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Abstract

Cosmic Microwave Background (CMB) Anisotropies is a subject of intensive research
in several fields of sciences [HD02]. In this paper we start a systematic development of
basic notions and theory in statistics according to the application for CMB. The main
result of this paper is the necessary and sufficient condition for isotropy of a non-Gaussian
field in terms of spectra. Clear formulae for bi-, tri- and polyspectra and bi-, tri-, and
higher order covariances are also given.
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1 Introduction

”Cosmological Principle (first coined by Einstein): the Universe is, in the large, homogeneous
and isotropic” [Bar99]

In the last decade or so there has been some growing interest in studying the spatial - time
data measured on the surface of a sphere. These data includes cosmic microwave background

(CMB) anisotropies [KKO06], [OH02], [AH12], medical imaging [KBID93] [Kak12], global and

land-based temperature data [Jon94], [SRT06], gravitational and geomagnetic data, climate
model [NC8I1].

One of the problem in focus is the Non-Gaussianity of the observations, which leads
to the investigation of higher order angular spectra called polyspectra, [Hu01], [BSMR10],
[BLSHI12]. Angular polyspectra, in particular the bispectrum and trispectrum shows to be
an appropriate measure of Gaussianity since for a Gaussian process all higher (then second
order) spectra are zero, [KSHI1]. An other important question is the Monte Carlo simulation
of non-Gaussian isotropic maps with a given power spectrum and bispectrum and possible
polyspectrum, [CMO01],

In this paper some general properties of the angular polyspectra will be given for isotropic
stochastic processes on sphere. Our treatment follows the basic theory of higher order spectra
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for non-Gaussian time series, [Bri65], [Bri01], [SRG84], [Ter99]. The symmetry relations and
the appropriate series expansion of cumulants might have influence on the estimation of
polyspectra as well, [SK12], [MK12].

The isotropy assumption implies very particular form for the angular spectra therefore a
delicate question is the construction of isotropic stochastic maps on the sphere.

2 Gaussian isotropic fields

Gaussian isotropic processes on sphere has a long history starting with [Obu47], some basic
theory and references can be found in [Yag61], [Jon63], [McL86] [Yad83] [Yag87], (|[Lec99]).
Due to the expansive recent applications there are new books [GG10], [CW11] and several
papers covering a number of problems in general for spatial-time observations.

We consider a stochastic process X (L) on the unit sphere Sy in R, where L = (19, ¢), the
co-latitude ¥ € [0, 7] and the longitude ¢ € [0,27]. Let us suppose that X (L) is continuous
(in mean square sense), then it has a series expansion in terms of spherical harmonics Y, ”

00 )4
X(L)y=) > Z" (L), (1)

=0 m=—¢
where the coefficients are given by

zp = [ XWYF@9 L),
Sa

where Q (dL) = sin¥dddy is Lebesque element of surface area on So. It is generally accepted,
in time series analysis that X (L) called linear if Z;* are independent and identically dis-
tributed (EX (L) = 0). Now it is straightforward that from the linearity here follows that the
covariance function Cy (L1, Lo) = EX (L1) X (L2) depends on the angular distance v between
L1 and Ls only. Necessarily the covariance function depends on the central angle between
locations and has the form

20+ 1
47

Co (L1, Lo) = Ccos7) = 3 fu=— Py (cos ), (2)
=0

where P, denotes the Legendre polynomial, see [Yad83], I.5., and all coefficients f; > 0. Note
here that the inner product Ly - Ly = cos+y. In other words Co (L1, L2) is invariant under
the group of rotations, i.e. X (L) is isotropic. Moreover the assumption of linearity, i.e.
the independence of the triangular array Z;" is so strong that the Gaussianity also follows,
[BMOT7]. In other words the only linear field on the sphere is the Gaussian one. We shall
consider a linearity which looks weaker although it will be shown to be equivalent to the
whole independence of Z;".

Definition 1 The field X (L) is linear if the generating array Z;* is uncorrelated and for
fized degree ¢, { Z*|m = =4, =0+ 1...,0 — 1,0} are independent.



This concept of linearity corresponds to the physical approach to the theory of angu-
lar momentum. One may consider linearity in some really weaker sense, namely the rows
{Z;”}f;:_g of the array Z;", are independent but the variables Z;* inside the row ¢ are
uncorrelated.

The convergence of the series > 5o fe 2L is equivalent to the continuity of C () on [—1, 1].
The superposition (2]) corresponds to the superposition of a covariance function on the real
line in terms of its spectrum and the orthogonal system {exp (i27r\k), k =0,1,2...}, hence
we treat £ as the frequency and CAg = fy is the value of the spectrum at ¢. Since Py (cos0) = 1,
the variance EX (L)2 is broken up into the sum of spectra therefore we have the analysis of
variance. The inversion

Co= [ C(cosv) Py (cosy)Q(dL),
Sa

is also valid. The stochastic process X (L) itself has spectral representation (Il also in terms
of spherical harmonics Y,;” with complex values, detailed account for spherical harmonics Y™
is found in [VMKSS], [SWTI]. For a given X (L) we have the inversion

Z5" = XLy ( )2 (dL) .
Sa
The orthogonal random 'measure’ Z;" is a triangular array for each fix £; m = —¢, —{ +
1...,4—1,¢, i.e. rows contain 2¢+1, i.i.d Gaussian random variables, EZ;* = 0, EZ;"Z}'* =

fe0¢,10m n. The reason that f; does not depend on m, is the Funk-Hecke formula (2], see
[Yad83], I.5., [Jon63].

The Co (L1 - Lo) is strictly positive definite if all fy is > 0, and only finitely many are zero
([Sch97], [Sch42] ).

Example 2 Matérn Class of Covariance Functions [Mat86l], [SG05] Suppose one has a co-
variance function on the real line then its restriction to [0,7| gives a covariance function
Co (7), on the sphere Sg, Cy (y) = C (cos7), for instance

1 14
Co(y) = P <0—;> 2K, (Vy), 9 >0, v >0,

T 20+ 1
fo= / Co () 1 Py (cosy) dy.
0 T

Where K, is the modified Bessel function of the second kind. Here the smoothness parameter
v controls the continuity, as well as ¥ controls the reqularity [GG10], [Shell). Note K, (r) ~
I'(v)(r/2)7" /2 ifr — 0, and v > 0, hence Co () /o2 is a correlation function.

Example 3 The generating function of Legendre polynomial Py is

ZPg = (1-2zz+2%)" 1/2,x€(—1,1),]z]<1



see (24]). Let 0 < z < 1, hence

1
V1 —2zcosy + 22

C(cosy) =

l

is a covariance function on cosy € [—1,1], with f; = %z . Similarly for any n > 2 we

have a covariance function

1
(1 —2zcosy + 22)¢

if0<z<1.

Example 4 From the well known series

> at 1 — a?
Pg(ﬁﬂ) = ,CEE(—l,l),|a|<1
; 20+1 (1 -2za+ a2)*?

see [Yad83], for any 0 < a < 1, we find the covariance function

1—a?
€ (cos) = ,
(1= 2acosy + a2)*/?
on [=1,1] and f, = 4na®. Similarly for n > 2, we have
1—q?
C (cosy) = .
(1 —2acos~y + a2)"?
Moreover the series
- tt 2
> Pi(z)= =In L, 0<t<1, |z <1
— t 1 —tx+ V1 — 2t + 2

see [PBMS8G, 5.10.1.4., gives a covariance function as well.
Example 5 It is known, [Bre63], [WC0Q1], that the probability density on the sphere

C (cosy) = exp (kcosy), k>0

K
47 sinh (k)
has series expansion

o0

K 20+1 |7
C (cosvy) = Snb () ; g Hﬁfum (k) Py (cosw),




where \/5-1y11/2 (k) is the modified spherical Bessel function of the first kind, [AS92], also

/ ¢
™ K
(2£ + 1) ﬂ‘[£+1/2 (Ii) ~ W

Hence C is a covariance function with spectrum

fe= smllf(m) \/?I€+1/2( )

_ Ie+1/2 (k)
Il/2 (k)

Note sinh (k) /k = \/5,.11/2 (), and

exp (a cos V) Z 20+ 1) \/2—7;1'“1/2 (a) Py (cos®)

=0

see [AS92], [PBMS6).

Example 6 For k > 0, v € [0, 7] we have

o
Z % (cosy) = exp (kcos7) Jy (ksin7y),
=0

k¢ Arx

fg:ﬁzwrl’

see [PBMB&6], hence exp (kcosy) Jo (ksiny) /exp (k) is a correlation function, where Jy de-
notes Bessel function of the first kind.

Example 7 We have a covariance function of the form

C (cosvy) = Iy <2m/cosw - 1) Iy (2%\/008’)/ + 1)
= Z —Pg cosv),

Iiz 47
(22041

fo=

see [PBMS86]. Note that Iy () is a function of 2%/4 see [AS92], hence there is no danger of
complex values. Iy (0) = 1, Iy denotes modified Bessel function of the first kind.

Example 8 Poisson formula. For a homogeneous isotropic field on R® we have the spec-
tral representation

c(r) = /0 T o) @ (),

5



of a covariance function with spectral measure ® (d\), see [Yad83], where jo is the Spherical
Bessel function of the first kind, see [AS92]. If we consider two locations L1 and Lo on the
sphere Sy with angle vy € [0, 7], then the distance r = ||L1 — Ls|| between them in term of the
angle is 2sin (v/2), and Ly - Ly = cosvy. Hence we have the covariance function on sphere
Co (cosy) = C(2sin(/2)). Cy (cos~y) defines an isotropic field on the sphere Sy with spectrum

& 1
f=2a [ () 3R @), (3)
0
where Jyi1/o denotes the Bessel function of the first kind, see [AS92).

