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ABSTRACT: Ghost-free bimetric theories describe nonlinear interactions of massive and mass-
less spin-2 fields and, hence, provide a natural framework for investigating the phenomenon
of partial masslessness for massive spin-2 fields at the nonlinear level. In this paper we ana-
lyze the spectrum of the ghost-free bimetric theory in arbitrary dimensions. Using a recently
proposed construction, we identify the candidate nonlinear partially massless (PM) theories.
It is shown that, in a 2-derivative setup, nonlinear PM theories can exist only in 3 and 4
dimensions. But on adding Lanczos-Lovelock terms to the bimetric action it is found that
higher derivative nonlinear PM theories also exist in higher dimensions. This is consistent
with existing results on the direct construction of cubic vertices with PM gauge symmetry.
We obtain the candidate nonlinear PM theories in 5, 6 and 8 dimensions but show that none
exist in 7 dimensions.
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1 Introduction

To focus attention and fix conventions, we start with a review of partial masslessness in linear
Fierz-Pauli (FP) theory and the question of its nonlinear extension. We then describe our
approach to the problem and summarize our results.

1.1 Partial masslessness in Fierz-Pauli theory and beyond

The linear fluctuations h,, of a massive spin-2 field are governed by the Fierz-Pauli equation
[1, 2] which in a d-dimensional spacetime with a background metric GW becomes,

2 ~2

ER Py = g (s = 3G G o) + 82 (= GuGP o) = 0. (1)

A is the cosmological constant and mpp is the mass. For mpp = 0, (1.1) must reduce to the
linearized Einstein equation for a massless spin-2 field, hence & is given by

ENhpe = —3% 5[;53V2—|—G”"VHV,,—5ZV"VV—55V"V#—Guyéf"’vz—i—évavg] hpo - (1.2)



The structure of (1.1) is determined by the requirement of the absence of ghost. Generically,
it allows for d(d — 1)/2 — 1 propagating modes corresponding to a massive spin-2 field in
d dimensions. The nature and dynamics of G, cannot be specified further in this framework,
but a nonlinear setup that embeds (1.1) must address this issue.
If Guv is a dS or, in general, an Einstein spacetime, then on the Higuchi bound [3, 4],
2 2 %

mpp = - —7 A, (1.3)

equation (1.1) develops a gauge invariance hy, — hyy + Ahy,, with [5-10],

A _
Ahwj = (Vuv,, + M_SWG“,,> f(ﬂf) . (14)

This can be used to gauge away the helicity zero component of h,, so in d = 4 only the four
polarizations +2, +1 survive. This is the linear “partially massless” (PM) theory.!

The obvious question of course is if the gauge symmetry associated with partial massless-
ness can be generalized from the FP theory in dS spacetimes to a nonlinear theory of spin-2
fields. Several recent studies have attempted to address this issue using different approaches
[12, 14-16]. In particular, the authors in [12, 14] directly construct cubic vertices for h,,, with
the above PM gauge invariance. This constructive approach makes interesting predictions
about the nonlinear PM theory, showing that :

e Cubic h,, interactions with a PM gauge invariance (1.4) exist only in 3 [12] and 4
[12, 14] dimensions, as long as the theory involves no more than 2 derivatives. Hence,
while linear PM theory exists in any dimension, 2-derivative nonlinear PM theories can
exist only in 3 and 4 dimensions.

e When higher derivative interactions are allowed, then PM gauge invariant cubic terms
can be constructed even for dimensions d > 4 [12]. The structure of the higher derivative
terms is such that for d = 4 one again recovers the 2-derivative theory. Hence the higher
derivative terms are relevant only for d > 4.

Any method of constructing nonlinear PM theories must give rise to the above features implied
by the explicit cubic vertex calculations.

In [17] we obtained a potential nonlinear PM theory as a special ghost-free bimetric
theory [18] in d = 4. There it was not obvious that this construction was consistent with
the above dimension dependent features of PM theories. In the present paper, we implement
this construction in arbitrary dimensions obtaining candidate PM theories including higher
derivative terms. It is found that the construction indeed meets the expectations from the
cubic vertex analysis. Let us consider this in some detail.

It is natural to look for nonlinear PM theories among the nonlinear extensions of the
FP theory (1.1) that do not suffer from the Boulware-Deser ghost instability [19, 20]. For

'PM theories also arise in the more general context of higher-spin theories, see for example, [11-13]. But
here we concentrate only on the spin-2 case.



Guv = Nuw such a nonlinear theory was obtained and shown to be ghost-free in a certain
“decoupling limit” in [21, 22] (also see [23]), whereas the complete nonlinear proof of absence
of ghost was given in [24, 25]. However, these models do not admit dS solutions with massive
FP perturbations around them. A generalization with extra parameters that accommodates
a non-flat but non-dynamical G, was first considered in [26]. In this case decoupling limit
arguments do not exist to argue the absence of the BD ghost, but unitarity was proven
directly in the nonlinear theory in a Hamiltonian analysis [25, 27, 28]. Finally, the completely
dynamical ghost-free theory was given in [18], as a bimetric theory conveniently formulated
in terms of two interacting spin-2 fields g,,, and f,,. This theory contains the two constraints
required to eliminate the BD ghost [18, 25]. For related work see [29-48]

As such, neither of the two metrics in the bimetric theory corresponds directly to the
massive fluctuation in (1.1). But the theory can be reformulated in terms of a massive spin-2
field M /S’; coupled to a massless metric G, such that linear perturbations 6M g/ around a
background M g/ = 0 always satisfy the FP equation (1.1) where now one identifies h,, =
oM g/ [49]. Furthermore, (1.1) is also supplemented by a massless equation for §G,,,, while
G is determined as a solution to an ordinary Einstein’s equation. In the absence of matter
couplings, a background M gj = 0 forces GW to be an Einstein metric.? Hence, the bimetric
theory provides a completely dynamical and ghost-free nonlinear extension of (1.1). For this
reason it also provides the natural arena for investigating partial masslessness beyond the FP
theory.

Bimetric theories contain several parameters that can be easily tuned to put equation
(1.1) in the dS backgrounds on the Higuchi bound (1.3). The linear theory will now have the
gauge symmetry (1.4), but only the £ = constant part of this transformation preserves the dS
backgrounds. In [17] it was argued that the consistency of these dS preserving transformations
with the dynamical nature of the backgrounds leads to a criterion for partial masslessness that
is powerful enough to fix most of the remaining parameters of the model. The criterion was
implemented in d = 4 leading to a unique class of nonlinear candidate PM theories [17]. The
complete gauge symmetry of the nonlinear model is not yet known but some special cases can
be considered. Here we implement this criterion in arbitrary dimensions to obtain candidate
PM theories that are consistent with expectations from the cubic vertex calculations described
above.

