the eigenvalues of the sh&grare indepen-
dent of the orientation of the hal&,) and that the shear is perfectly
aligned with haloes i x 100 per cent of the time, otherwise its
orientation is completely random. With this, the spherigait of
equation [(IR) remains the same, while the anisotropy gets-mu
plied by B. Figure[1 implies a strong correlation, Bp must be
close to 1. This is a conjecture that can be verified by a dinea-
surement of the halo-shear alignment. In general, a morglesm
model of alignment would introduce higher order Legendrkyo
nomials in the expansion @x(r, ).

The same argument holds for voids as well. As the elliptic-
ity of voids is less prominent _(Sheth & van de Weygeert 2004),

their orientation can be measured with a lower accuracy. In a

model of alignments, this would increase the randomness.ift.
equation [ZZB),H‘ would be smaller thus reducing the measured
anisotropy.

We also argued that the measured amplitude is inconsistent
with a model in which the alignment is produced by the initial
ertia rather than shear tensor (Secfion 2.5).

Absent a model for halo or void formation, our equationl (12)
may be treated as a one-parameter family which, given thersph
cally averaged measurement, describes the anisotropy/paham-
eter depends only on the local shear, and so may be used to con-
strain models of halo formation and alignment. Further weath
be done to incorporate redshift distortions and nonlitiearinto
the model. Also, tests on simulations are needed in ordeteio-i
tify systematics that can affect the validity of the modeahdHfy,
we are in the process of checking if this sort of measuremamt c
yield useful constraints on modified gravity models.
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APPENDIX A: DETAILS OF COMPUTATION
PRESENTED IN SECTION 2

In this short Appendix, we write out the steps that lead toaequ

tions [1) and[(IR).

To derive Equation[{7), it is convenient to work in Fourier
space:

COEHENEY

& translates int(}fq—’R’j d(k’) in Fourier space. The integral over
can be carried out easily &8(k)5*(k')) = (2rm)38p (k — k') P(K),

d3kdBK

2 e KT (5(k) 2 € (K)); - (A

[d® = [dkk? [dk can be carried out. The result of this tedious
but straightforward computation is equati@h (7).
As we are only interested in

(3(n)ic) = (3(r)&p) " (Ep®&p) " (£p|C),

(take note of subscrifd denoting the diagonal terms of the shear),
we only need to deal with the diagonal part of equatidn (7uiR f
ther calculations:

(5(r)[c) (Ao<r>+Az<r><6f%—
X O'0<E]_1|C> +cCcyc. (A4)

The angular average of this expression around the major axis
of a halo (lets say axis 1) can be derived by adopting spHerica
coordinate§’1, 2, f3) = (cosB,sin@ cosy, sinBsing) and averag-
ing overg. The result is equatiof (1L.2).

Finally, the Doroshkevich formula (Doroshkevich 1970) is

3375 ([~ ﬁ 15l
8v/5ma® P Y
X (A1 —A2)(A2—A3) (A1 — Az), (A5)

where; is theith eigenvalue of the inertia tensor aod is the
variance of the mass;, = ¥ Aj andl, = A1A2 +cyc.

(A3)

S03+3)-1))

P(A1,A2,A3) =

alsor’ can be set to 0 for convenience. The easiest way to proceed is

to work with spherical harmonics. Using the plane wave exjmm

ke :4"2 3 TNl (A2)

along with a special spherical coordinate system, whictefied
by the Cartesian coordinates and allows us to expresk;kje

type of terms with spherical harmonics (ekg.= g\/ngo(R) +
2/moo(k), etc.), the angular part of the remaining integral
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