Example 9 Lapalce-Beltrami model on So. Consider the homogeneous isotropic field X

on R3 according to the equation
(A - 02) X =0W,
where A\ = ;—;% + ;—;% + ;—;%, denotes the Laplace operator on R3. Its spectrum, see ([YadS83]),
18 )
2 A 2
S(\) = ) )‘2 = )‘17)\27)‘3 )
W= Gorparap ¥ =100l

with covariance of Matérn Class

C(r) = 1 (en)'? Ky (cr)
N (2m)3/ 2¢
where Ko is the modified Bessel (Hankel) function, see [AS92)].
Now the according to the Lapalce-Beltrami operator
L9 (. 50 L1 o
= — [ sind— _—
B sinv ov 99 ) " sin29 0p?’

we consider the stochastic model

)

(AB — 02) Xp =0Wp,
on sphere. The covariance function Cy of Xp is the restriction of the covariance function C
of X on sphere and Cy (cos~y) = C (2sin (v/2)), i.e.
1 sin (v/2)
(2%)3/2 2c
We apply the Poisson formula (3) when ® (d\) = S (X)dX, and we obtain the spectrum for
XB

Co (cosy) = K/ (2¢sin (v/2)) .

f—27r2/OOJ2 (A)l 2 X d\
‘ o TR X202 (02 1 @)
o A
= [ T2 5\ ———d),
A €+1/2( )()\2+02)2

1
(C(L+1)+2)*




3 Non-Gaussian isotropy and the angular spectrum

In a physical phenomenon the isotropic property is treated as a principle. It means that
there is no reason to make difference between directions. The corresponding property of a
stochastic field is that the finite dimensional distributions remain unchanged after rotating
the space.

3.1 Isotropy on sphere

Definition 10 A stochastic field X (L) on the unit sphere Sy is isotropic (in strict sense) if
all finite dimensional distributions of {X (L), L € Sa} are invariant under the rotation g for
every g € SO (3).

From now on we do not assume Gaussianity. But, for the simplicity, we suppose the
existence of moments and that those determine the distribution as well. The general form of
a mean square continuous field is given in terms of spherical harmonics

o) 12
X(L)y=) > Z" (L), (4)

{=0 m=—¢

where {Z)"; 0 =0,1,...; m=—¢,1—¢,...,—1,0,1,...,¢ — 1,¢} is a triangular array, in the
row £ we have 2/+1 elements. Notice that YOO =1, put Zg = u, otherwise EZ;" = 0, therefore
EX (L) = u, and the convergence is valid in mean square sense [Leo99]. This development
follows also from the stochastic Peter-Weyl Theorem, see [MP11] for details.

In case the m!* order cumulants of X are invariant under the rotation g for every g €
SO (3) then it will be called isotropic in m* order. Naturally a strictly isotropic field with
mt" order moments is isotropic in m** order.

We list here some properties which follows from isotropy, see [BM07] for details,

1. The distribution of both Re Z;" 2 Im Z;» and Re Z;" /Im Z}* are Cauchy.
2. Marginal distribution of both Re Z;* and Im Z;* are always symmetric

3. For fixed ¢, Z;", m =0,1,...,¢ — 1,/ are independent iff they are Gaussian.

Now, let us consider a rotation g € SO (3), it is known that the spherical harmonics Y,
at the rotated location are given in terms of the Wigner D-matrix, see [I8 Appendix [Bl, more
precisely

VA
Mg Y (L) =" DY) (9 YF (L)
k=—¢



where A (g) denotes the operator according to the rotation g, A(g) Y} (L) = Y} (¢7'L).
Hence the rotated field has the following form

The isotropy assumption is equivalent to that the distribution of the variable

Z ka )2, (5)

m=—/

is the same as the one of Zé“. This statement will be used frequently below.
In matrix form

2, (g) = DY (9) Zs,

T 0,0
where Z, = <Z£_£7 Zz_”l, ey Zf) , DO = <D,(f1)n) . (the dependence on g will be omit-

ted unless it is necessary). This equation provides an equation for the cumulant functions
<1>£Z (log of the characteristic function) as well, in case of isotropy, for each rotation g we have

@Y (wy) = % (w0 (9)),

where wy, = (W_g,w_g41,...,we—1,wyp). Hence the distribution of Z; should be rotationally
invariant on R, For instance the covariance matrix Cz (¢1,02) = Cov (Zy,, Zs,) commutes
with D¢ since D) is unitary and Cy (01,49) = DW)*c, (01,02) DW)_ If ¢; = ¢y = ¢, the
only matrix which commutes with D (g), for any g € SO (3) is constant times unit matrix.

Assume for a moment that Cumsy (ZZ,ZZL) does depend on /1, k, 5, m, then we show
below that from the isotropy Cumsg (Zé“ ,Zm*) 0ty 650k, m fe,, follows. Hence we should
restrict ourselves on an uncorrelated generating array Z;°, with EZ"Z™ = 04 10m, nagm
Since az does not depend on m we denote it f;, moreover we shall consider the field X in

the followmg form
00 )4
=D &Y (L),
=0 m=—¢

where EZ"Z]"* = 04 0mnfe. In other words it is seen that the second and higher order

structure of the generating process Z;"* inside the same degree ¢ are hiding, they are not
identifiable.
According to the angular momentum of degree £ we define the field

¢

w(L)= Y Z{Y{"(L). (6)

m=—



We shall be interested in the invariance of the distribution of u, (L) under rotations as well.
If the location is fixed then uy (L) is connected to the distribution of Zé“ directly, since the

Condon and Shortley phase convention zi—ilD%?o (9) = Y™ (9, ¢), where the rotation g

given in Euler coordinates (7,4, ¢), provides

1
20 +1 D% m
ue (L) =4/ == 3 D (1.9.9) 27",
m=—/

where the notation * defined as the transpose and conjugate for a matrix and just conjugate
for a scalar. Observe that 7 here is arbitrary. Our main interest is the comparison of the finite
dimensional distributions of the field uy (L) to the rotated one. In case a rotation carries the
location L to the North pole IV, uy simplifies

[20 +1
ug (N) = g zy.

X(L)=) uc(L).
£=0

Rewrite X into the form

We consider a real valued X (L), therefore Z;™* g (=)™ Z,™, since Y™ (L)* = (—1)"Y, ™ (L).
Moreover if we reflect the location to the center then from Y, (-L) = (-1)* Y™ (L) follows

0o 0

X(-L)=) > (-1 Y (L). (7)

£=0 m=—¢

Therefore we have the following

Remark 11 Since the parity uy (—L) = (=1) ug (L) is valid, it implies that under assump-
tion of isotropy

Cumy, (ug, (L1) ... g, (Ly)) = (=124 Cumy, (ug, (1) ... ug, (Lp))

hence for p > 2 the sum L, = {1 + o + --- + £, must be even.

3.1.1 Second order Isotropy

Consider the second order cumulants of Zé“, defined in (Hl),

4,02
Cum, (28, 212) = Y. DD Cumy (27, 2,
p,g=—L1,l2
4,02
l —p*
= Y D) (-1 D) Cum, (7,7, ).
p,q=—Ll1,l2



Now assume isotropy, Cums (ZZ, Zg) = Cumy (ZZ, Zg) and integrate both sides over the
sphere according to the invariant Haar measure, we have

£y,l2

801 056 —p bt (—1)F .
Cum (74, 2) =y Ptetpatoten O cuny (7,2

p,q=—41,2

m £
Ok (D)™ O

5 a7
p=—01

= 00, 020—k,m (—1)" Ca (41)

where
1 a
_ —px P
Cy (0) = 2 1 E g Cumy <Z£1 ’Zh) :
p=—01

Hence Cumy (ZZ’ ZZ*) = 00, 0,0k,m fo,, €. the series Zé“ is uncorrelated.
If the series Zé“ is uncorrelated then

£1,02
Cumy (2f.25) = >_ Dy D Cumy (27, 2,)
P,q=—L1,02

=0, Y DD (1) Cumg (2,77, 7

1) *
=00, Y DT DI (<)% 6, o,
= 00y,050—km (—1)" fo

since DY) is unitary, hence Cumsy <ZZ,Z[2"L*> = 0, 0,0—k,mfe, = Cumy <Zé“1, ZZQm*>

k,m

Lemma 12 The field X (L) is isotropic in second order iff the triangular series Zé“ s un-
correlated with variance fy.

We conclude that a field X (L) with Gaussian ii.d. Z}" is strictly isotropic. It follows

10



from the isotropy that wy, and ug,with different degrees ¢; and {2 are uncorrelated, and

14
Cumy (ug (L1) ug (L)) = Y Cumg (Z]™, Z]"*) Y™ (L1) Y™ (Ly)

m1,mo=—/

14
= DAY (L)Y (L) ()™

mo=—/
4
=fo > YD) Y™ (L)
mo=—/

204+ 1
= Py (Ly-L
g fePe (L1 - La),

by the addition formula see (42). In particular Var (uy (L)) = Qi—il fe. Instead of the addition
formula one arrives to the same result if applies the isotropy for Cumy (ug (L1) ,us (L2)). Ro-
tate the locations L1 and Lsg such that Lo becomes the North pole N and at the same
time L; belongs to the plane xOz. This rotation will be denoted by gr,r,. We have

Cumy (ug (L1) ,ug (L2)) = Cumsa (ug (gr,1,L1) s ue (N)), since ug (N) = 1/ ZELZ9 and
Y (0,) =/ 2E Pr (cos D),

20+ 1
Cumy (ug (L1) ,ue (L2)) = Cumy (W (9221, L) \f = Z?)
20+ 1 [20+1
= Cumy ( e Py (gr,r,L1-N) ZP, o Z?)

_2£+1
 4n

JePy(Ly - Lo).

3.2 Spectrum

Consider the covariance function Co (L1, L) = E (X (L1) — p) (X (Lg) — p) for an isotropic
field. Let the rotation gr,r, be the one which takes the location Lo into the North pole
N, and L; into the plane xOz. The Euler coordinates of gr,r,L1 is the co-latitude an-
gle ¥ and 0,since the rotation does not change the angle ¥ between L; and Lo, such that
cos¥ = Lj - Ly. Under isotropy assumption the joint distribution of X (L;) and X (L2)
equals to the joint distribution of X (N) and X (g7,1,L1), i.e. X (N) and X (9,0) con-
tain all pairwise information. In other words the covariance of an isotropic field depends
on ¥ only, Cumy (X (L1),X (L2)) = Cov (X (L1),X (L2)) = C2(9r,1,L1,N), necessarily

11



CQ (Ll, Lg) = CQ (Ll . L2) = C (COS 79) Now

S PR

=0 m=—¢

o) 14
- Z Z 5m70,/2€4; 125“

=0 m=—¢

o0
120 +1
+ Zg,
47

=0

and
00 V4

X(groraLn) =Y Y Y™ (9o, 1) Z7,
=0 m=—¢

We have Cums (Z?, Z,’:) = 0p,100,n f¢, hence

> [20 +1
Co (L17L2) = Z ff A YZO (gLQLlLl)
=0

> L 20+1
:ng s Py (cos).
s 4

Similarly to the time series setup the covariance Cy(Lq, L2) is expanded in terms of an
orthonormed system %‘;IP@ (cos ) with coefficients fy. In particular the variance Var (X (L))
is split up into the superposition of f,’s. Hence Ss (¢) = f; is called spectrum of the field
X (L) according to the frequency /.