1.2 Summary of results

Before getting into technical details, let us briefly summarize our results.

e The bimetric theory has a well defined mass spectrum around proportional backgrounds
fuw = c? 9w Where c is generically determined by the equations of motion. We obtain
the mass spectrum of the fluctuations in arbitrary dimensions with explicit expressions
for the mass and the cosmological constant. We also construct the nonlinear extensions

2The theory has a much more complicated behaviour around backgrounds with ]\Z[ED # 0 but this is not
relevant for comparison to the FP equation.



of the massless and massive fluctuations which are useful for the purpose of fixing the
normalizations in the PM case.

e We then discuss the linear PM theory in the context of bimetric theory linearized around
dS backgrounds. The consistency of a subset of (1.4) with the dynamical backgrounds
leads to a simple criterion for identifying nonlinear PM theories as special bimetric
theories with the parameters fixed such that the equations of motion leave the ¢ in
the ansatz f,, = c2g,w undetermined. In the PM theory ¢ can be traded off with a
constant gauge parameter. Applying this criterion to the 2-derivative bimetric action
we find that nonlinear PM theories can exist only in d = 3 and d = 4. Although the
full gauge transformation of nonlinear PM theories is not yet known, we show that
the mass, cosmological constant, couplings and the background metric GW all become
c-independent, and hence gauge invariant, for the PM parameter values.

e To explore the possibility of recovering nonlinear PM theories for d > 4 with the help of
higher derivative terms, we consider the bimetric theory with extra Lanczos-Lovelock
terms for both metrics.®> The analysis of the spectrum around dS backgrounds can easily
generalized to the LL terms using recent results of [51] obtained for the LL extension
of the Einstein-Hilbert gravity. We show that the construction outlined above can now
be carried out leading to potential nonlinear PM theories even for d > 4. In particular,
we obtain such nonlinear theory for d = 5,6,8 but show that no PM theory exists for
d=T.

e We also outline the structure of the bimetric action expressed in terms of the nonlinear
extensions of the massless and the massive fields. This will be useful for comparison
with the outcome of the direct cubic vertex construction, although such an explicit
comparison has not been attempted here.

2 Bimetric description of massless and massive spin-2 fields in d dimensions

In this section we consider the ghost-free bimetric theory in d dimensions and describe in what
sense it is a theory of a massive and a massless spin-2 fields. To this end, we consider a class
of bimetric backgrounds, the proportional backgrounds, around which linear perturbations
decompose into well defined massless and massive modes. These can then be promoted to
nonlinear fields, generalizing the notion of massless and massive spin-2 fields beyond the
special class of proportional backgrounds. The analysis generalizes the d = 4 case considered
in [49].

3Such an extension has been considered earlier in a different context in [50].



2.1 The bimetric theory in d dimensions

The ghost-free bimetric action for two spin-2 field g,,, and f,, [18] can be easily generalized

to arbitrary dimensions,*

Sgf = /ddgj [mj—Z\/ER(g) + m‘}_21 /IFIR(f) — 2m?\/[g] V (S; 511)} ’ (2.1)
where /[g| = \/m and S simply stands for the matrix square-root,

S=+\/g1f. (2.2)

The interaction potential is given by,

d
V(S, 5n) = Zﬁn en(S) ) (23)
n=0

where e, (S) are the elementary symmetric polynomials of eigenvalues of S. They are ex-
pressible as polynomials of Tr(S*) and can be iteratively constructed starting with eg(S) = 1
and using Newton’s identities,

en(S) = == > (=D Tr(5%) en1(S). (2.4)
k=1
In particular, eq(S) = det S and e, (S) = 0 for n > d.

The 3, in (2.3) and the Planck masses my and my are the d + 3 free parameters of the
theory. The mass parameter m is degenerate with the overall scale of the 5,,. The action
contains the cosmological terms ﬁo\/m and ﬁd\/m , but the actual cosmological constants
are to be read off from the equations of motion.

The absence of the Boulware-Deser ghost in bimetric theory in d = 4 was proved in
[18, 25]. Tt is straightforward to extend the ghost analysis to arbitrary dimensions, especially
using the “deformed determinant” representation for the potential [26]. Setting f,, to a non-
dynamical flat metric and tuning the (3, to exclude a cosmological constant contribution in a
flat g,,, background, one recovers the massive gravity model of [22].

The bimetric potential (2.3) has the following useful symmetry property under the inter-
change of g,,, and f,, that sends S — S~ [18],

V19l V(S5 80) = VIFIV(S™ 5 Bazn) - (2.5)

This allows us to obtain the f-sector equations from the g-sector of the theory.
The sourceless equations of motion obtained on varying the action (2.1) with respect to
g*” and fH are,

d d

Ruu(g) - %g“,,R(g) + # V;i]u =0, R,uu(f) - %fuuR(f) + = VJ,, =0. (2-6)

my

“In the paper we use the sign and curvature conventions of Wald [52] so that R, = Oal'yy + -+



The potential contributions have the form,

V,ugl/ = Gux Vi\/g(s) ’ VJI/ - f,u)\ V?\/f(s_l) ) (27)
and are explicitly given by (A.8) and (A.9) in the the appendix (where the details of the
derivation are also provided).

2.2 The proportional backgrounds

Let us now consider a class of solutions to the bimetric equations in which the metrics are
proportional to each other,

fuvr = G - (2.8)
Such backgrounds have two important properties: 1) they are the most general class of back-
grounds around which the bimetric theory has well defined massless and massive fluctuations
with a Fierz-Pauli mass term, 2) they coincide with classical solutions in general relativity.®
Indeed, for this ansatz, the bimetric equations (2.6) imply that ¢ is constant and then reduce
to two copies of cosmological Einstein’s equation for g, ,

R(9) — 3GwR(@) + Guwhg =0,  Ru(g) — 23R + gul;=0. (2.9)

The cosmological constants are given by (for details see the appendix),

md d—1 md
HZ< )c"ﬁn, Ay = d22dz< >"5n, (2.10)

where, (Z) k,( k,) is the combinatorial factor. Note that A, does not contain 3; while Af

is independent of (.
The consistency of the two equations in (2.9) with each other then implies,

Ay =Ag. (2.11)

This is a polynomial equation that, generically, determines c¢ in terms of the parameters of
the theory, the exception being the PM case [17] to be discussed later. In particular, the
background equations (2.9) admit de Sitter solutions that are relevant for the identification
of the linear PM theory.

Since (2.11) is homogeneous in the S, the ¢ determined by it is independent of the overall
scale of the By and will depend on at most d + 1 parameters, say 51/80, - f4/Bo and o =
my/mg. We are interested in parameter values that result in real non-zero ¢, as c also appears
in other quantities, like the Fierz-Pauli mass of the fluctuations. In practice, such parameter
ranges can be easily found since, given any d of the parameters, say, {«, 52/80, - ,Ba/5Bo},
one can determine the allowed range of the remaining one, 31 /5y, by expressing it as a function
of the real ¢ using (2.11).

For another feature of such solutions, see [53]
5The discussion can be easily extended to include sources, in which case, (2.8) also forces a proportionality
relation between the two energy-momentum tensors as discussed in [49].



2.3 Linear mass eigenstates

To determine the mass spectrum of the theory, let us now consider linear perturbations around
the proportional backgrounds,

Juv = g;w + 6g/u/ ) f/u/ = fMV + 6f/u/ ’ (2'12)

with fwj = C2§W. It turns out that only around such backgrounds the fluctuations can be
combined into definite mass eigenstates. A massive mode in a general background is identified
through the appearance of a Fierz-Pauli mass term. On linearizing the equations of motion
(2.6), one gets (for details, see the appendix)

_ 1
gﬁgégpo - dT22Ag <5.g,uu - §§uu§p059pa> + #ZN@D\ <TI"(5S)5£‘ - 55>\1/) =0, (2.13)

_ 1 —d -
078 pr — 725 (5 S = 595" fm,) - m’;ngc‘* TG (Tr(68)8) 85, ) = 0. (2.14)

EfL is defined through (1.2), now with background metric g, and N is given by (A.26).
58k, = % "M f — ?6g)a, enters both equations in the FP combination, hence we expect to
get a massive mode d M, ~ gu,\éS)‘V.