4 Bispectrum

If the field X (L) is non-Gaussian then the first characteristic after the second order moments
to be considered is the third order cumulant, referred to bicovariance or 3-point covariance
also since it is the third order central moment. The corresponding quantity in frequency
domain is the bispectrum. Similarly to the spectrum when the covariance (second order
cumulant)

2
Cums (X (L1), Z fe 6 Pg cos ),

is split up to the superposition of some orthogonal system of functions and the coefficients are
called spectrum. We see that the orthogonal and normed system is the Legendre polynomial
system {Qi—ing} and the spectrum Ss (¢) = f; corresponds to the frequency ¢. We put a
similar question for the higher order angular spectra as well. Namely, under assumption
of isotropy of the m! order cumulant we consider the series expansion according to an

12



orthonormed system and the coefficients will be called m** order spectrum. The Wigner 3j

symbols
b by A3
mi1 Mg M3

will be intensively used from now on, see Appendix [B], It depends on the quantum
numbers £1, fo, f3 called degrees and orders my,mo, ms.

4.1 Isotropy in third order

The rotation applied to he triangular array Z;* shows the necessary and sufficient condition
for the third order isotropy.

Lemma 13 The field X (L) is isotropic in third order iff the bicovariance
Cumg (ZZ“,ZZLQ, ZZLS) of the triangular series Z;* has the form

G byl

Cums (Zg?l,ng,Z;gS) = <m1 . m3> Bs (01,45, 03), (8)

with

b by ¥
By (tr,00,05) = 3 (zé v {;) Cumg (7,212, 7).
k1,k2,k3

See Appendix [C for the proof. Note here that Cums (ZZ“, Zp2, ZZP’) =0, if my +mo +
mg # 0, that is not all the possible bicovariances come into the picture, moreover the cumu-
lants are depending on the orders mq, mg, m3 through the Wigner 3j symbols only. In other
words the third order probabilistic property inside a fixed quantum number ¢ does not show
up. The function Bj of the frequencies is an average of the cumulants Cumg <ZZI, ZZ 2 ZZ”)
by ’'probability’ amplitudes, hence it is called as ’angle average bispectrum’, we shall turn

back to the notion of the bispectrum later in this section.
Notice first that the quantity

<€1 by U3

mi1 Mg Mg

) Bsg (@1,52,53), (9)

is symmetric in 1, {3, {3, see Appendix [C] proof [Cl Moreover Bs (¢1,/2,/¢3) is symmetric in
01,49, 03 as well, since by parity transformation (7l) ¢1 + ¢2 + ¢35 must be even, the coefficients

SRR r mmetri 11
ki ke ks are sy etric as well.

From now on we fix the order of {1, {5, {3 such that /1 < /ly < {3.

13



Now we turn to the angular momentum field uy. First observe

Cum (ug, (L) g, (L) gy (Ls)) = S0 Y/ (L) Y (La) Y (L) Cum  Z7737)

mi,m2,m3

= Y YM(L)Y, (LQ)Ym?’(L)(

mi,m2,ms3

me) X (08 v ) Y (L),

mp mz ms3

by by U3
mp m2 Mms3

>Bg (01, 42,03)

mi,m2,ms3

This last expression is invariant under both the rotation of L;’s and ordering of /1, /5, /3. The
3-product of spherical harmonics Y,",

mp m2 ms3

~ Gl Ll om s
Loy tots (L1, Lo, Ly) = ) (1 y 3>Yz:<Ll>Yg2 (L2) Y7 (Ls)

mi,m2,ms3

is rotational invariant, see Appendix ([B2)), therefore without any loss of generality we apply
the rotation gr,r, which takes the location L3 into the North pole N and at the same time
takes Lo into the zOx- plane

Cumg (ug, (L1) , ue, (L2) uég (L3)) = Cums (ugy (9rsr, L), uey (grsry L2) s ues (N))
{1 Ay €3>

mi1 Mgy 0

IS5 63)

mi1 Mgy 0

St S° S Y (gL Y (9101220 Y2 () (

my=—L1 ma=—/{3

205 + 1 . .
GRS nll(gLaLle)%Q(gLstLz)(

47
mi,ma

The third order cumulants of u, contains an orthonormed system of functions

Iy, 0505 (L1, Lo, L) = Ip, 0505 (9151511, 9Ls10 L2, N)

/2@ +1 m m
e Z ( 2 ) Y ! (9L3L2L1) YVb 2 (9L3L2L2) .

In this way Iy, ¢,.0, (L1, L2, L3) is connected to the bipolar spherical harmonics, i.e. to the
irreducible tensor products of the spherical harmonics with different arguments, [VMKSS].

Vi (L) 9 (Lol = (1O T S0 (12 )y (L) v (1)

14



Rewrite Iy, ¢, s, in terms of Euler angles

z'-51,52,53 (1917 P1, 792 = 151752,53 gL3L2L17gL3L2L27 N)

203+ 1 .
\/T Z < . o>Y L0100 Y™ (02,0)
203+ 1 1l L3 it < m .
:\/77”127”2 <m1 mo 0 (_1) 1}/[11(1917801)}/221 (792,0)

According to the usual measure Q (dLq) Q (dLy) = sin¥1dd1dp; sin 9addedps on ¥ € [0, 7],
¢ € [0,2r], we have

| ¥ 0.0 Y 0,008 = 8i56m
So

hence

// Izl,€27£31j1,j27j39 (dLl) Q (dLQ) = 5€1,j15f27j25€3,j3’

since

2
6 by L
(23 +1) ) <m11 m22 6*) = 1.

mi,m2

The third order cumulants of w, simplifies
Cums (ug, (L1),up, (L2),wey (L3)) = Bs (01,02, 03) Ly, 4,05 (V1,01,72) .
If we denote it by
Cumg (ug, (L1),ue, (L2),uey (L3)) = Cupy .05 (91, 01,792) 5

then we have the inversion formula
// Cujr jogs (01,01,92) Lpy .05 (01, 01,02) Q@ (dL1) Q (dLo)

= 001,51002,52005,53 B3 (€1, 02, l3) .

4.2 Bispectrum of isotropic fields on sphere

The use of the bispectrum for detecting non-Gaussianity and nonlinearity is well known in
time series analysis [SRG84], [Hin82] [TMO9S], the similar question has been put and stud-
ied for CMB analysis see [Mar04], [AHI2| and references therein. The asymptotics of the
bispectrum has a long history started by [RvN65|, the asymptotic distribution of angular
bispectrum when the degrees are increasing is considered by [Mar06], [Mar08].
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Start with the general case Cums (X (L1), X (La), X (L3)). The value of the bicovariance
does not change under the rotation gr.,r,

Cumg (X (L1), X (L2),X (L3)) = Camgs (X (9rs1,L1) s X (9r51,L2) , X (N))
= Cumg (X (91, 1), X (92,0), X (N)),

the spherical coordinates of the locations gr,r,L1 = (V1,91), 9rsr,L2 = (U2,0) are defined
by the locations Lj, Lo, L3 as follows: gr,r,La - N = L9 - L3 = cos¥2, grsr,L1 - N =
Ly - Ly = cos?y. These angles (¥1,¢1,72) define uniquely, up to rotations, the trian-
gle given by locations Lj, Lo, Ls. In general the bicovariance is written Cs (¢, p1,1%2) =
Cumg (X (Y1, 1), X (U2,0),X (N)), i.e. it depends on a location L (92,0) from the main
circle (p2 = 0) and a general location Lo = Lg (Y1, ¢1).

Cum3 (X X (Lg))
25+ 1 =
Z ; > Cumg (Zm1 2}227233) Y (9ns1, L) Yo (9r51, Lo)
51,52753 WL1—*51 mo=—/{3
= Z Bs (01,02,03) Ly, 0y 05 (V1,01,72). (10)
£1,02,63=0

This series expansion of Cums (X (L1),X (L2),X (L3)) implies the following definition
Definition 14 The bispectrum of the isotropic field X (L) is

S3 (01,03,03) = Bs (1,02,03),
and the bicoherence of X (L) is

Sz (01,42, 43) _ B3 (b, 65, 03)
V/S2 (£1) Sa (£2) Sa (¢3) Ve fefe,
Theorem 15 The bicovariances Cumg (X (L1), X (La), X (L3)) of the isotropic field X (L)

have the series expansion (I0) in terms of the bispectrum Bs ({1,02,¢3) and orthonormed
system Ly, 4, ¢,, hence

Bs (1,02,03) = / Cumg (X (J1, 1), X (92,0) , X (N)) Zpy 0,05 (91, 01,92) Q (dL1) Q2 (dL2) .
Sa

4.2.1 Particular cases

For any locations L; and L we have

20, +1 (41 £y £
Cumg (U,gl (Ll) y gy (L) y Ups (L)) = H an (01 02 g) B3 (61, 52, 53) Pgl (COS L- Ll) s

i

16



from this readily follows

oo 3 ]
Cumy (X (L1), X (L), X (L) = ) H\/@(EO1 % %)

ly,02,03=01=1
X Bg (61,62,&3) Pgl (COSL : Ll) .

In particular, according to the Condon and Shortley phase convention, we have for any
location L the third order central moment

4ar 0 0 O
and the third order cumulant (central moment) Cums (X (L), X (L), X (L)) of X (L) is
Cumg (X (L), X (L), X (L)) = Cums (X (N), X (N), X (N))

- 20; + 1
— Z Cum3 (Zgl’Zgg’Zlgﬁl) H\/%

20, +1 (4; 0y ¢
Cumg (uél (L) y Uiy (L) y Ueg (L)) = H < . 2 3> Bs (61762763) s

£1,42,¢3=0

> 20; +1 (41 4o /3
= > TIv p (0 o o) Bl te,ts)
£1,02,63=0

Note that the summation is taken over those 1, /2,3 when £ + fo + ¢3 = L is even and for
this case the following explicit expression is valid

(61 ly €3>:(_1)4/z [T(L—2¢)!  (£/2)!
0 0 0 L1 T1(L/2—¢;)

4.3 Linear field

First we assume that the rows of the triangle array Z;* contain independent variables. In
other words the angular momentum field u, is linear. Then for a fixed degree ¢

¢ ¢ €>B3(£’€’£)a

mi me pmz\ _
Cumg(Zz AN )—5mi:m (m o

now the selection rules apply, see Appendix Bl [I3]

mi ma om AN
Cumg (Z;", Z]"*, Z]™) = Sm;=mOm=0 (0 0 0> B3 (¢,4,1).

Hence the only nonzero third order cumulant might be Cumsg (Z?,Z?,Z?). Further the
bispectrum

.
By(t.6,0) =% <k 5 k> Cums (Zf, zk, Zf)
k

00
:<0 0 0> Cumg (27, 2, 7)) ,

17



therefore
A

2
0 0 0) Cumg (27, 2, Zy) .

Cumgs (23, 23, 2y) = (
We conclude from this that from the isotropy and independence follows Cums (Z;", Z;"*, Z}") =
0. Moreover if all the members of the triangle array Z;" are independent then
Cums (X (L1),X (L2),X (L3)) = 0. Third order cumulants vanish for instance when the
distribution is Gaussian, or symmetric, etc.

4.4 Symmetries of the bispectrum

The cumulants Cums (X (L1), X (L2), X (Ls)) according to different locations L, Ls and Ls
are defined by the spherical triangle with vertices L1, Ly and L3. The efficiency of computa-
tions and avoiding the redundancy in statistical procedures require to determine the principal
domains. The principal domain for the bispectrum according to the frequencies ¢1, s, f3 is
the following

1. 41,45, /3 is monotone: {1 < £y < /3,
2. 01 + £ + £3 is even, see Remark [I1]

3. {1, 0y, 05 fulfils the triangular inequality |¢; — lo| < lg < £y + Lo,
4. Cumgs <ZZI,ZZQ,ZZ3> = 0, unless my + mo + m3 = 0.

Similarly the principal domain for the bicovariance according to the locations (L1, Lo, L3)
is {(V1, ¢1,92) |91 € [0,7],p2 € [0,7] ,92 € [0, 7] }. We apply the following notation of these
angles costy = Lo - L3, cos¥9 = Ly - Ls, and g = ¢3 is the surface angle at Ls. The third
central angle is given by cos®¥s = L; - Ly. The surface angle ¢3 can be calculated for instance
from the cosine formula

cos 3 = cos 1 cos Jo + sin ¥ sin Ja cos po.

5 Trispectrum

5.1 Isotropy in fourth order

In the papers [Hu01], [KKO06] for instance, the notion of trispectrum is used for the coefficients
of the series expansion of the fourth order moments. Naturally, because of the expression of
the moment via cumulants (2I]) it contains terms which correspond to the Gaussian part of
the field. This is one of the reasons that the time series analysis considers the series expansion
of cumulants instead of moments and reserve the notion of trispectrum for this case only, see
[Bri65], [MH95]. The cumulants up to third order equal to the central moments, but it is not
so for higher order, see Appendix [Al Cumulants are very useful, for instance they measure
the distance of a distribution from the Gaussian one.

18



Lemma 16 The field X (L) is isotropic in fourth order iff the cumulant
Cumy (ZZ“,ZZLQ, Zye, ZZ“) of the triangular array Z}" has the form

m m m, m m! 61 62 61 61 63 64
Cumy (Zgll,Z€22,Z€33,Z€44) = Z (-1) <m1 . m1> (—ml ms My

/1 ml
x /201 + 1Ty (51,62,@3,@4‘@1) (11)

1:

where m —mq — mao.

See the Appendix [Dl for the proof. The function T} (fl, U, U3, L] 51) has the form

0ty 0 AN 2
nln ) <V X o (e G) (G k)

k3 ky
k1,k2,k3,ka,k!

k k k k
x Cumy (251, 22, 250, 2} ) (12)

where k! = —k; — ks.
We notice here, the (I2) shows that the cumulants of Z;* and the function
Ty (61,62, U3, 4y 61) define each other uniquely.

Remark 17 If we assume that Ty (61,62,63,€4|€1) 18 known for {1 < ly < 3 < L4, then the

cumulants Cumy (ZZ“,ZZLQ, Zy2, ZZ“) are given for any (€1,02,03,44).

Vice versa Ty (61,62,63,64]61) can be calculated for any (€1, 02, 03,04) by (I3).

The sum in (I2]) works for ky, ko, k3, k4 and k' = ky+ky = —ks—ky4. Hence the summation
contains those k,,’s when equation k1 + ko + k3 + k4 = 0, fulfils. Similarly
Cumy (ZZ“,ZZLQ, zpe, ZZ“) =0, if m1 + mgo + m3 + my # 0. The triangular inequality for
01,02, 0" and 3, 4,, ¢ suggests that the 'quadrilateral’ with edges (¢1, s, {3, £4) consists of two
triangles #1, 0o, ¢! and ¢3,0,,¢'. The cumulants are invariant of the order of their variables
therefore this should be true for the other diagonal as well 4, ¢1, ¢ and £, {3, £. Actually since
the left hand side of (IIJ) is symmetric in ¢1, £, £3, ¢4, the right hand side does not depend of
the choice of the diagonal.

Note that parity transformation (7)) implies that ¢; + ¢5 4+ ¢3 + ¢4 must be even and we
turn to the field u,, see 6l

Cumy (ug, (L1) ,ug, (L2),ue, (Ls) ,ug, (La))

4
=3 TIv" () Cumy <ZZ“, 7z, 75, ZZ“)

mi:4 j=1
4
m; ISR o A PR
= > Tu(bito s ba ) V20 + 1) TTY (L) <mll mé _m1> <m1 nfs m44>
/1 mt mi.4 j=1
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The cumulant in the left hand side is symmetric in 1, £, {3, £4, and invariant under rotation.
The function

4
Ipy g 05,0000 (L1, Loy Ly, Ly) = /200 + 1 Z H Ysz (L;)

mi,...mq,ml j=1

% 61 62 61 51 63 64
my my —m? mt ms mg)’

is invariant under the rotation, since if we apply a rotation g on each L;, then we can use
Lemma P7] Appendix to show that the right hand side does not change. Therefore we apply
the rotation gr,r,, which takes the location L4 to the North pole and at the same time takes
L3 into the plane Oz,

Cumy (ug, (L1) ,ue, (L2) ,uey (L3) ,ue, (Lg))
= Cumy (wy (9rsns L), we, (ryrsLla) e (9LsnsLs) , ue, (N))

- DTttt 1) VRO
61 52 61 61 63 64
X Z HY (9Las L )<m1 mo —m1> (ml mg 0)’

m1,m2,mz,m! j=1

we have

Cumy (ug, (L1) ,up, (L2), ugs (L3) ,ug, (La))

= ZT4 (fl,fg,f3,€4| 61) 121,22,53,24,51 (01,02, V3, 01, 92)
o1

where the function Zy, 4, 4, ¢, o1 is given by

3
204 +1 M
(20 +1) > TV (grarsLy)

m1:37m1 jzl
51 62 51 51 63 64
1 M9 m m ms
Actually Zy, 4, 450,00 18 the rotated version of 1:;1,327@3,54751, it corresponds to the tripolar
spherical harmonics defined as irreducible tensor products of the spherical harmonics with
different arguments [VMKSS], p.160. We define the spherical coordinates (¢, 42,73, p1, v2)

as follows gr,1,Ls = (U3,0), gr.r,L; = (V;,¢;), j = 1,2. Note the orthonormality of the
system according to the measure H2:1Q(de) = szl sin O dVpdey, U € 0,7, or €

[0,27], i.e
///151,62,23,64,21 91,72533,54,02 HQ dLy) = épn 22 H Oty x>

k=1:4

Tyy 09,050,010 (V1,92,93, 01, 02) = \/
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since collecting the coefficients after integration, we have

AN A 0 by N\
2+1) 3 <m1 b g) (20 +1) Y <m11 s _m2> Y

ml,mg m1,ma,m?

The expression for the Cumy (X (L1),X (L2),X (L3), X (Lg)) = C4 (V1,02,93, 01, ¢2) is
straightforward

[e.9]

Cy (791779277937‘1017902) = Z Cumy (ufl (L1)7"'7u54 (L4))
01 ,02,03,64=0
o
= Z ZT4 (01,02, 03,4 0Y) Tg, 4y 050000 (L1, ... La) . (13)
£1,...,04=0 ¢1

Definition 18 The trispectrum of the isotropic field X (L) is given by
Sy (01,00, 03,04] €") =Ty (L1, 02,03, 04] €") .

Theorem 19 The fourth order cumulant Cumy (X (L1),X (L2), X (L3), X (L4)) of the isotropic
field X (L) have the series expansion (I3) in terms of the trispectrum Sy ({1, 02,03, 04| ) and
orthonormed system Ly, 4, ¢, ¢, 01, hence

3
Sy (01,09, 05, 04) ") = // Ca (01,92,93,01,92) Ly, 45 05,0500 (V1,72,7U3, 01, p2) H Q(dLy) .
So k=1

In particular, we have formulae for the marginal fourth order cumulants

- 205 + 1 by by 0
Cumy (X (L1), X (L2) , X (L), X (L)) = > = Z(S’ N 0)
ly,02,03,04=0 o

x Ty (01,02, 03,04 1) Ty, 4y 1 (91, 01,2)

o by )

M (s
0><0 0 0>P’51(L'L1)

00 20; +1 1 n 0y 0y (1 0ol
= > (175 ZT4(f1,62,63,e4|e)M<0 o ) (0t ),
l1,02,03,04=0 \ j=1 2
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5.2 Linear field

If the triangular array Z;" contains independent variables, i.e. the angular momentum field
uyg is linear. Then for a fixed degree £

m m m, m gl €2 El El €3 €4
Cumy (2", 2%, 2", Z)") = Om,=m Z <m1 mo m1> <—m1 mg  my
£, ml
X (—=1)™ V200 1Ty (£,0,0,0]0Y)

1 1

from the selection rules follows m* = — (my +mgy) = —2m, m
m; = 0. Now for similar reason

1 1
Ty (6,0,0,6)0%) = /201 +1Cumy (29, 29, 29, 79) (f £t ) <€ ¢ f).