The linearized equations are easily diagonalized in terms of a massless fluctuation 6G/,,
and a massive fluctuation d M, ,

6Gpu = A(€) (89, + "™ 26 ) | (2.15)
B(c
oM, = 2(6) (6f — €209 - (2.16)

A(c) and B(c) are normalizations to be determined later and we have used the notation,
m
a=—1L. (2.17)
Mg

Indeed, adding (2.13) and (2.14) to cancel the FP mass term gives a massless spin-2 equation,
- 1
ENT6G e — 7250y <5GW — 5@9””56%) =0. (2.18)

On the other hand, subtracting the right combination of (2.13) and (2.14) gives the FP
equation (1.1) for the massive spin-2 fluctuation,

£07 M,

2
= =po m =  =po
[ Ag (6My — 360G Mo ) + —ZFP (6Myu — G’ 6M,p) = 0. (2.19)

2
d—2
Here, the FP mass is given by,

d d-2\ -1

5 . m 1+ (ac) d—2\ ,

mgp = —— < (a2 > B . (2.20)

Mg n—1

n=1

We emphasize that equations (2.18) (2.19) are written with g,, as the background metric.
Then the expressions for m#p (2.20) and A, (2.10) refer to this background metric choice.



2.4 The nonlinear massive and massless fields

The massless and massive fluctuations can be regarded as perturbations of some nonlinear
fields G, and M, gj If this is the only criterion, the choice of nonlinear fields is far from
unique. However, we also require that the relation between the nonlinear fields and the
original variables g,,, and f,, is simple enough that it is invertible in a useful way [49]. These
criteria single out the following straightforward nonlinear extensions of the mass eigenstates,

Gu = Alc) (g;w + g2 fw) : (2.21)
MG, = B() (GpS’, — cGuy) - (2.22)

where S = /¢g~1f and the dimension dependent normalizations A and B will be fixed later
in the context of the PM theory. It is not claimed that G and M propagate respectively 2
and 5 degrees of freedom nonlinearly.

The bimetric action (2.1) can be re-expressed in terms of the new nonlinear fields as a

theory of a massive spin-2 field M 3,

interacting with a massless spin-2 field G,,,. However, it
turns out that G, cannot be coupled to matter in the standard way without reintroducing
the Boulware-Deser ghost and, hence, it cannot be regarded as the physical gravitational
metric [49]. In other words, the spin-2 mass eigenstates differ from the states produced by

7 However, the

bimetric interactions, as is familiar from other contexts in particle physics.
theory in terms of G' and M is relevant for discussing partial masslessness which is known
to arise only in the absence of matter couplings.

On the proportional backgrounds, the nonlinear fields reduce to,
G = A(c) (1 n (ac)H) Gy MG =0, (2.23)

A non-vanishing expectation value for M g/ signals non-proportional backgrounds and hence
parametrizes deviations of the bimetric solutions from solutions in general relativity.

The linearized equations (2.18), (2.19) are written with g,, as the background metric.
To describe the theory entirely in terms of the massless and massive modes, we rewrite these
in terms of G, using (2.23),

cpo 2 < ~ ~po

€07 0G s — =58 (3G — 3G G 0Gy0) =0, (2.24)
N 2 . _ 72 _

553 5Mpa - mAg (5M/u/ - %GW/GPU‘SMpa) + % (5MMV - GW/GPU(SMPJ) =0. (225)

Here éﬁ,‘,’ is given by (1.2). In the new background convention, the mass and the cosmological
constant are rescaled to,
2
~ 2 mgp A Ay

MEP = A (L + (a0)®2) A= T+ (@t (226)

"To describe a massive spin-2 field interacting with a gravitational metric that is also sourced by conventional
matter, one should use the fields g, and M, = g,\S% — g [49].



3 Partial masslessness and Bimetric theory in arbitrary dimensions

To summarize, on linearizing, the bimetric action leads to the FP equation for massive spin-2
fields in a cosmological background (2.25), along with equation (2.24) for massless fluctuations
of the background itself. Hence it provides a completely dynamical nonlinear generalization
of the FP equation discussed in section 1.1. In particular, in this setup, one can investigate
partial masslessness beyond the linear level.

Working in 4-dimensions, ref. [17] obtained a criterion to identify the nonlinear PM
theory among the set of ghost-free bimetric theories. Here the considerations are extended to
d-dimensions showing that, while linear PM theories exist for any d, nonlinear PM theories
based on the bimetric action (2.1) exist only in d = 3 and d = 4. This is consistent with the
results of [12] which shows that, in a 2-derivative theory, spin-2 cubic interactions invariant
under the linear PM gauge symmetry exist only in these dimensions. Furthermore, [12]
shows that when the 2-derivative restriction is relaxed, cubic terms with PM symmetry can
be constructed in higher dimensions as well. This case is considered in the next section.

It should be emphasized that at this stage we do not identify the PM gauge symmetry in
the nonlinear theory, except for a subset of the transformations around maximally symmetric
backgrounds. Hence the claim is that if a nonlinear theory with a PM gauge symmetry exits,
it must belong to the set of theories identified here.

3.1 Linear PM symmetry in bimetric variables

Since equation (2.25) coincides with the FP equation (1.1), it is straightforward to identify
the linear PM theory and the associated gauge symmetry (1.4) in bimetric theory. Hence,
when the Higuchi bound is satisfied,
2
~ 9
= A 1

mpp d_1"9 (3.1)
equation (2.25) develops a new gauge invariance that transforms the massive spin-2 fluctuation
as O0M,,, — 0M, + A(0M,,,), where

24, .

G )€(a). 3.2
TGO )@ (3.2)

Now we also have an equation (2.24) for the massless fluctuations 0G,. Since the massless

A(GM,,) = (v“vy +

equation has no unusual symmetries, the above transformation must be supplemented by,
A(8G,,) =0 (3.3)
Using (2.15) and (2.16), one obtains the corresponding transformations of dg and Jf as,

2 (ac)¥? 2 1
" ¢B 1+ (ac)d2 AlOMw) A0 fuw) = B 1+ (ac)?2

In any dimension, these equations realize the linear PM gauge transformations in the bimetric

A(6guw) = A(6My).  (3.4)

theory around proportional backgrounds. The associated Higuchi bound (3.1) simply reduces
the number of bimetric parameters by just one and it too can be satisfied in any dimension.
But we will see that the nonlinear extension is much more restrictive.



3.2 Identifying the nonlinear PM theory in d dimensions

The gauge transformations (3.4) of the linear PM theory lead to the criteria for identifying
potential nonlinear PM theories provided one works in a setup that treats the backgrounds
dynamically. The argument is as follows [17]: A nonlinear PM theory must be invariant under
an extension of (3.4) that transforms the nonlinear fields as, say,

Juv — g:w =G + Ag;wa f;w — f[w = f/u/ + Af;w . (35)

For g = g+ 4g, the transformed field also splits as ¢’ = g’ +d¢’, but there is a gauge ambiguity
depending on how Ag is split. For instance, a small Ag may be viewed as transforming either
the background, §’ = g + Ag, or the fluctuation, d¢' = dg + Ag. The same holds for f.