= mg + myg = 2m, therefore

00 0 0 00
The only nonzero cumulants are

0 40 70 40 et (AN AN 0 40 70 40
Cum4(Z£,Z£,Z£,Z£):Z 2€1+1 Cum4(ZZ,Z€,Z£,Z£),
At

0 0 O 0 00

hence for an isotropic linear field w, Cumy (2", 2", Z;", Z;") = 0, for all £ and m;. If
additionally the series of uy is independent then Cumy (X (L1),X (L2),X (L3), X (Lg)) =0
follows.

6 Higher order spectra for isotropic fields

The generalization of the bispectrum and trispectrum is possible for arbitrary higher order
IMP10], [MP11]. If the bispectrum and trispectrum are zero then the field can not be Gaus-
sian, in case all polyspectra, except the second order one, are zero then the isotropic field is
necessary Gaussian. First we show that the characterization of the isotropy in p** order can
be given similarly to the previous cases.

Lemma 20 The field
9] )4
X(L)y=) > Z""(L),
=0 m=—¢

is isotropic in p'" order (p > 3) iff the cumulant Cum, (ZZL1 s Ly ,ZZ") of the triangular

array Z;" has the form

p—3 1
mi m mp\ =P 3me o loya 07T
Cum,, <Z&1,Z£22,...,ngp> _ ) Z,;, 3 (—1)%a=1 HO (—m“ et (14)
AP a=
1

p—3
< [] V2te +1S, (01, 6| ¢, .0773)
a=1
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where (0 = (1, (P72 = Ly, B = —ky, kP2 = kp, m? = —my, mP=2 = my. The function
Sp (61, S A ,Ep_?’) has the form

p—3
. B P—31a A Ea ga—f—l
Sp (b, gl 00y = 3T ()Tt ] (-ka 2 kaH) (15)

ka+2

p—3
x [ V26 + 1 Cum, (zgjl, 7z, Zj;) .
a=1

See the Appendix [El for the proof. Consider a convex polygon with vertices Aj.,—1, and
edges f1.p. The diagonals denoted by 0,5 =1,2,...,p— 3, starting from the vertex A;
divide this polygon into p — 2 triangles. The first triangle has sides (angular mometum) /1,
5 and ¢!, the next one has sides ¢!, ¢3 and ¢2, the general one is £%, {4 9 and ¢2+1 finally
the last one (P73, lp—1 and {,. For each a the sides of the triangle (6“,€a+2,€a+1) should
fulfil the triangle inequality {E“ —f““‘ < lgyo < 0% 4+ (%1 The coefficients in (I4]) will
differ from zero if orders —m®, mg 2, m®*!, fulfil the assumption —m® + mg4o +mott =0,
for all . This implies mi + mo = —m!, mg +m?> =m!, ..., mpy—1 +my = mP~3. Let us
plug in consecutively m® and we shall arrive to the result mi +mo + --- +m, = 0. Hence

Cum,, (ZZLl,ZZLQ,...,ZZ") =0, unless my +ma +--- +m, = 0.

Remark 21 The cumulant Cum,, <ZZ“, ZZQ, e ZZ”) 1s invariant under the order of the

quantum numbers £1,0a, ..., L,, hence the right hand side of (1)) is invariant as well. The
result is that the function S, (61, oyl o ,Ep*?’) given on values {1 < o < - < A, will

determine all cumulants Cum,, <ZZ“, 2y ZZP) by (14).

Repeat the representation of the field

X (L) =3 u (L),

/=0
where
V4
ue (L) =Y Y/ (L) Z"
m=—¢

We are interested in the invariance of the distribution of u, (L) under rotations. If the location
is fixed then uy (L) is connected to the distribution of ZF, since the Condon and Shortley
phase convention (36]) provides

l
(20 + 1 D% »m
m=—¢
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Our main interest is the comparison of the finite dimensional distributions of the process

ug (L) to the rotated one in case the rotation carries one location to the North pole N, since

up simplifies to

20+1
a7

ug (N) = Zy.

We have

Cumy, (ug, (L1) g, (L2) ..., ug, (L Z H Ym] ;) Cum,, (Zm1 Zp2, . ,ZZ")

mai,.. 7mp.] 1
p — a+1
DI | (G DETES S (N
1176 —m® Mgz mt
mi,...,mp j=1 g17...7g1)—3
1

XH\/QE“ 1S, (L1, | 01 0P73)
Z Iy, s (L, Lp) Sp (€1, G 6, P73
... p—3
The following p—product of spherical harmonics Y,"

p
Loy ppr,r—3 (L1, L) = Z HYgTJ (L;)

mi,...,Mp j5=1

ml,...,mP~3
spr-a T (00 layp  LoH)
(G e ) T v
a=
is rotation invariant, see (B2), here k'*?~3 denotes (k',...,kP™3) and Tk'P73 = Zp 3k] for

short. Hence we can apply the rotation 9LpLp—1 such that ngLp,le = N, and 9LpLy— Lp 1
belongs into the plane Oz, we have

20, + 1 pl
Loy g, w3 (L. . Z H YgT’ (9L,L,-1Lj)
m17 »Mp  5=1
.,mP—3
STRE oy Y /S A NN
x (—1) 11 <—m“ — ma+1> [T vae+1 <—mp3 - 0> :
a=0 a=1

According to the usual measure Hi;i Q(dLg) = Hi;i sin U dddepy, 9 € (0,7, ¢ € [0, 27],
the system of functions Iy, o1 -3 forms an orthogonal system.

24



Consider now

p—3 a a+1
o 1 p—3) _ _q)=hIime £ Loz L
Sp (b1 | .. 0P73) = ml;mp (—1)%a=1 };[()(ma T

ml,...mP=3

p—3
x [ v2fe + 1 Cum, (ZZI,ZZQ, . ,ZZ")
a=1

where remember £ = ¢y, and P~2 = {,,. The left size is symmetric in ¢4, ..., £, hence the right
size must be symmetric as well. One might fix an order for the entries of /1,...,¢, to get a
unique representation for the cumulant. We consider a monotone ordering ¢1 < o < ... </,
and refer to it as canonical representation.

Note that parity transformation (7)) implies that ¢; + ¢ + ¢3 + ... + £, must be even.

Cumy, (X (L1), X (L2), X (L3),..., X (L)) = Z Cumy, (ug, (L1),ue, (L2), ..., ug, (Lp))
£1.p=0

o
= Z Sp (Cryeo o byl O PNy o ees (L

£1:p=0
(16)

Definition 22 The pt" order polyspectrum of the isotropic field X (L) is
Sp (61, e ,Eplﬁl,...,ﬁp*:?‘) =5y (61,...,@,]61, e ,€p*3).

Theorem 23 The p'* order cumulant Cum, (X (L1),X (L2),...,X (L,)) of the isotropic
field X (L) have the series expansion ({I8)) in terms of the polyspectrum S, (61, S A ,Kp*3)
and orthonormed system Ly, o o, . -3, hence

p—1

Sp (L1, b €1 P 73) = [ [ Cp (D1p1, 01:p-38) Tay o tyjan =3 (V1p—1, P1ip—3) HQ(de).

k=1

6.1 Linear field

Let us consider the particular case when Z;* are independent if £ is fixed. We have

_ p—3 a a+1
Cumy, (Z,", Z]2,...,Z,"") = Opmy=m Z (_1)Z§:?m“ H < 14 1 Tl;ﬂﬂ)

0 s vty —m?* Mgt
mb,...,mpP~3
p—3
x Sy (0.3 T Ve + 1.
a=1
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We have seen that for p = 3,4, all m; = 0 follows. Let us see the case p = 5,

¢ o A 2 ¢ v
mi:2 ml —ml ms m2 —m2 my4 Mg

then from the selection rules follows that m! = — (my +mg) = —2m, m? = m! —m3z = —3m,
m? = my + ms = 2m, hence m = 0. In general it is easy to see that m* = — (k + 1) m, for
k=1,2,...,p—3, and at the same time m?~3 = 2m, hence m = 0, and m? = 0 as well.

Consider the polyspectrum

~ ipe p—3 a a+1
Sp (£|€1:p73) = Z (_1)21614) ’ H (_gka kiQ £a+1> H V20e + Cump< klp) )
ki,...kp a=0 a

kL. kP8

from the independence follows that ¢; = ¢ and k; = k, for j = 1,2,...,p. Hence similar
argument to the previous one leads to the result: k; = 0, and k7 = 0 as well. We have

< e g e
Sy (€] €"P3) :H< )H\/w 1Cumy, (29, 2),...,72)).

0 0
a=0

Now, by the Lemma 20 we get

ey €a+1 2p-3
Cumy, (20, 20,...,20) = > H( >H\/zea 1Cum, (20, 29,...,2)).

... p—3a=0

k .
Hence Cum,, (ZZI, Zf;, ceey Zd’) = 0, for all k;. Now we have a general conclusion because

the only case when all cumulants vanish except the second order one is the Gaussian. Once
the rows of {Z}"} are Gaussian then all the entries of {Z]"} are independent. Indeed the
isotropy implies that all the entries of {Z;"} are uncorraleted now they are Gaussian hence
they are independent.

Lemma 24 If the isotropic field X (L) is linear, i.e. inside the rows of the generating array
Z;" all random variables are independent, then the whole array contains independent entries
and X (L) is Gaussian.

7 Construction of isotropic field

The stochastic isotropic field

00 4

(Ly= > 2" (L),

=0 m=—¢
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on sphere has very special angular spectra, in particular the form of the cumulants of the
triangular array {Z;"} is restricted, see (I4). If one starts with a non-Gaussian continuous
in mean square X (L) then the triangular array {Z;"} is naturally given by the inversion
formula

Zgﬂ = X(L)Y *(L) dL.
Sa

Now, we address the reverse question of construction of a triangular array {Z;"} with the

desired properties of their cumulants. Let us start with triangular array {Z;’L}, assume it is

uncorrelated and all moments exist. Consider the vectors Zg = [Z v g, Z v ”1, ... ,Zf] , A=

0,1,2,..., according to the rows of {Z;” } The finite dimensional distribution is characterized

by its cumulant function (logarithm of the characteristic function)

@z (we|£=0,1,2,...) = InEexp (iZw;ng> )

such that only finite many coordinates of the variables (w[£=0,1,2,...) are different from
zero. Consider the transformed series Zg = D(K)Zg where DO is the Wigner matrix of

rotations D) = [D,ffznh , and define a triangular array {Z;"} through the cumulant

)

Z(wdsz,l,Q,...)z/ In Eexp w) D
50(3) Z ¢

where again only finite many coordinates of the variables (wg\ ¢=0,1,2,...) are different from
zero and dg = sin 9dydpdy/87?%, is the Haar measure with unite mass. This new triangular

array {Z;"} will be called Wigner D-transform of {Zg”} The third order cumulants of Z;"

for instance

function

Cumg (2}, 282, 2)% ) / Dy DA Di g Cumg (27, 272, 77 )
SO(@3

kl m1"" ka,m2 k3 ms
m17m2,m3

_ 1 52 53 51 52 53 m1 Sma Sma
_<k1 ko k3> Z <m1 mo m3> Cumg (Zﬁl ’Z€2 ’Z >

mi,m2,ms3

(bl 43
= <k1 o k3> Bs (¢1,02,03),

which fulfils (§)). The function Bs ({1, {3, ¢3) is given by

Bs (01,09, 03) = Z (:;Lll :;32 Tﬁ?’?’) Cums (Zm1 Z;;LQ,Z"LS),
mi,m2,m3

and also

6oty o T
By (f1,ba,05) = <m11 il Trj’g)Cumg(Zzll,ZbQ,Z ).
mi,m2,ms3
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The conclusion is that a subset of cumulants Cums (ZZ“ 2y ZV;:S), ie. my+mao+ms3=0,
is used in the construction and the superposition with 'probability’ amplitudes is applied. In
general we also have

p—3
3,0 0 Al 0
Cum. (Zml,Z’”?,...,Zmp) = _1)Zamm < a+
P 01 lo Ly , Zl;p_?) ( ) E —m? Mag+42 ma+1
mb,.mP=3
p—3
x 200 + 18, (L1p] £1P73)
a=1

where

p—3
- 3 4 (@ 0, (ot
Sp (L1p] £9773) = Z (—1)Te=t H <_ma m:Q ma+1>

m1,..,Mp a=0
ml,...,mp~3

p—3
x [] vaer+1cum, (20,22, 7).
a=1

A Cumulants

A.1 Basic properties

Cumulants (also called invariants) are very important quantities for the characterization of
a random series, see [RST06] for some details. Moments and cumulants are equvivalent,
since the moments can be defined as the coefficients in the series expansion of the charac-
teristic function similarly cumulants are the coefficients in the series expansion of the log-
characteristic function. The main importance of the cumulants is that it does not contain
the Gaussian part of the moments. Let X € R™ denote a random vector.

A.1.1 Symmetry
Cum(X) = Cum(X,y.,), X € R",
where p(1:n) = (p(1),p(2),...,p(n)), p € Px and P, denotes the set of all permutations
of the integers (1 : n).
A.1.2 Multilinearity

For any constants c1.0 = (c1,¢2)

Cum(c1Y7 + Y2, X) = ¢; Cum(Y7, X) + ¢o Cum(Y2, X).
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A.1.3 Independence
If X € R" is independent of Y € R™ where n,m > 0 then

Cum(X,Y) =0.
In particular if n = m then for independent X and Y

Cum(X +Y) = Cum(X) + Cum(Y).
This formula is the additive version of the formula of the moment of the product of indepen-
dent variables.
A.1.4 Gaussianity
The random vector X € R" is Gaussian if and only if for all vector k(y.,,) with elements from
(1:n)
Cum(lk(l:m)) =0, m>2.

A.1.5 Expression of the cumulant via moments
The first order cumulants is the moment

Cum(X) = EX,

the second and third order cumulants are the second and third order central moments

Cum(Xy, X2) = Cov(Xy, X2) (17)
3

Cum(X1, Xp, X3) = E[[ (Xi - EX,). (18)
=1

The general formula is
Cum(X) = > (=)™ ' m-1)! > JJE X135, X eR", (19)
m=1 UePy j=1

where the second summation is taken over all possible partitions U, where [U’jylm]j:l:m is an
indicator of a partition £ with m subsets of the set (1:n) = (1,2,...,n), u;, =1if k € L,
otherwise 0. The double sum in (I9) is over all partitions of £ € P,,, where P, is the set of
all partitions of the numbers (1 : n).

Example 25 First note that if n = 3, then the m'" order partitions £ € P3 with the corre-
sponding indicators and permutations of (1:3) are

1. form=1; L={(1:3)}
L uns=[1,1,1, EX/3"” =EX;X5X3,
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2. form=2; L1 ={(1), (2,3)}, L2=A{(1,3), 2)}, L3 ={(1,2), (3)},

sl [100] o

Ly < U;ii =lo 1 1| H %13 = EX1EX> X3,
sl (10 1]

Lo < Z;’ii “lo 1 0l H %13 = EX3EX 1 X3,
sl (11 0]

L3« u;iz =100 1l HE X5 = EX3EX) Xo,

8. form =3;L=A{(1), (2),3)}

U1,1:3 1 0 0

L |ugiz| =10 1 0], H E X;%" = EX,EX9EX3,
U2.1:3 0 0 1

Now we apply (19):
Cum(Xl,Xg,Xg) = EX1X2X3 - EXlEXQXg — EXQEXng
— EXgEXlXQ + 2EX1EX5EX3

EH . —EX))

The first three cumulants, see also (17), equal the central moments but this is not true
for higher order cumulants. One might easily check this for the case of cumulants of
order four. Indeed, X € R4

Cum (X) = Cum (X — EX)
= EH — Cov (X1, X2) Cov (X3, Xy)
— Cov (Xl,Xg) Cov (X3, X4) — Cov (X1, X4) Cov (X2, X3)
= EH —-E X;) (20)
unless all covariances are zero.

A.1.6 Expression of the moment via cumulants

We consider the moment E[;" | X; as the general case because the moment EYlkinm can be
put into the form EJ[;" | X;, where we define n = Yk(1:m) and

X=01,....Y1, ... Y., V).

k1 km
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Now

EJ[xi= > ] Cum(Xp,)), (21)

i=1 LEP, beL

where the summation is over all partitions £ ={bj, ba,..., by} of (1:n).
An example of the use of the formula (2I]) can be seen when n = 3.

Example 26 FEach partition of (1: 3) are listed in the previus evample therefore if X € R3,

EX1 X2 X3 = Cum(Xlzg) + Cum(Xl) Cum(XQ, X3)
+ Cum(Xg) Cum(Xl, Xg) + Cum(Xg) Cum(Xl, XQ)
+ Cum(X;) Cum(X3) Cum(X3).

Now in particular

B

E X3 = Cum(X, X, X) + 3 Cum(X) Cum(X, X) + Cum(X)3.

Spherical Harmonics

The following notation and results are used in this mauscript.

1.

2.

R3 is Euclidean space of dimension 3.

S, denotes the sphere with radius 1 in R?. The following notations are used; colatitude
(angular) coordinate: 9 € [0,7], longitude coordinate ¢ € [0,2x], North pole: N
with ¥ = 0, and ¢ is indeterminate, (latitude coordinate is expressed by colatitude
coordinate: w/2 — 9 € [—-7/2,7/2], in that case the North pole has ¥ = 7/2). The
spherical coordinates on So: (sin ¥ cos ¢, sin ¥ sin ¢, cos )

. SO (3) denotes the 3D (special orthogonal) rotation group

. Addition Theorem. [EMOTSI] vol. 2,7.15 (30), pp.116 Let U; and U, be two vectors

with angle ¥ and lengths r; and 79 respectively, and the Euclidean distance is denoted
by p = |[Uy — Ua|| = \/r} + 1 — 2r173 cos, then we have

o d () = ("52) T ) S0 (04 ) OF (cos7) T (i) Tess (), (22)
=0

where J, denotes the Bessel function of the first kind, C} Gegenbauer polynomial

(Cj/ 2_ Pg).



5. Lapalce-Beltrami operator Ap,

— L g inﬁi +La_2
B= Snoao \"M a0 sin? ¥ 0p?’

~sing |99 \"M V89 ) T snv a2’

P esio 1P
092 sind 09 sin® 9 Op?’

Ap =

([Apo07], vol. 2 pp. 293).

6. v/ is the central difference operator (v% —i—v%) Xik = Xjpp + Xjop + Xjpp +
Xjk-1—4Xjk

7. Spherical function f of order /.
2
Apf = L 0 <si ﬁ—af>+ L 9J

sing 99 \" Va9 ) T sin2 o 0p?
=—0(+1)f,
[VMKSS]|. Regular spherical harmonics Yy, homogeneous polynomial of degree ¢ and
V2Y; = 0.

8. Normalized Legendre polynomial P (Rodrigues’ formula)

2011 1 d'(«*-1)"

Py () = ~1,1
L, 2
/ <Pg (:U)) dr =1
-1
Standardized Legendre polynomial P, (x) =1,
1 d (a2 —1)"
Py (z) = S qf O EE€ [-1,1],

P, (1) = 1([EMOTRI], vol. 2, pp.180) it is orthogonal and

1 ) 9
| Pt = 57

27 ™
/ [P, (cos®)]* Q(dL) = /0 /0 [P, (cos ))? sin 9ddde

So

:271/ [P (cos 9)]? sin 9dv)
0

1

—on /_ (P da
47

T 21 (23)
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recurrence

(0+1) Py () = (20+ 1) 2Py (x) — Py (2)
generating functions ([EMOTSI], vol. 2, pp.183)

ZPg =(1-222+22)"" ze(-L1), 2| <1 (24)

Z% ) (cosy) 28 = €757 Jy (zsin ) (25)
=

o
Z ) Pg (cosy) 22F! = F (sind/2, @) , z:tang, 0<g0< ,0< 9 <.
=0

9. P/" is the associated normalized Legendre function of the first kind (Gegenbauer
polynomial at particular indices) of degree ¢ and order m

xQ)m/Q de[ (,I)

PP @) = (1) (1- o)

2 Py (2)
V4 (Z) (Z ) dzm )

recurrence formula is
(L—m+1) Py (x) = 20+ 1) 2P" (x) — (E+m) Py (2),
in particular PJ™ (1) = 0, PP (z) = Py (z),

ree—m+1)

T@amynt @

10. Funk-Hecke formula (]MI66]) Suppose G is continuous on [—1, 1], then for any spher-
ical harmonic Yy (L)

G (L1 L) Yi (L) Q(dL) = ey (L),

1
c:27r/1G(x)Pg(:c)dx

where  (dL) = sin¥didyp is Lebesque element of surface area on So, L; - Ly = cos .
In particular

So

[ G- DY (L) = 937" (L), (26)

1
gg:27r/_1G(x)Pg(x)dx
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see [Yad83|] pp.72. For a general dimension d instead of Py one has the Gegenbauer
Cédq) /2

polynomial

Also

G (L1 -L) Py (Ly - L)QU(dL) = fo Py (L1 - Ly)

1
fg:QW/lG(x)Pg(x)dx

here fy = (LT),G is the Legendre transform of G. Hence
~20+1 (1
G (cos?v) = Z A1 / G (z) Py (z) dx Py (cos V)
= 2 -1

In particular Funk-Hecke formula when N denotes the north pole

| 1P D en) = e (v )

c=2m /11 [P (x)*dz, P,(1)=1

| npen =

11. Orthonormal spherical harmonics with complex values Y;" (0, ¢), ¢ =0,1,2, ...,
m=—{—(+1,...—1,0,1,...,0—1,¢ of degree ¢ and order m (rank ¢ and projection
m)

Y (9, 0) = (—1)™ \/2{; ! %P[’L (cos®) ™, e [0,27], D€ [0,7]  (27)

Y™ (9, 0)"
Y™ (=9, —¢p)

(D)"Y, "™ (0, 9)
(=D Y7" (9,9).