The implication of this for the linearized bimetric theory is that the variation A(dg) of dg
(3.4) can, alternatively, be regarded as a transformation of the background g to g = g+A(dg),
keeping dg unchanged. The same holds for f,,. Let’s adopt this latter point of view. Now,
for a generic gauge parameter () in (3.2), the new (g’, f’) are not proportional backgrounds
and hence are not dS metrics, in which case not much is known about partial masslessness.
To keep to dS backgrounds we restrict A(dg) and A(df) to constant {(x) = & and rename

them to Ag(g), Ao(f) to emphasize that they transform (g, f) rather than (dg,df). Then,
given f = ¢? g, the new backgrounds are related through,

f=d*&)7 . (3.6)
and the dS preserving gauge transformations at background level are,
§/:,§_]+A0(,§_]), f/:f"i'AO(f)v C,:C+A0(C)' (37)

The Ap-variations above are obtained from (3.4), (3.2) and (3.6) for constant {(z) = &,

Ao@):—é(ac)d—zwd@, Do(f) =2 Mo, Do(0) = |1+ (ac)" 2| Mo, (38)

where, Ay stands for, B
A 2A,
B(d—1)(d—-2)"

A and B are the normalizations of the nonlinear massless and massive fields G, and M ﬁ, to

Ag = (3.9)

be determined later.

Thus, the conclusion is that if a nonlinear theory with PM gauge symmetry exits, its
equations of motion on proportional backgrounds must be invariant under the transformations
(3.7). This requirement puts constraints on the bimetric theory (2.1) and singles out the
potential nonlinear PM cases. The criteria for the invariance are listed below.

1. Recall that for proportional backgrounds f = ¢?g, the bimetric equations of motion
imply Ay = Ay (2.11), explicitly,

ii::: (d; 1> B = (ac)2—dn§i:1 <Z: 1) B, (3.10)

— 10 —



Generically, this fixes ¢ = ¢(«, ;) and excludes the possibility of invariance under trans-
formations (3.7) that require changing ¢. Thus the nonlinear theory can be invariant
under (3.7) only for special values of (8,,«) for which (3.10) leaves ¢ undetermined.
This is the necessary condition for the existence of nonlinear PM theories for these
(Bp, ) values.

2. When the theory is expressed in term of the massive and massless fields M E/ and G,
the FP mass and the cosmological constant take the form (2.26), or explicitly,

_ m?  (ac)?~4 L rd-2 .

e = T A 2 <n— 1>C o (38.11)
- m (1+ (ozc)d_2)_1 Sd-1 n
A, = i e ,;< . )c B . (3.12)

Since the gauge transformations in the nonlinear PM theory involve shifts of ¢, then
m%P and Ag4, as well as the effective couplings, must become c-independent.

3. The gauge symmetry of the linear PM theory leaves the massless fluctuation 6G
invariant. Hence at the background level too, transformations (3.7) must keep the
corresponding nonlinear background GW invariant. This requirement determines the
normalization A(c) of G, Indeed from (2.23) and (3.7) one can compute,

AoGy = G A [1 + (ac)d—ﬂ Ao(c) %m <A [1 + (ac)d—ﬂ Z) =0,  (3.13)

which fixes the normalization, upto a c-independent factor, as,

'S
S

-2

Alc) = [1 + (ac)d_ﬂ , (3.14)

B

Then, the background massless and massive fields become,
2
G = [1 + (ac)‘“] “? G, MG =0. (3.15)

As discussed below, the first criterion is satisfiable only in 3 and 4 dimensions (not counting
d < 3 which has trivial dynamics). Then in these cases, the second criterion is satisfied only
for the normalizations A(c) determined by the third criterion. Hence, the potential nonlinear
PM theories in 3 and 4 dimensions are manifestly invariant under the dS preserving part of
the PM gauge transformations. Let us now consider these cases separately.

3.3 Nonlinear PM theory for d=3, 4

In 3 dimensions the condition (3.10) that generically determines the ¢ in f = c%g reads

(@B — B1) + 2(afr — Ba)e + (afa — B3)¢* = 0. (3.16)

— 11 —



It leaves ¢ undetermined only when the coefficients of all powers of ¢ vanish,

p1 = afy, P2 = af3y, B3 = afs, (3.17)

or simply, 6, = a"5y for n = 1,2,3. Only for these parameter values the restricted gauge
transformations (3.7) lead to new proportional backgrounds f’ = ¢?¢’ with ¢/ # ¢, without
violating the bimetric equations of motion. For the above parameter values, the mass and
cosmological constant (3.11, (3.12) measured in the metric G, become,

3
~ e m
mip = Ay = m—fﬂl- (3.18)

Thus they satisfy the Higuchi bound and are indeed independent of ¢ and hence gauge in-
variant, but only for the normalization A = [1 + (ac)| given by (3.14).

In 4 dimensions (first considered in [17]), the condition (3.10) becomes,
B+ (352 — azﬁo) c+ (353 — 3@251) A2+ (54 — 3@252) A+ a8t =0. (3.19)
This leaves ¢ undetermined for
Bi=p3=0, a'fy=3a"6s=ps. (3:20)

Then the nonlinear PM theory must correspond to this choice of parameters. For these
parameters, the mass and cosmological constant satisfy the Higuchi bound,

2~ m?
~ 2

=-A,=2—= (5. 3.21
mrp 3 m?ﬂQ ( )

Again, they are independent of ¢, and hence gauge invariant, precisely for the normalization
A =1 (3.14) that also renders G, invariant.

The bimetric action (2.1) with the ’s given above satisfies the necessary conditions for
being a nonlinear PM theory for d = 3,4. The PM gauge symmetry of the nonlinear action
(2.1) is not yet known. But the discussion shows that, at least for proportional backgrounds,
the nonlinear equations are invariant under the dS preserving subset of the PM gauge trans-
formations (3.7). In fact, this subset can be further extended to the nonlinear dS preserving
transformations,

1+ (ac)d=2 7
14 (a(c+a))?—2

C/ =c+a, g‘],'w = E_],uu ) (3'22)
where a is a finite parameter and the transformation of f follows from f = ¢?g. To linear
order in a = Ag(c), this reduces to (3.7). The above transformations keep the background

G\ (2.23) unchanged and also leave the background g,, and f,, equations of motion (2.9)
invariant.
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3.4 The quadratic action

As alast check, let us consider the quadratic action for the fluctuations 0G,, and §M,,, given
by (2.15),(2.16) and (3.14) with B(c) = 1, that is,

4—d
d—2

6Gy = [1+ (ac)™2] ™ (8gu + <" T 26, ) (3.23)

1
My, = o (6 fo — €209 - (3.24)

This action is needed to determine the effective Planck masses of 6G,, and M, and to verify
that they are indeed independent of ¢ and hence gauge invariant. Expanding the bimetric
action (2.1) to second order and expressing the result in terms of the above combinations one
obtains,

§@ = pd-2 / ddx\/a[—éGgéG +

Ag
(d-2)

(Tr[cSGQ] — %Tr[éG]2>

52

— OMESM — ( dA_g > <Tr[5M2] — %Tr[cSMP) + % (Tr[éMP — Tr[éMz]ﬂ . (3.25)

Here, m2p and 1~\g are given by (3.11), (3.12) which become independent of ¢ for the PM
parameter values. Also note that the Planck masses are independent of ¢ for the correct nor-
malization in (3.23) determined by other considerations. Furthermore, the quadratic action
fixes B(c) = 1 since otherwise, the 0 M sector will have a c-dependent coupling.

In the appendix we outline the structure of the complete nonlinear action expressed in
terms of G, and M gj This is useful for computing the cubic and higher order interactions
of the PM field to be compared with the explicit cubic vertex computations in [12, 14, 16].
We do not attempt such a comparison here.

3.5 Absence of nonlinear PM theory in d>4

The necessary condition for the existence of nonlinear PM theories is that (3.10) leaves ¢
undetermined. On relabeling the sum on the right hand side, this equation can be recast as,

d—1 2
(ad_2 Z Ay Brn — Z Biyd—2 Bn+d—2> " =0, (3.26)
n=0

n=3—d

A, = <d; 1>, B, = (Z:D (3.27)

To leave ¢ undetermined, the coefficients of each power of ¢ must vanish separately. For d > 4,

where,

this gives the following 3 sets of equations:

3—d<n<-1: Bhiq-2=0, (3.28)
0<n<2: o’ ?4,8,— Bura—2Bntra2 =0, (3.29)
3<<n<d-1: p,=0. (3.30)
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The first set implies that 5,, = 0 for 1 < m < d — 3 whereas the last set implies that 3,, =0
for 3 < m < d—1. Then the second set implies 3y = B4 = 0. Hence, 5, =0forn=0,--- ,d.

To recapitulate, the bimetric action (2.1), when linearized around proportional back-
grounds, leads to the massive FP equation (2.25). On the Higuchi bound (3.1), this gives a
linear PM theory in any dimension. The consistency of the dS-preserving part of the linear
PM gauge symmetry with dynamical backgrounds provided the necessary (bot not sufficient)
condition for the existence of nonlinear PM theories. This criterion was satisfied in 3 and 4
dimensions but not for d > 4.

4 Partial Masslessness with Lanczos-Lovelock terms

Our nonlinear results are consistent with the observation in [12] that in a 2-derivative theory,
cubic spin-2 interactions with PM gauge symmetry exist only in 3 and 4 dimensions. However,
[12] also finds that in the presence of higher derivative terms, cubic PM interactions exist even
for d > 4. These higher derivative terms reduce to 2-derivative terms in d = 4. This hints that
the nonlinear higher derivative interactions correspond to Lanczos-Lovelock (LL) terms which
will also preserve the unitarity of the bimetric theory. This section considers the LL extension
of the bimetric theory from the point of view of the PM analysis. Such a theory has been
considered in [50] in a different context. Recently, in [51] the spectrum of Einstein-Hilbert
gravity with LL terms was studied in dS backgrounds. Here, this analysis is generalized to
the bimetric theory and used to investigate the existence of PM theories beyond d = 4.

To summarize, it is shown that, for f = ¢?g and around dS backgrounds, the structure
of massless and massive fluctuations in bimetric theory with LL terms is exactly the same as
in pure bimetric theory, though with modified parameters. Hence the PM analysis previously
developed for the pure bimetric case also applies here. In particular, the linearized theory
has PM gauge symmetry on the Higuchi bound. Then for a nonlinear extension of the theory
to exist, the necessary condition is that the equations of motion must leave ¢ undetermined.
This condition is easily implemented if one obtains a polynomial equation for c.

For d < 4 the LL terms are of no consequence and the pure bimetric analysis goes through.
The first new contribution is from the quadratic LL term for d > 5 and this remains the only
contribution for d = 5,6. In this case, one can easily obtain a polynomial equation for ¢ and
determine the potential PM theory. The cubic LL term starts contributing for d > 6 but
in this case one does not automatically obtain a polynomial equation for c¢. However, using
a decomposition into the Groébner basis one again obtains a polynomial equation for ¢, as
discussed in subsection 4.3. The analytical derivation of the PM theory in d = 5 is presented
in subsection 4.4, whereas the PM theories for d = 6,7,8 are determined with the help of a
computer and are discussed in subsection 4.5. Beyond this, the analysis gets more involved
and is not attempted here.
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4.1 Bimetric theory with Lanczos-Lovelock terms in dS spacetimes

Adding higher order LL invariants L, for both g, and f,, to the bimetric action gives,

[d/2] [d/2]

S =md? / d%z\/g |R(g) + D WL (9) | +mf / d%a\/f |R(F)+ ) Ly (f)
n=2 n=2
. 2md/dda:\/§ v (\/g—lf;ﬁn> , (4.1)

where [, and l,{ are coupling constants of mass dimension —2(n — 1). The sum terminates
at [d/2] (integer part of) since the Lovelock terms vanish identically when d < 2n and are
topological invariants when d = 2n. Our conventions for the Lovelock invariants are,

SHAVL Kt arBr PAVI.finVn & 1 SV Sfin SV
Ln) = 5% anﬁnHR prvn > 0018 anf = %15/31 Oandpy- (42)

Note that the action (4.1) is invariant under simultaneous interchange of,
2-d d—2 _ -
a2 gy —a? fu, B, — a® 4B, l£ s a? 2"1%. (4.3)

The equations of motion obtained from this action read,

[d/2]

Ry (9) — 9 R( Z g ?fQVjV —0, (4.4)
d/2

Ruu(f) - %guu + Z lfg“,, = Afl/ = 0, (45)

where the Lovelock tensors gsz) appear as the result of varying the Lovelock invariants.

We are interested in the maximally symmetric solutions of the above equations that allow
for massive spin-2 excitations. In the bimetric setup, these belong to the class of proportional
backgrounds f,, = czgwj. For a maximally symmetric spacetime with cosmological constant
A, the curvatures are,

2\ 2A 2d )\
R,ul/po(g) = m (.g,upgl/o - gupguo) ) RW(Q) = mg;w, R(g) = i—2’ (4.6)

with the corresponding equations for f,,,. With this ansatz it is enough to consider the traces
of the equations of motion (4.4) and (4.5) to obtain two equations that generically determine
A and c in terms of the parameters of the theory. The computation is simplified by,

2n —d
L) (47)

which allows us to work with the Lovelock invariants, rather than the corresponding Lovelock

9"G)(g) =

tensors. Furthermore, for the proportional ansatz we have,

Ly (f) =Ly (g) - (4.8)
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Now, for the ansatz (4.6), the Lovelock invariants become,

27!
— N, (d)\", ith N, (d) = . 4.
Ly (d)\ wit (d) @D 2 (d 2] (4.9)
Using the above relations, the traced equations of motion (4.4) and (4.5) give,
2o
g N, " A, =0, 4.1
A+ 322 o 5 (d)A g =0 (4.10)
kel d—2n
> U ———Np(d)A" — Ay =0. 4.11
A+ 2 M 5 (d)X §=0 (4.11)

The contributions A, ¢ from the bimetric potential are still given by (2.10). In general, these
equations determine the cosmological constant A\ and the proportionality constant c. Hence,
they specify the maximally symmetric solutions in bimetric theory with LL terms.