In particular YZO (9,0) = Zi—j;ng (cos ), YOO (9, ) = 4 /ﬁ,

Y™ (N) = 0mo0\| ——

we have

27 pm
/ / Y™ (9, ¢)|? sin9dddp = 1
o Jo
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note that Y, is normalized fully, some authors do not apply 1/v/4m in the definition
of Y™, also for a sphere with radius R spherical harmonics are normalized additionally

Y™ (9, ¢) /R. It also follows
Y™ (0,9) =Y (0, —)
= (_1)m ngim ("9’ 90) s
Y (0,0) = ()" 7Y (9, ).

12. Wigner 3j-symbols, [Lou06] notation

<51:3>:<51 lo 53)
mi.3 mp mo m3)’

0k G—lotk by A
Clk =~y ,/2£+1<k1:2 _k>,

/ 1 £3+m3+241
L3 ) ch&%
mi3 V2l +1 okt ke

Clebsch-Gordan coefficients,

Symmetries

<£1:3 > _ (_1)€1+€2+€3 (62 El 63 > (28)
mi.3 mo M1 M3

(e Atz 4

\ma2 mg my)’

<£1:3> _ (_1)€1+€2+€3 ( gl 62 63 )
mi.3 —-m; —mg —mg/)

Orthogonality relations

lig X lia J\ }
20+1))° (mw m) (mm k) = O k00,5 (29)
mi:.2
b9 O\ (l1.90 ¢
2.k ’ '

ly ly L3\
(0 0 0>_O’

if £L =01 + {5+ (3 is odd, otherwise see [Edm5T7], (3.7.17)

<€1 lo €3>:(_1)g/2 [T(L—2¢)!  (£/2)!
0 0 0 L+ [I(C/2=6)
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if £ is even say £ = 2k,then

VAN (e?*  (3k)!
(0 0 0>:(_1)3k (6k +1)! (k1)3"

13. Selection rules: a Wigner 3j symbol vanishes unless

o my+mo+m3 =0,

e Integer perimeter rule: £ = 1 + ¢5 + {3 is an integer (if my
L is even).

e Triangular inequality [ — lo| < £3 < £ + £y fulfilles.

14. Gaunt series [Edmb7], (4.6.5)

Y (9, 0) Y2 (0, ) Z\/ (20, +1) (%i:r 1)(20+1)
l,m

by ly X lig £ m
X (O 0 0> <m1:2 m> n (19, QD),

2 1 2 1
le(ﬁtp)YmQﬂap Z 0 + Uy + 1)

[VMKSS], pp. 144, products of three and more

Ar ( 25_’_1) thl;b,mzCZl,O;fzﬂ ¢

= mo = mg = 0, then

(9, )

15. Rayleigh plane wave expansion in 3D: k =&/ |k|, 2 = z/|z|, r = |z|, k = |k,

eik'l_ ikr cos Y 47_[_2 Z ij /{?7“ <E)*Yzm (i)

{=0 m=—¢

. s
Je (kr) = \/ %Jéﬂ/z (kr) .,

is the Spherical Bessel function of the first kind, also

where

()
eizcosﬁ _ Z Z‘gjg (Z) 621197
f=—0c0
00
eizcosﬂ =Jo (Z) + Z iZJg (z) CcoS 679,
{=—00

see [Lou06].
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16. 2-D Dirac delta on sphere

1
§(Ly,La) =Y Y™ (L1) Y7 (Lo) _Ez (204 1) Py (L1 - L),
£m ¢

1-D Dirac delta

1

52 (2041) Py () Py (y),
l

see [Lou06].

17. Rotational invariant functions. The function

Z (L) Yy " (L2)
= Z " (L2) (31)

is rotational invariant. This expression is valid when we apply rotation g¢r,, where
ngLl =N

Iy (Ly, Lo) =

4o 204+ 1
20+1 4w

I, (Ly, Ly) = Z Sr,0Y] (g1, L2)

= Y? (9L1L2)
= Py(cos Ly - Ls).

It follows from the addition formula ([#2) as well. The function

47T 3/2 61:3 m1 m3
Tt (B P ) = f@ﬁTZ@Q%“m/@W(M o

of three location is rotational invariant, see [Lou06|, pp.14. We repeat the notation

<f1;3 > _ (61 b 4 ) In particular we have
mi:3 mp mz M3

141:3 (L1:3) = 141:3 (Na 9L, Lz,ng L3) .
18. Wigner D-matrix Let A (g) Y™ (L) =Y, (g7 L),
‘ ¢
Ag) Y™ (L) =" D) (9) Y (D) (33)

k=—(

37



if ¢ is fixed Dfﬁ)k (g) is unitary

¢
14 £)*
Z DT(n)l,k? (g) DT(n)Q,k; (g) = 6m1,m2,

k=—¢

¢ , )
Z D](gﬂ)”ﬂl (g) D](Cﬂ)”:;g (g) = 57711,77127
k=—¢

¢ . )
Z D](ﬁ?);‘;l (g) D](Cﬂ)?’l,g (g) = 57’7’1/1,1?’1,2-
k=—¢

We introduce the notation D = [D(z)k], for fixed rotation g. Thus D® denotes a

m,

unitary matrix of order 2¢ + 1, and it follows D) [D(g)] - DODWO* det DO = 1
)

(unimodular). D", (g) is given by the clear formula

D) (9:9.7) = exp (—img) i) (6) exp (<) (34)
where d;?,k is the Wigner (small) d-matrix it is real and
d)y (=0) = (=) F ) )
= 4 (9)
= (=)fmdl )
= d(ﬁnﬁk ()

see [VMKS8S|, pp79 for details
for instance

DY (0.9.9)| = D), (WM)} = [(—Umk DYy (4,9, @)]

= [(=)"* DY, (3,9.9)]

= _D%?k (_77 _197 _QO):| )

DY (0, 9,7) = (1) * DY, (,9,)

M m,k
4
= Dfn?k (v, =9, )

note here that if the Euler angles (p,d,7) corresponds to g then (—v, =9, —¢) corre-
sponds to ¢!, hence
l —k £)*
Dy (9) = (=)™ D (9) (35)

m,k

D) (9) =D, (7))
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also

¢ ¢
D7(n)k (9) = Dé—)m-‘rl,K—k—I—l (9)

Let g the successive application of g1 and gy then
¢ ‘ 0) 0)
DY, ()= DY (g1) DY) (92).
j=—t

19. Condon and Shortley phase convention, [Edm57], (4.3.3)

m 204+1 s
Y (0,9) =\ D0 (70, 9) (36)

= (—1)" DY) (1,9, ¢)

m [20+1 )
= (-1)™y/—"—D
( ) A7 -—m,0 (()07197'7)
_ 120 +1 (0)%
- 471' Dm,(] (SD’ 19,7) )

where ~ is arbitrary angle. This form is referred to as passive convention as well, see
[MP&T7]. It also follows

ngm* ("9’ 90) = ngm (19’ _90)
= (_1)m ngfm ("9’ 90) >
Y (0,0) = (1) e PEY (0, 0).

[Wor], (52) in terms of Wigner 3j-symbols, [Edm57] (4.3.2)

20. Singly coupled form, Clebsch-Gordan series:

(1) )  _ a0 (0« (L2 ¢
Dy Dy =" (204 1) <m1'2 m) D,r <k1.2 L (37)

£,m,k ' ’

_ {m 0k 0)

- Z Cfl,ml;ZQ,mQCfl,k1;52,k2Dm,k"
l,m,k

L1442
() ) _ b 0 (l1a ! m—k (0)
Dmi,kl Dmi,kg - Z <m1.2 m) <k1'2 k (_1) (26 + 1) Dm1+m2,k1+k2
0=|61—0s)| ‘ '

—m = my + mg, —k = k1 + ko, [Edm57], (4.3.4). Double coupled form

lia L\ f0) ) (fi2 F) _ Oej 0«
Z <m1:2 m> Do Prma k1o K _264—1Dm”’C

my,mz2,k1,k2
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[Edm57], (4.3.3)
() ple2) plts) 13\ (3
Z Dmi k1 mi’kQsz’k?’ <m1:3> - <k1:3> ’ (38)

mi,m2,ms3

The integrals

J4
/ Dfn?kdg = 0¢,00m,00%,0 (39)
50(3)
01,0 N (L1)% 1~ (£2) . 1
gki/ﬁz;mhm% - /SO(B) Dmh/ﬂDmQ,deg - 551,525M17m25k1,k2m (40)
01,02,0 _ () pl2) plts) _ (s (s
gkikz,ljs;ml,mmm:’) - /SO(B) DmhleWm,kﬁ ms3, deg - <m1:3> <k1:3> (41)
(L)% (C2)  (s) _ 1 l3,m U3,k
/SO( )DM17k1DM2,k2Dm37k3d9 - 25 + 1Cﬁimf;K%mQCEikf;b,m

where the Haar measure is dg = sin 9dddpdy /872, [VMKSS], 4.11.1, [Edm57], (4.6.2)
21. Addition formula [GROO] 8.814, [EMOTRI] vol. 2, 11.4(8) pp. 236, [MIG6].