Now, we consider the spectrum of fluctuations in the above dS backgrounds. The analysis
is greatly simplified using results of [51], which considered Einstein-Hilbert gravity with LL
terms, Spp4rr. For a single metric g, = gu + 0gu described by Sppirr, [51] showed
that the quadratic action for dg,, in an (A)dS background g,, was exactly the same as the
quadratic action in pure Einstein-Hilbert gravity in the same background but with a modified,
effective, Planck mass. Applied to the bimetric action with LL terms (4.1) this implies that
at the quadratic level, the theory has the same structure as the pure bimetric theory (2.1)
discussed earlier, but now with modified Planck masses,

e _ & n(d —2n 2\ nl

gt = my Q{H(d_?’)!; (C(Z—Zn)!) ((d—l)(d—2)> lg]’ (412
_ _ 9 d — 2 2\ et

m§2=m§2[1+(d—3)!§2(C(l_%)!)((d_l)(d_z)) c221£]. (4.13)

This implies that, just as before, the spectrum of fluctuations consists of massive and massless
spin-2 modes in a dS background with cosmological constant A. In particular, the Fierz-Pauli
mass has the same form as in (2.20), but now involves the modified Planck masses,

d _ o\ 2-d\ d-1
mpp = —— | 1+ [ c— c . 4.14
e (0 (5 ) S () )

Since the massive mode satisfies the FP equation, it is obvious that the linear theory will
exhibit partial masslessness at the Higuchi bound, m%P = dT21)" Below we show that in the
presence of the LL terms, nonlinear potentially PM theories can be found even for d > 4.
Before this, let us look at the quadratic and quartic LL terms in more detail.
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4.2 The quadratic Lanczos-Lovelock term

We now apply the general results of the previous section to the quadratic LL term which is
the Gauss-Bonnet combination,

L) = R* — 4R R™ + Ryypo RM77 . (4.15)

This contribution is trivial for d < 4 but modifies the bimetric theory for d > 4. For a
maximally symmetric spacetime with cosmological constant A it reduces to

4d(d — 3)

T @na-9

A2 (4.16)

Then the traced bimetric equations of motion on maximally symmetric, proportional back-
grounds become

A+ %zgv — A, =0, (4.17)
A+ —2(21__ 13))(21__24)) AINE — Ap =0, (4.18)

The above equations determine A\ and ¢ in terms of the parameters of theory. For the
purpose of PM analysis, we prefer that ¢ is determined by a polynomial equation. For this, the
solution for A can be easily obtained in the appropriate form on multiplying the f-equation
by c2lg / lg and subtracting it from the g-equation. This gives,

_ CUBA; 1A,

A= ———=—. 4.19
2l — 1 (19)

Then plugging this expression into the difference of (4.17) and (4.18) gives

2(d —3)(d—4) 2p N2 (A 12
— 2 J(IA, — c°A — 1) Ar—Ay) = 4.2
(d—l)(d—Q) 2( g — ¢ f) + (c )( f 9) 0, ( 0)
where | = lg /1§. This is the desired polynomial equation for ¢ which is a generalization of
the previously considered condition Ay = A,. In order to arrive at the PM candidate, we will
demand that this equation leaves ¢ undetermined.

The effective Planck masses in terms of which the FP mass should be expressed now read,

—d-2 _  d- A(d —3)(d —4) PSS 4(d - 3)(d—4) _
R O e e ) R A (e ey QZ%”z)zl-)
=5

(
These results are sufficient to investigate the most general PM theories in dimension d
and d = 6 where only the quadratic LL term can be added to the bimetric action.
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4.3 The cubic Lanczos-Lovelock term
The cubic LL invariant is given by
L3y =R> = 8R"" R, Ryroy + 4R"" R, Rpgry — 24R"™ R*" \Ry57,,
+ 8RRy pe R*P7 + 24R" R Ry oy + 16R" R R,y — 12RR), R' (4.22)
which on maximally symmetric backgrounds reduces to

_ 8d(d — 3)(d — 4)(d - )

3
L 3) (d—1)2(d—2) A7 (4.23)
The trace of the equations of motion on proportional, maximally symmetric backgrounds
then gives,
2(d—3)(d—4) 5.0 Hd—3)(d—4)(d—5)(d—6) 4,3
_— — A, = 4.24
/\+(d—1)(d—2)12/\ + ([d—12(d—2) I3A g =0, ( )
2(d—3)(d—4) 90, Hd—=3)(d—4)(d—-5)(d—06) s
_— —Ar=0. 4.2
)\+(d—1)(d—2)c lo\" + (d—12(d—2) c Clz A =0 (4.25)

Subtracting off the cubic term will result in a quadratic equation for A and hence the solution
will involve a square root. However, in order to apply our method for determining the PM
candidate, we need to arrive at a polynomial equation in c. It turns out that this can still
be achieved by decomposing the equations into a Grobner basis of equivalent polynomials
instead. In the cases we have been able to reduce in this way it turns out that we then get a
linear equation for A together with a consistency condition on the coefficients of the original
polynomials which can be converted into a polynomial equation in c¢. Here, for simplicity,
we present the results for the Grobner reduction after having imposed the symmetry relation
Il = a2=279 which also covers the case of PM theories (although later the PM analysis is
performed starting with the most general set of parameters). We then obtain a linear equation
for A with the solution

n3(1 = ) (1 + ¢?)?AgA — n3¢*(1 — ¢%)[AgA + 2¢°(Ag — Ag)] — nong(AgA)?

A= , (4.26
(0~ @l ~ AL+ PP — 31— g —ma(hy — PA,)] (420
where, we have used the following notion,
d—2
AA=AN,—q*Ny, g=ac, np= 54 nNk(d)lg. (4.27)

A consistency condition on the coefficients of the original polynomials is,
n3(Ag — a*Ap)* 4+ ndg" (1~ ) [gh(Ay — Ay —n23) —moA2 — (Mg — Ag — 250 4A )
—n3q*(1 — ¢*)[¢°(1 + 3naAf)(Ag — Ap) + ¢*(Ag — Ay — naAT) — naAl
— @*(1+3n2Ag)(Ag — Ap) — ¢*(Ag — Af — 2noAgAp)] = 0. (4.28)

On multiplying by a factor c3(d=T7)

, one obtains a polynomial equation in c¢. The requirement
that this leaves ¢ undetermined constrains the 3,, and the l,]; as given in Table 1. With these

results for the cubic term we can investigate PM theories up to d = 8 in full generality.
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4.4 Partial Masslessness with LL terms in d =5

Let us now consider the nonlinear PM candidate with higher derivative interactions in five

dimensions where only the quadratic LL term is non-vanishing. This theory is parametrized

by the six 3, along with 1§, lg and the two Planck masses mg, my. In this case, (2.10) gives,

5

Ay = =5 (Bo + 4cBy + 6c*a + 46 By + c'B) (4.29)
g
5

Af = o (ac) " (cBy + 4¢2By + 6% s + 4c By + 3 B5) (4.30)
g

Inserting these into (4.20) gives a polynomial with nine different powers in ¢. Demanding it
to be independent of ¢ by setting the coefficient of each power of ¢ to zero therefore gives nine
conditions on the parameters that can be explicitly solved.

To simplify the presentation, here we first impose the extra requirement that the param-
eters of the PM theory must correspond to a fixed point of the interchange symmetry (4.3),
or else one ends up with two sets of nonlinear PM theories related by (4.3). Of course, we
have checked that the unique nontrivial solution is also obtained without making this ansatz.
Then this requirement gives,

Bn =48, 15 =a? 29 (4.31)

n

or, explicitly, 85 = oo, f1 = &3B1, B3 = afa, lg = a‘2lg. Imposing these, it follows that the
nine equations reduce to three independent ones,

(aBo — B1)* — 3kaBy =0, (4.32)
2(afo — B1)(apr — B2) — 3kaPs =0, (4.33)
16(afy — Bo)? — 18ka’ By + 3ra’ By + 3ka®B = 0, (4.34)

3
where k = l;nTgE) is a dimensionless parameter. The structure suggests the following definitions,
2

Bo = —3kbg , b1 = —3kaby , By = —3ka’by. (4.35)
Then the system reduces to the three equations,

(bo —b1)* 4+ b1 =0, 2(bg—by)(by —bo) +ba =0, 16(by — ba)? — by — by + 6by = 0, (4.36)

which are solved by by = %,61 = —%,bz = %, or,
5 o o2 ol
BO - _E"ia /81 - 557 52 - _ﬂ/€7 53 - _ﬂ"iu
4 5
« 5%} _
bi=fge B=—pr Uo7, (437

These determine all the 3,, and lg in terms of 1§, my and my. Inserting these into the solution

for A in equation (4.19), and into the FP mass (4.14) gives the linear Higuchi bound,
1
2

1
megp = @(—1 +ac—a?c?) = 5)\. (4.38)
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4.5 Partial masslessness with LL terms in d > 5

In d = 6, the cubic LL term is topological so it is still enough to consider the quadratic term
and the solution for the PM parameters can be obtained in a straightforward way. Up to a
sign ambiguity in 33, all 3, are uniquely fixed in terms of 5.

In d =7, we also add the cubic Lovelock term and use the results of section 4.3. It turns
out that there exists no nontrivial solution to the constraint equations on the 3,. Hence there
is no PM theory in seven dimensions even with LL terms.

In d = 8 it is still sufficient to consider only the quadratic and cubic terms. Remarkably,
the resulting PM candidate theory has two free parameters. In particular, it is possible to set
the cubic coupling to zero and obtain a PM theory with only the quadratic Lovelock term.

For d = 9,10 it has been checked that adding both L) and L3, or adding L4 alone,
does not lead to nontrivial solutions for the parameters. The only possibility then is to add
all terms up to quartic order, which we have not been able to investigate with our methods
at hand. Hence we can only make definite statements about dimensions up to d = 8.

The results for the PM parameter values are summarized in Table 1, where, to simplify
the presentation, we define

d—2 19md—2
k2 = . kY = L (4.39)
d lgmd d (lg)3md

dimension 3 4 5 6 8
ZA I N N i
1] - - a2l a2l a2
B - | - - - 5
1 - |- - - a”lg
Bo Bo | Bo | —Sm) | —5ed | - (20“5(;2) + 3“§33)>
A o ; %Kéz()) 0( ) . (3)
o2 o2 (2 o2 (2 o? (3
i) o?By | % Bo _2_4:%)“?2) 12" - —T600%8
B3 3By | 0 —91F5 | L5506 0
4 4 4
B o' | 5 | e | s (20 - 9sl)
Bs - - _51&5“?) 0 0
af (2 a® (3
Be - - - i —feans
Br - - - - 0
Bs _ - - - —% <2O/<;§(32) + 3/15(33))

— 20 —



Note that in all cases the parameters satisfy the symmetry property (4.31) and the linear
Higuchi bound,

1 A

d=5 mpp 1 (1 —ac+ (ac)?) 5
1 2

d=6: m%P:—WOi\/iac—k(ac)Q):?,
2
3 2\

Q. 2 _ 2y 22
d=28: Mmigp = 2000 (1+ (ac)?) - (4.40)

5 Discussion

Our results are summarized in the introduction. One of the issues left unanswered in the
present analysis is the actual form of the gauge transformation in the nonlinear PM theory.
Currently one can see the nonlinear form of this gauge transformation in the nonlinear theory
in dS backgrounds only for constant gauge parameters. Non-constant gauge parameters will
move the background away from dS. However, the analysis of cubic interactions [12, 14, 16]
shows that, to cubic order, the theory is invariant under the full linear transformation, and
not just its constant part employed in this paper. Another evidence for the existence of a
nonlinear symmetry comes from the study of cosmological solutions in [36] based on a FLRW-
type ansatz. It turns out that for the PM values of parameters (3.20) and the cosmological
ansatz of [36], the equations of motion leave a complete function of time undetermined which
indicates a nonlinear gauge invariance. Furthermore, using a different approach, the authors
in [15] consider partial masslessness in massive gravity in a certain decoupling limit and find
a nonlinear symmetry that exists in that limit. This analysis is not directly comparable to
construction here, but could be taken as another indication of the presence of the nonlinear
symmetry.
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A Mathematical details
Here we provide the details for deriving the equations of motion from the bimetric action

(2.1), computing the cosmological constants on proportional backgrounds and finding the
Fierz-Pauli mass of the linear fluctuations.
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A.1 Bimetric equations of motion

The bimetric interaction potential in (2.1) is given in terms of e, (S) where S = /g~ 1 f. For
a d X d matrix S, one has

det(L + AS) = Z A"en (S (A.1)

en(S) are the elementary symmetric polynomlals Of the eigenvalues of of S and can be itera-
tively constructed starting with eg(S) = 1 and using the Newton’s identities,
1 n
en(S) = == > (=) Tr(S*) eni(S). (A.2)

n
k=1

In d dimensions, the iteration ends with e4(S) = detS and then e,(S) = 0 for n > d.
Obviously, e,(AS) = A"e,(S). To obtain the equations of motion, one needs the variations,

Sen(S) = — zn: (—1)™Tr(S™16S) en_m(S). (A.3)

m=1
These follow from (A.2). Hence,

S[det(S™) e, (S)] = —det(S™) n (=)™ Tr(S™16S) en_m(S). (A.4)

m=0

If S is the square-root of a matrix F, S? = E, then
Tr(S™16S) = %T‘r(\/ﬁm_sz) (A5)

Note that for matrices, this relation holds only under the trace. If E = g~' f, then on varying
g~!, changing the summation variable from m to r = n — m, and cancelling /| f], one gets,

dj;w [\/HCH(S)} = _%\/@(_1)” Ju Yv(il),,(s) s (AG)

where, the matrices Y(’:L )V(S ) are given by,

n

Y (8) =D (~1)F 5" Fex(S). (A7)

k=0
Using (A.6), for V given by (2.3) and satisfying the property (2.5), it is now straightforward
to compute,

Vi = W[ mv}_wz (V). (A8)

d—1

Vf o \/—5qu [ \/_V] fﬂ)x Z(_l)n/@d—n Y*(i\L)V( f‘lg) . (Ag)

n=0

This leads to the bimetric equations of motion (2.6). Note that the two equations are obtain-
able from each other by the interchanges g, <+ fuu, Bn < Ba—n, Mg <> my.
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A.2 Proportional backgrounds and the cosmological constants

Now consider the equations of motion (2.6) for the background ansatz fwj = 02@“,, implying

S = cl. It is obvious that the potential terms (A.8), (A.9) become cosmological contributions,
d —_ _ —

— Vi, = Gulg e V = guy. (A.10)

g9 # f

Ag and Ay are expressed in terms of Y(,,)(c1). To compute this, consider (A.1) for S = c1.
Since det(1 + AS) = (1 + Ae)? and eg(cl) = ¥ e (1), it follows that

n

o= (}) = S (D ex(2) = 3 (- 1)F (1) =cor(“) 1) @

k=0 k=0

Exactly this sum appears in Y(,)(c1) (A.7) which becomes,

n

Violet) = e (U1 e = e (T

On substituting in Vf,}f one reads off the cosmological constants Ay and Ay from (A.10) as

~(d-1
Ay = — < . >c“5n, Ap=— mt - dz<n_1> . (A.13)

Therefore, for proportional backgrounds, the bimetric equations reduce to two copies of Ein-

stein’s equations (2.9). The consistency of these background equations with each other then
requires Ay = Ay, which generically determines c.