SV (¥ ) = 2 o) (12)

m=—/{
where cos? = Ly - L. For general dimension d [Yad83|] p.72 provides an addition
formula in terms of Gegenbauer polynomials Cy .

C Proofs, Bispectrum

We use the following notations Z;"* = (ZZ“,ZZQ,Z”%)’ (51:3> = <€1 by €3>7

mi.3 mi Mg Mg
Bs (€1.3) = B3 (€1,02,03) .
Proof of Lemma. [13] Let

m l
Cumg (Z31133> = (ml ° ) Bs (13),

1:3
then

ki3 _ (€1) (€2) (€3) :
Cums <Z€11:33) — Z Dkllml k;ngma , Cumg <ZZ;;3> (43)

mi,m2,ms3

(L) ) {13
= Z Dkllml 12:22m2D1(nz?k3 <m1 > BS (61 3)

mi:3

(1) Bt

— Cumg (281,22, 2,7
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where ZZISS = (ZZI,ZZQ,ZZS> see ([B8). Hence the assumption of isotropy is fulfilled.
If ([8) is not assumed then under the assumption of isotropy we have Cumsg (22133> =
Cumg (Z . 3) and integrate both sides of (43]) according to the Haar measure and obtain

l1:3
0, 0. -
Cums (ZZISS) _ <k112> Z <m1133> Cums (Zglgz)
mi:3

L0

Bs (01.3) = Z <7f;1133> Cums (ZZ;S) .

mi:3

see (4Il), where

Hence (8) is a necessary and sufficient assumption for the third order isotropy. In this case
the bispectrum is a linear combination of the cumulants fo the angular projections by the
probability amplitude of coupling three angular momenta ¢1.3. ®

Proof of (9]). Consider the expression

{13 (3 l1.3 s
<k113> Bs (hrs) = </<71:3> mZ;a <m1:3> Cum <Z£113 > ’

Any permutation of £1.3 implies the same sign of the Wigner coefficients hence it does not
change the value. m
Proof: 3-product of spherical harmonics is rotation invariant. Indeed

14 : 4 4
141:3 (9L1:3) = Z (7711133) Z Dl(cllznlDl(ﬁjlngéma)kaykl (Ll) YEIZQ (Lz) Yflza (L3)
7 ks

mi.3
013\ vk k k
Z <k1 3) Yo' (L1) Yy, (L2) Yy (L) -
see (35). m

D Proofs, Trispectrum

Repeat the notations ¢1.4 = ({1, 02,03, {y),
Cum4 (X (Ll) ,X (LQ) ,X (Lg) ,X (L4)) == Cum4 (X (L1:4)) s T4 (fl,fg, 63, €4| fl) == T4 (61:4| fl)

Lemma 27
(1) () ps) (s m(l2 ! C l34
ZDk1lm1Dk22m2Dk3?:m3Dk44,m4 (_1) <m1:2 _m> (m M4
mi:.4
k(b2 C l3q (L
=1 (k‘l;z —k‘> <k3:4 ki)
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Proof. Indeed, from
(3) (La) _ 2 O34 17 l3.q 02 ()=
Dk37m3Dk47M4 - 2 ;mQ (26 + 1) <m3:4 m2 ks k2 Dk27m2a
and from mq + mo + mg + my = 0, it follows

(¢ (63) (1) m(li2 A 0 A3y
ZDlﬁlml k2M2Dk3?:m3Dk44,m4 (=1) <m1:2 _m> (m ms.4

mi:4

52
S Y B Dl e )

02 k2, m2 mi:4

X (—1)™ lay 02 (lzg 2\ (lra L Ay
M.y m> /<734 k*) \mi2 —m/) \m msq4

= > ) (752”344 2 > (i fj’gi) (26% +1)

02 k2, m?2 m3:4

(¢ ¢ & m2_ g2 (l3q 02 4. ¢
ZD/ﬂl?)”le 12227)7L2D/£2,7312 (_1) ’ ( " —/{:2> ( » —m>

k3.4 mi.2
mi.2

B 0) & by (L k2 (l3a C
— m —m?2 Z Zd 2D]E311m1Dk222n2D£k2)7m2 <m1:2 _m2 (—1) —]{;2

£2,k2 m2 m1:2 ka:a
_ (b2 { (—1)* lyq (L
" \k12 K? ksa —k*)°

since 3j-symbols are orthgonal

la N [l 0O
20+1)> <mll-_22 _m> <mll-_22 m1> = 00,010, 1,

mi.2

see (29) and (3]) is valid. m

Lemma 28

/ pl) plt) pla) ple) 4o
S0(3)

k1,m1 " ke,mo " k3,m3 ka,ma

_ 1. l l3.4 £ 4. l 2y J4
_ 90 + 1) (—1)k-m [ f1:2 3:4 1:2 3:4
;( O <k1:2 —k> <k3:4 k) \mi2 —m) \ms4 m
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Proof. Here we apply the formula (37) for the single coupled D-matrices then the integral
of triple product of D-matrices (41]) and get

(€1) (€2) (¢s) (€4)
/50(3) Dkl ,m1 Dk‘2 ,1M2 Dks,ms Dk4,m4 dg

_ 1 Kiomt (la OV (laq O RGO ENG
= 2 Ny ( kl) <m3;4 m! so(s)Dkl,mleg,mD—kl,fmldg

o kL m! ka4
_ Z <€1:2 o > (53:4 51)
= 1 1
AT k1o —k k3.a K
1 L kemt (e l3q O
x (20 +1) (1) (mw _m1> <m3:4 -
n

Lemma 29 If (1 + 05 + 03+ {4 is even then

hem [L12 L U3y lig L 0 A3y
%:(2€+1)(_1) <1€1:2 —k?> (k‘ k3:4> <m1;2 —m> <m m3:4>

is symmetric in £1.4.

Proof. Start with

by A 0 U3y
k1o —k) \k ksy
—ky—ks (C2 l3 L b by L b by 4
= 26 +1 _1E+€o€k1k3<2 3 0><1 0 4>{1 2 }
%:( 0+ 1) (=1) ko ks —ko) \ki ko ka) \ls ls Yo

where ¥ = ¢y + {5 + 3 + £4. Now we evaluate the product

1 S tkiks (fo ls Ly \ (0 Ly Lo\ [l Ly L
> (26 +1) (-1 </<:2 ks k) b kS ki) s G 4

£

2 \S+B—tem—ms (L2 b3 L Gl L\ [l
XZZQ(QEO_{_U( 1) ’ <m2 ms —mg mi mg my 53 54 6(2) ’

The values

0y by L

1

\/(2£+ 1) (265 + 1) {63 0 é(l)}

form a real orthogonal matrix, see [Edm57] (6.2.10), rows and columns being labelled by ¢
and E(l). Hence if we sum it up by ¢, the result is

1 . s 52 53 f(l) fl f(l) 54
> (26+1) (-1 O<k2 ks k) \ki KD Ry

%
1 1
cymh (e B8 ).
2 M3 mo miq mo my
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qged. m
Proof of Lemma We have

mi; () ple2) (¢s) (€4) k1.
Cumy <Zf1:24> ZDmiJﬁ mz kzD o ks Doy Cumy <Z£11:;> :

m3z,k3™ ma,ky
k1:4

Under the assumption of isotropy Cumy (ZZ_Z‘*) = Cumy (ZZ1 24), now integrate both sides
by the Haar measure, see Lemma [30] for p = 4, and obtain

ma. Z by O 0 g m =kt
1:4 ) — -
Cum4 (Z€1:4 ) - Z <m1:2 —’I’)’L1> (ml m3:.4 ( 1)

k1.4 £, kT,ml
b0 ol
1 1:2 3:4 k1.4
x (20" +1) <k1:2 —/<:1> </<:1 k314> Cumy <Zzl4)

Note that each term according to summation k.4 is symmetric in £1.4, see Lemma 29] above.
Now, define

1\ _ K/ by 0 0t A3y k1.
Ty (b4l ') = Z (=1) 20+ <k:1;2 —k‘1> <k31 k3.4 Cumg (Z£1{44>,
kL k14
with this notation we have the cumulant in the form
m 4. o AN ml
Cumy (26114) = Z < 1:2 1) ( 1 34) (—1) V20l + 1Ty (61:4| fl) .

ot mi2 —MmM m m3.4

If instead of isotropy (I1J) is assumed then
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L
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3D DAL P 0 (ot ) (6 )

k1:4
the Lemma 27] can be applied and we get
4. 14 ls. l m
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mi2 —MmMm m34 M
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||
Particular cases

4
Cumy (ug, (L), ug, (L) ug, (L) ue, (D) =Y Ty (€1,02, 05, L4 O)V2U+ 1Y ] Y (L)
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E Proofs, Polyspectrum

l1,02,....,83p
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Notation: gkl L =g
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Lemma 30 Define (0 = ¢, (P72 = Ly, O = —ky, kP72 = kp, m® = —mq, mP2 = my, then
forp >3,

p—3 a a+1
fl pla) $(mlp—3_l:p—3 ¢ lbogyo £
kli,mlp /SO o ka,ma g - Z (_1) ( ) H <_ka fatl

¢a,ma ka a=0 ka2
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X H < mo Mo ma+1) H (2(”‘ + 1)5

a=1

Proof. The fourth order key formula is emphasized here for understanding the induction
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Lemma 31 Define (0 = ¢, (P2 = Ly, O = —ky, kP72 = kp, m® = —mq, mP2 = my, then
for p < 3 and for any (VP—3 = (61,62, e ,Ep_?’) we have

p—3 1
b M) = 3 H plta) ()Tt 11 0 lapp LT
ki:p,mip hama ( —m® Mgy moH!

mi.p a=1 a=0
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Proof. Induction from p = 4 to p = 5 will show the general tratment. We prove that
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3j-symbols are orthogonal, see ([B0), using (B8]) we obtain
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obsereve that k! and k? are given by k1.0 and k3.4 respectively hence the signe of them can
be chosen freely. m
Proof of Lemma. 20l We have

Cum,, ( Zm: p) — Z H D(za Cum4 (ZZI:Z’) .

k‘lpa 1

Under isotropy assumption
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If isotropy is not assumed then from
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see Lemma31]. m
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