A.3 Fluctuations and the Fierz-Pauli mass

Let us now consider linear perturbations around the proportional backgrounds (2.8),

Guv = guu + 5g,uu ) f,uu = f,uu + 5f,uz/ s (A'14)

with f = c¢?g. The corresponding linearized equations obtained from (2.6) are,

5 (Ru9) = 30w R(9) + B 0V, =0, 0 (B (f) = 3uwR(D) + 75 0V, = 0.

(A.15)
To compute these explicitly, we need,
md—2 d—1
5vg |S - A 5g;w + Gux Z nﬂn 5Y (S)‘S (A16)
n=1
md—2 d—1
Vi |s = f A0 fun 4 PG Y (=1 Ban 6Y(), (S5 (A.17)

n=1

The first term, obviously, is the contribution of the cosmological constants to the linearized
fluctuation equations. The second term contains the FP mass and involve dg and §f only
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in the combination §5%, = %Q“A(é f — c*6g) .. Hence the massive mode must contain this

combination of the fields. Since dYy = 0, the mass term is independent of both By and (.
From (A.7),

n

Yy (S)|g =D (=1 [(n—r)c" ' er(1) 65 + " ey ] - (A.18)
r=0

The first term in (5Y(n)\, proportional to 4.5, involves,

ng—w o) =n -0 (1Y) = @- o (177) (A19)
é;(—1y+erqq::d(—1y1<iiii> (A.20)

To compute the second term in §Y(,|, proportional to Tr(4S), note that (A.3) and (A.11)

give,
T

e g == Te(8S) Y (=1)™ erom(1) = ¢ Tx(89) <f B 1) : (A.21)

m=1

with deg = 0. Then, the second term in (A.18) contains, using the second equation in (A.11),

- d—1 d—2
n—1 _1\T — n—1 1\
" Tr(6S) ;:1( 1) <r B 1) A" Tr(6S) (—1) <n B 1) . (A.22)
Putting these together in (A.18) gives, for n > 1,
§Y(m) (S)|g = (=1)"c™ ! d=2 [Tr(65)1 — 5] . (A.23)
(n) S n—1

From this one can easily obtain §Y(,,(S™") ‘5 by replacing ¢ — 1/c and noting that 6(S~!) =
—c285. Finally, putting all this together one gets,

d—2
(5V,fu‘§ = #Ag 0guw + N Gux (Tr(éS)éi‘ - 55);/) ; (A.24)
d—2
VI = A2 - NG (T1~(<SS)<SA — 58 ) (A.25)
wlg md BA G v v)o )

with,

N = ri 1B, <Z:i>] . (A.26)

n=1

The Einstein tensor in (2.6) is linearized in the standard way: one has,

1 _
d <R;w + §g/wR> = 5,3559;)0 + R/u/ . (A27)
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The structure of gﬁ,‘f&gpg is given by (1.2) but with the background metric g,,, and,

Ay
d—2

1, - o -
Ruw = ) (Rég/w - guVRp 5gpa) == (dégw/ g/ng 5900) (A.28)
In the last step we have used the background equation (2.9). Finally, using (A.27) and the
corresponding equation for Jf, along with (A.24) and (A.25) in (A.15), we arrive at the
linearized equations (2.13) and (2.14) for the fluctuations dg and 4.

B The nonlinear G-M¢ action

We sketch a brief derivation of the nonlinear bimetric action (2.1) written in terms of the

fields
4-d)/(d-2) (

Guw = (1 + (ozc)d_z)( G + (ac)d_2c_2fw,> , (B.1)

and
—2/(d-2)

MG, = (1+ (ac)d—2) (GpS”, — G (B.2)

where we recall that S = /g~ !f. These definitions are consistent with all of our consid-
erations in the main text. From these definitions we straightforwardly obtain the inverted

relations
Guv = Gup(q)_l)pw f;w = GuaSaASAp(cI)_l)pw (B-3)
where, for notational purposes, we have defined
(4—d)/(d—2)
or, = (1 + (ac)d_2> (55 + (ac)d_2c_2SpUSUV> . (B.4)
From (B.2) we can also directly obtain S in terms of G, and M W,
2/(d—2)
SP =0+ (1 + (ac)H) G MG, (B.5)

It is now easy to see that the volume densities can be rewritten through
VG = VGdet(®)2 \/f = VG det(S) det(®) 2. (B.6)

In order to rewrite the interaction potential we note a general relation obeyed by the sym-

en(1+X) = zn: <Z:]Z>ek(>z). (B.7)

k=0

metric polynomials,

If we consider the matrix parameterization S = ¢ (1 + X) (c.f. (B.5)), we may use this relation
to rewrite the interaction potential, noting that

V(S;6n) = Zﬁnen Zc apen (X V(X c"ay), (B.8)
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where the different set of coefficients are related by

n :Zd: d—n k/@ nﬂ :Zd:(_l)n—l—k d—n k (Bg)
oy, ke B, "By k—n oy, . .

k=n k=n
This is straightforward to implement in the interaction potential, which is then given by

2n/(d—2
V(S;8,) = V(G MY a,), &n:(1+(ac)d_2) : )an. (B.10)

For the kinetic terms we choose to write these in terms of covariant derivatives with respect
to Gyu. Using the Riemann curvature definition [V, V,]w, = Ry, ws, together with the
general relation between two covariant derivations on a manifold,

Viwy, = Vﬁw,, -0, wy, C0 = %g’“ (ZVG(“g,,)U — VUGfW) , (B.11)

we obtain the relation (with an obvious similar relation for R, (f) obtained by replacing
g — [ in these expressions)

R (9) = Ryuw(G) — 2V{,C

p
[ plv +20V

[M"CP}U” : (B.12)

Tracing this with ¢ (f#") and writing it out in full we find that (modulo total derivatives
and neglecting to write out an overall factor of \/|g| (\/|f]) on both sides) we get Ricci
curvature relations of the form

R(g) :guuRuu(G) - %gp)\vagp)\vagaa + %gpav)\gaavagw\
- %gp,{g,\gngag”)‘vog“ﬁ + ig,iggp,\ga"vag“ﬁvogp}‘ =¢"R,.(G)+1I, (B.13)

with a similar relation for R(f) and definition of II/, obtained by replacing g — f in this.
Collecting our results we can now write the nonlinear action in terms of G, and M ﬁ, as

Seu =mi 2 / A%z /|G| det(®) /2 [(@G—I)WRW(G) + a2 det(S) (@GS R, (G)

F I + a2 det(S) I/ — 2-m V(G—IMG;dn)], (B.14)

d—2
Mg

where the relations (B.3), (B.4), (B.5) and (B.13) can be used to get the explicit form in
terms of only G, and M ﬁ/ Expanding this action to second order gives the quadratic action
(3.25) by construction.
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